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Preface

Contemporary quantum field theory is mainly developed as quantization of
classical fields. Classical field theory thus is a necessary step towards quan-
tum field theory. This book provides an exhaust mathematical foundation
of Lagrangian classical field theory and its BRST extension for the purpose
of quantization.

Lagrangian theory of Grassmann-graded (even and odd) fields on fibre
bundles and graded manifolds is presented in the book in a very general
setting. It is adequately formulated in geometric and algebraic topological
terms of the jet manifolds and the variational bicomplex. The main ingre-
dients in this formulation are cohomology of the variational bicomplex, the
global first variational formula, variational symmetries and supersymme-
tries, the first Noether theorem, Noether identities, the direct and inverse
second Noether theorems, and gauge symmetries.

Degenerate Lagrangian field theories are comprehensively investigated.
The hierarchies of their non-trivial reducible Noether identities and gauge
symmetries are described in homology terms. The relevant direct and in-
verse second Noether theorems are formulated in a very general setting.

The study of degeneracy of Lagrangian field theory straightforwardly
leads to its BRST extension by Grassmann-graded antifields and ghosts
which constitute the chain and cochain complexes of non-trivial Noether
identities and gauge symmetries. In particular, a gauge operator is pro-
longed to a nilpotent BRST operator, and an original field Lagrangian is
extended to a non-trivial solution of the classical master equation of La-
grangian BRST theory. This is a preliminary step towards quantization of
classical Lagrangian field theory in terms of functional integrals.

The basic field theories, including gauge theory on principal bundles,
gravitation theory on natural bundles, theory of spinor fields and topolog-
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ical field theory, are presented in the book in a very complete way.

Our book addresses to a wide audience of theoreticians and mathemat-
ical physicists, and aims to be a guide to advanced differential geometric
and algebraic topological methods in field theory.

With respect to mathematical prerequisites, the reader is expected to
be familiar with the basics of differential geometry of fibre bundles. We
have tried to give the necessary mathematical background, thus making
the exposition self-contained. For the sake of convenience of the reader,
several relevant mathematical topics are compiled in Appendixes.
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Introduction

Contemporary quantum field theory is mainly developed as quantization
of classical fields. In particular, a generating functional of Green functions
in perturbative quantum field theory depends on an action functional of
classical fields. In contrast with quantum field theory, classical field theory
can be formulated in a strict mathematical way.

Observable classical fields are an electromagnetic field, Dirac spinor
fields and a gravitational field on a world real smooth manifold. Their dy-
namic equations are Euler-Lagrange equations derived from a Lagrangian.
One also considers classical non-Abelian gauge fields and Higgs fields. Bas-
ing on these models, we study Lagrangian theory of classical Grassmann-
graded (even and odd) fields on an arbitrary smooth manifold in a very
general setting. Geometry of principal bundles is known to provide the
adequate mathematical formulation of classical gauge theory. Generalizing
this formulation, we define even classical fields as sections of smooth fibre
bundles and, accordingly, develop their Lagrangian theory as Lagrangian
theory on fibre bundles.

Note that, treating classical field theory, we are in the category of finite-
dimensional smooth real manifolds, which are Hausdorff, second-countable
and paracompact. Let X be such a manifold. If classical fields form a
projective C°°(X)-module of finite rank, their representation by sections of
a fibre bundle follows from the well-known Serre—Swan theorem.

Lagrangian theory on fibre bundles is adequately formulated in algebraic
terms of the variational bicomplex of exterior forms on jet manifolds [3; 17;
59]. This formulation is straightforwardly extended to Lagrangian theory
of even and odd fields by means of the Grassmann-graded variational bi-
complex [9; 14; 59]. Cohomology of this bicomplex provides the global first
variational formula for Lagrangians and Euler-Lagrange operators, the first
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Noether theorem and conservation laws in a general case of supersymme-
tries depending on derivatives of fields of any order.

Note that there are different descriptions of odd fields on graded man-
ifolds [27; 118] and supermanifolds [29; 45]. Both graded manifolds and
supermanifolds are described in terms of sheaves of graded commutative
algebras [10]. However, graded manifolds are characterized by sheaves
on smooth manifolds, while supermanifolds are constructed by gluing of
sheaves on supervector spaces. Treating odd fields on a smooth manifold
X, we follow the Serre-Swan theorem generalized to graded manifolds [14].
It states that, if a Grassmann C°°(X)-algebra is an exterior algebra of some
projective C°°(X)-module of finite rank, it is isomorphic to the algebra of
graded functions on a graded manifold whose body is X.

Quantization of Lagrangian field theory essentially depends on its degen-
eracy characterized by a family of non-trivial reducible Noether identities [9;
15; 63]. A problem is that any Euler-Lagrange operator satisfies Noether
identities which therefore must be separated into the trivial and non-trivial
ones. These Noether identities can obey first-stage Noether identities,
which in turn are subject to the second-stage ones, and so on. If cer-
tain conditions hold, this hierarchy of Noether identities is described by
the exact Koszul-Tate chain complex of antifields possessing the boundary
operator whose nilpotentness is equivalent to all non-trivial Noether and
higher-stage Noether identities [14; 15].

The inverse second Noether theorem formulated in homology terms as-
sociates to this Koszul-Tate complex the cochain sequence of ghosts with
the ascent operator, called the gauge operator, whose components are non-
trivial gauge and higher-stage gauge symmetries of Lagrangian field theory
[15]. These gauge symmetries are parameterized by odd and even ghosts
so that k-stage gauge symmetries act on (k — 1)-stage ghosts.

It should be emphasized that the gauge operator unlike the Koszul-
Tate one is not nilpotent, unless gauge symmetries are Abelian. Gauge
symmetries are said to be algebraically closed if this gauge operator admits
a nilpotent extension where k-stage gauge symmetries are extended to k-
stage BRST (Becchi—-Rouet—Stora—Tyitin) transformations acting both on
(k — 1)-stage and k-stage ghosts [61]. This nilpotent extension is called
the BRST operator. If the BRST operator exists, the cochain sequence of
ghosts is brought into the BRST complex.

The Koszul-Tate and BRST complexes provide a BRST extension of
original Lagrangian field theory. This extension exemplifies so called field-
antifield theory whose Lagrangians are required to satisfy a certain con-



Introduction 3

dition, called the classical master equation. An original Lagrangian is ex-
tended to a proper solution of the master equation if the BRST operator
exists [15]. This extended Lagrangian, dependent on original fields, ghosts
and antifields, is a first step towards quantization of classical field theory
in terms of functional integrals [9; 63].

The basic field theories, including gauge theory on principal bundles
(Chapter 5), gravitation theory on natural bundles (Chapter 6), theory
of spinor fields (Chapter 7) and topological field theory (Chapter 8) are
presented in the book in a complete way.

The reader also can find a number of original topics, including: gen-
eral theory of connections (Section 1.3), geometry of composite bundles
(Section 1.4), infinite-order jet formalism (Section 1.7), generalized sym-
metries (Section 2.2), Grassmann-graded Lagrangian field theory (Section
3.5), second Noether theorems in a general setting (Section 4.2), the BRST
complex (Section 4.3), classical Higgs field theory (Section 5.10), gauge
theory of gravity as a Higgs field (Section 6.5), gauge energy-momentum
conservation laws (Section 6.6), composite spinor bundles (Section 7.3),
global Chern—Simons topological field theory (Section 8.2), topological BF
(background field) theory (Section 8.3), covariant Hamiltonian field theory
(Chapter 9).

For the sake of convenience of the reader, several relevant mathematical
topics are compiled in Chapter 10.



This page intentionally left blank



Chapter 1

Differential calculus on fibre bundles

This Chapter summarizes the relevant material on fibre bundles, jet man-
ifolds and connections which find application in classical field theory. The
material is presented in a fairly informal way. It is tacitly assumed that the
reader has some familiarity with the basics of differential geometry [69; 92;
147; 164].

1.1 Geometry of fibre bundles

Throughout the book, all morphisms are smooth (i.e. of class C*°) and
manifolds are smooth real and finite-dimensional. A smooth real manifold
is customarily assumed to be Hausdorff and second-countable (i.e., it has
a countable base for topology). Consequently, it is a locally compact space
which is a union of a countable number of compact subsets, a separable
space (i.e., it has a countable dense subset), a paracompact and completely
regular space. Being paracompact, a smooth manifold admits a partition
of unity by smooth real functions (see Remark 10.7.4). One can also show
that, given two disjoint closed subsets N and N’ of a smooth manifold X,
there exists a smooth function f on X such that f|y = 0 and f|n = 1.
Unless otherwise stated, manifolds are assumed to be connected (and, con-
sequently, arcwise connected). We follow the notion of a manifold without
boundary.

The standard symbols ®, V, and A stand for the tensor, symmetric,
and exterior products, respectively. The interior product (contraction) is
denoted by |. By (“)g are meant the partial derivatives with respect to
coordinates with indices &.
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If Z is a manifold, we denote by
g TZ — Z, L VA

its tangent and cotangent bundles, respectively. Given coordinates (z%)
on Z, they are equipped with the holonomic coordinates

I\

A sA gy 027
(Z y % )a z = Ozt Zﬂv
A - ./ az/ﬂ .
(27, 20), 2= Foy Zus

with respect to the holonomic frames {9y} and coframes {dz*} in the tan-
gent and cotangent spaces to Z, respectively. Any manifold morphism
f:Z — Z' yields the tangent morphism

of*
dak
The symbol C*°(Z) stands for the ring of smooth real functions on a ma-
nifold Z.

i,

Tf:TZ - TZ, FAoTf =

1.1.1 Manifold morphisms

Let us consider manifold morphisms of maximal rank. They are immersions
(in particular, imbeddings) and submersions. An injective immersion is a
submanifold, and a surjective submersion is a fibred manifold (in particular,
a fibre bundle).

Given manifolds M and N, by the rank of a morphism f : M — N at
a point p € M is meant the rank of the linear morphism

Tpf : TpM — Tf(p)N.

For instance, if f is of maximal rank at p € M, then 7}, f is injective when
dim M < dim N and surjective when dim N < dim M. In this case, f is
called an immersion and a submersion at a point p € M, respectively.

Since p — rank, f is a lower semicontinuous function, then the morphism
T, f is of maximal rank on an open neighbourhood of p, too. It follows from
the inverse function theorem that:

e if f is an immersion at p, then it is locally injective around p.

e if f is a submersion at p, it is locally surjective around p.
If f is both an immersion and a submersion, it is called a local diffeomor-
phism at p. In this case, there exists an open neighbourhood U of p such
that

f:U—=fU)
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is a diffeomorphism onto an open set f(U) C N.

A manifold morphism f is called the immersion (resp. submersion) if
it is an immersion (resp. submersion) at all points of M. A submersion is
necessarily an open map, i.e., it sends open subsets of M onto open subsets
of N. If an immersion f is open (i.e., f is a homeomorphism onto f(M)
equipped with the relative topology from N), it is called the imbedding.

A pair (M, f) is called a submanifold of N if f is an injective immersion.
A submanifold (M, f) is an imbedded submanifold if f is an imbedding. For
the sake of simplicity, we usually identify (M, f) with f(M). If M C N, its
natural injection is denoted by iy : M — N.

There are the following criteria for a submanifold to be imbedded.

Theorem 1.1.1. Let (M, f) be a submanifold of N.

(i) The map f is an imbedding if and only if, for each point p € M,
there exists a (cubic) coordinate chart (V,v) of N centered at f(p) so that
F(M)NV consists of all points of V with coordinates (z*,...,x2™,0,...,0).

(i) Suppose that f : M — N is a proper map, i.e., the pre-images of
compact sets are compact. Then (M, f) is a closed imbedded submanifold
of N. In particular, this occurs if M is a compact manifold.

(i1i) If dim M = dim N, then (M, f) is an open imbedded submanifold
of N.

1.1.2 Fibred manifolds and fibre bundles

A triple
Y — X, dimX =n >0, (1.1.1)

is called a fibred manifold if a manifold morphism = is a surjective submer-
sion, i.e., the tangent morphism

Tr:TY - TX

is a surjection. One says that Y is a total space of a fibred manifold (1.1.1),
X is its base, 7 is a fibration, and Y, = 7~ 1(x) is a fibre over x € X.
Any fibre is an imbedded submanifold of Y of dimension dim Y —dim X.
Unless otherwise stated, we assume that
dimY # dim X,

i.e., fibred manifolds with discrete fibres are not considered.

Theorem 1.1.2. A surjection (1.1.1) is a fired manifold if and only if a
manifold Y admits an atlas of coordinate charts (Uy; x>, y') such that ()
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are coordinates on w(Uy) C X and coordinate transition functions read
ot =),y =t y).

These coordinates are called fibred coordinates compatible with a fibration
.

By a local section of a surjection (1.1.1) is meant an injection s : U — Y
of an open subset U C X such that m o s = 1d U, i.e., a section sends any
point z € X into the fibre Y, over this point. A local section also is defined
over any subset N € X as the restriction to N of a local section over an
open set containing N. If U = X, one calls s the global section. Hereafter,
by a section is meant both a global section and a local section (over an
open subset).

Theorem 1.1.3. A surjection 7w (1.1.1) is a fibred manifold if and only if,
for each point y € Y, there exists a local section s of m: Y — X passing
through y.

The range s(U) of a local section s : U — Y of a fibred manifold Y — X
is an imbedded submanifold of Y. It also is a closed map, which sends closed
subsets of U onto closed subsets of Y. If s is a global section, then s(X) is
a closed imbedded submanifold of Y. Global sections of a fibred manifold
need not exist.

Theorem 1.1.4. Let Y — X be a fibred manifold whose fibres are diffeo-
morphic to R™. Any its section over a closed imbedded submanifold (e.g.,
a point) of X is extended to a global section [147]. In particular, such a
fibred manifold always has a global section.

Given fibred coordinates (Uy;x?,y?), a section s of a fibred manifold
Y — X is represented by collections of local functions {s’ = y* o s} on
7T(Uy).

A fibred manifold Y — X is called a fibre bundle if admits a fibred
coordinate atlas {(7~1(Ug);z*,y%)} over a cover {7~1(U,)} of Y which is
the inverse image of a cover Y = {U¢} is a cover of X. In this case,
there exists a manifold V', called a typical fibre, such that Y is locally
diffeomorphic to the splittings

Ve i H(Ue) — Ue x V, (1.1.2)
glued together by means of transition functions

oec = e oyt U NUx V = UeNU x V (1.1.3)
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on overlaps Ugs N U¢. Transition functions g¢¢ fulfil the cocycle condition

0¢¢ © 0¢L = Q¢ (1.1.4)

on all overlaps Ug N Us N U,. Restricted to a point x € X, trivialization
morphisms )¢ (1.1.2) and transition functions g¢¢ (1.1.3) define diffeomor-
phisms of fibres

Ve(x): Yy =V,  zelg, (1.1.5)
Qgc(x) V-V, S Ug n Uc. (116)

Trivialization charts (Ug,1)¢) together with transition functions ggc (1.1.3)
constitute a bundle atlas

U= {(Ug, ) 0ec (1.1.7)

of a fibre bundle Y — X. Two bundle atlases are said to be equivalent
if their union also is a bundle atlas, i.e., there exist transition functions
between trivialization charts of different atlases.

A fibre bundle Y — X is uniquely defined by a bundle atlas. Given
an atlas ¥ (1.1.7), there is a unique manifold structure on Y for which
m:Y — X is a fibre bundle with the typical fibre V' and the bundle atlas
W. All atlases of a fibre bundle are equivalent.

Remark 1.1.1. The notion of a fibre bundle introduced above is the notion
of a smooth locally trivial fibre bundle. In a general setting, a continuous
fibre bundle is defined as a continuous surjective submersion of topological
spaces Y — X. A continuous map 7 : Y — X is called a submersion if,
for any point y € Y, there exists an open neighborhood U of the point
7m(y) and a right inverse o : U — Y of 7 such that o o 7(y) = vy, i.e., there
exists a local section of w. The notion of a locally trivial continuous fibre
bundle is a repetition of that of a smooth fibre bundle, where trivialization
morphisms ¢ and transition functions gg¢ are continuous.

We have the following useful criteria for a fibred manifold to be a fibre
bundle.

Theorem 1.1.5. If a fibration 7 : Y — X is a proper map, then Y — X is

a fibre bundle. In particular, a fibred manifold with a compact total space
is a fibre bundle.

Theorem 1.1.6. A fibred manifold whose fibres are diffeomorphic either
to a compact manifold or R” is a fibre bundle [115].
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A comprehensive relation between fibred manifolds and fibre bundles is
given in Remark 1.3.2. It involves the notion of an Ehresmann connection.

Unless otherwise stated, we restrict our consideration to fibre bundles.
Without a loss of generality, we further assume that a cover 4 for a bun-
dle atlas of Y — X also is a cover for a manifold atlas of the base X.
Then, given a bundle atlas ¥ (1.1.7), a fibre bundle Y is provided with the
associated bundle coordinates

My) =@ om(y), v = ov)ly), yer (U,

where z*

are coordinates on Uz C X and y', called fibre coordinates, are
coordinates on a typical fibre V.

The forthcoming Theorems 1.1.7 — 1.1.9 describe the particular covers
which one can choose for a bundle atlas. Throughout the book, only proper
covers of manifolds are considered, i.e., Ug # U, if ( # €. Recall that a
cover Y is a refinement of a cover U if, for each U’ € ', there exists U € U
such that U’ C U. Of course, if a fibre bundle Y — X has a bundle atlas
over a cover 4 of X, it admits a bundle atlas over any refinement of 4l.

A fibred manifold Y — X is called trivial if Y is diffeomorphic to the
product X x V. Different trivializations of Y — X differ from each other
in surjections ¥ — V.

Theorem 1.1.7. Any fibre bundle over a contractible base is trivial.

However, a fibred manifold over a contractible base need not be trivial,
even its fibres are mutually diffeomorphic.

It follows from Theorem 1.1.7 that any cover of a base X consisting of
domains (i.e., contractible open subsets) is a bundle cover.

Theorem 1.1.8. FEvery fibre bundle Y — X admits a bundle atlas over
a countable cover U of X where each member Ug of 4 is a domain whose
closure Ug 18 compact [69].

If a base X is compact, there is a bundle atlas of Y over a finite cover
of X which obeys the condition of Theorem 1.1.8.

Theorem 1.1.9. Every fibre bundle Y — X admits a bundle atlas over a
finite cover U of X, but its members need not be contractible and connected.

Proof. Let ¥ be a bundle atlas of Y — X over a cover 4 of X. For any
cover il of a manifold X, there exists its refinement {U;; }, where j € N and
i runs through a finite set such that U;; N U, = 0, j # k. Let {(Usj, i)}
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be the corresponding bundle atlas of a fibre bundle Y — X. Then Y has
the finite bundle atlas

U; :UUij, wz(m) Zwij(l‘), T € Uij c U;.
J O

Morphisms of fibre bundles, by definition, are fibrewise morphisms,
sending a fibre to a fibre. Namely, a bundle morphism of a fibre bun-
dle 7: Y — X to a fibre bundle 7’ : Y/ — X’ is defined as a pair (P, f) of
manifold morphisms which form a commutative diagram

y 2.y

x x

Bundle injections and surjections are called bundle monomorphisms and
epimorphisms, respectively. A bundle diffeomorphism is called a bundle
isomorphism, or a bundle automorphism if it is an isomorphism to itself.
For the sake of brevity, a bundle morphism over f = Id X is often said to
be a bundle morphism over X, and is denoted by Y ~ Y’. In particular,

a bundle automorphism over X is called a vertical automorphism.

A bundle monomorphism ® : Y — Y’ over X is called a subbundle of a
fibre bundle Y' — X if ®(Y") is a submanifold of Y. There is the following
useful criterion for an image and an inverse image of a bundle morphism to
be subbundles.

Theorem 1.1.10. Let ® : Y — Y’ be a bundle morphism over X. Given
a global section s of the fibre bundle Y — X such that s(X) C ®(Y), by
the kernel of a bundle morphism ® with respect to a section s is meant the
mverse image

Ker ,® = & !(s(X))

of s(X) by ®. If @ : Y — Y’ is a bundle morphism of constant rank over
X, then ®(Y) and Ker ;@ are subbundles of Y' and Y, respectively.

In conclusion, let us describe the following standard constructions of
new fibre bundles from the old ones.

e Given a fibre bundle 7 : Y — X and a manifold morphism f : X’ — X,
the pull-back of Y by f is called the manifold

IY = {(@y) € X' x Y : wly) = [(')} (1.1.8)



12 Differential calculus on fibre bundles

together with the natural projection (z/,y) — z’. It is a fibre bundle over
X' such that the fibre of f*Y over a point z’ € X’ is that of Y over the
point f(z’) € X. There is the canonical bundle morphism

fy 1Y 2 (@ Y)lry=f ) SYEY (1.1.9)
Any section s of a fibre bundle Y — X yields the pull-back section

frs(@’) = (@', s(f(a"))
of f*Y — X',
e If X’ C X is a submanifold of X and iy is the corresponding natural
injection, then the pull-back bundle

Z;{/Y = Y|X’

is called the restriction of a fibre bundle Y to the submanifold X’ Cc X. If
X'’ is an imbedded submanifold, any section of the pull-back bundle

Y|X/ —>X/

is the restriction to X’ of some section of Y — X.
eletm:Y — X and ' : Y/ — X be fibre bundles over the same base
X. Their bundle product Y x x Y’ over X is defined as the pull-back

YxY' =7V or YxY' =77V
X X

together with its natural surjection onto X. Fibres of the bundle product
Y x Y’ are the Cartesian products Y, x Y. of fibres of fibre bundles Y and
Y’

1.1.3 Vector and affine bundles

A vector bundle is a fibre bundle Y — X such that:

e its typical fibre V and all the fibres Y, = 77 1(z), z € X, are real
finite-dimensional vector spaces;

e there is a bundle atlas ¥ (1.1.7) of Y — X whose trivialization mor-
phisms ¢ (1.1.5) and transition functions g¢c (1.1.6) are linear isomor-
phisms.

Accordingly, a vector bundle is provided with Iinear bundle coordinates (y*)
possessing linear transition functions 3% = Aé (x)y?. We have

y=y'ei(m(y) =y've(r(y) " (e),  wy) € U, (1.1.10)
where {e;} is a fixed basis for the typical fibre V of Y, and {e;(x)} are the
fibre bases (or the frames) for the fibres Y, of Y associated to the bundle
atlas W.
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By virtue of Theorem 1.1.4, any vector bundle has a global section,
e.g., the canonical global zero-valued section 6(37) = 0. Global sections of
a vector bundle Y — X constitute a projective C*°(X)-module Y (X) of
finite rank. It is called the structure module of a vector bundle.

Theorem 1.1.11. Let a vector bundle Y — X admit m = dim V' nowhere

m
vanishing global sections s; which are linearly independent, i.e., N\ s; # 0.
Then'Y s trivial.

Proof. Values of these sections define the frames {s;(x)} for all fibres
V., * € X. Linear fibre coordinates (y*) with respect to these frames
form a bundle coordinate atlas with identity transition functions of fibre
coordinates. O

Theorem 10.9.2 and Serre-Swan Theorem 10.9.3 state the categorial
equivalence between the vector bundles over a smooth manifold X and
projective C*°(X)-modules of finite rank. Therefore, the differential cal-
culus (including linear differential operators, linear connections) on vector
bundles can be algebraically formulated as the differential calculus on these
modules. We however follow fibre bundle formalism because classical field
theory is not restricted to vector bundles.

By a morphism of vector bundles is meant a linear bundle morphism,
which is a linear fibrewise map whose restriction to each fibre is a linear
map.

Given a linear bundle morphism @ : Y’ — Y of vector bundles over X,
its kernel Ker ® is defined as the inverse image ®~1(0(X)) of the canoni-
cal zero-valued section 0(X) of Y. By virtue of Theorem 1.1.10, if ® is of
constant rank, its kernel and its range are vector subbundles of the vector
bundles Y’ and Y, respectively. For instance, monomorphisms and epimor-
phisms of vector bundles fulfil this condition.

There are the following particular constructions of new vector bundles
from the old ones.

e Let Y — X be a vector bundle with a typical fibre V. By Y* — X is
denoted the dual vector bundle with the typical fibre V* dual of V. The
interior product of Y and Y™ is defined as a fibred morphism

1YY" ~ X xR.
eLet Y — X and Y/ — X be vector bundles with typical fibres V' and
V', respectively. Their Whitney sum Y @Y is a vector bundle over X with
X
the typical fibre V & V.
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e Let Y —» X and Y/ — X be vector bundles with typical fibres V
and V', respectively. Their tensor product Y @ Y’ is a vector bundle over
X

X with the typical fibre V ® V’. Similarly, the exterior product of vector
bundles Y )/} Y’ is defined. The exterior product

2 k
ANY =X XREYBAY B---NY, k=dimY —dim X, (1.1.11)
X X X
is called the exterior bundle.

Remark 1.1.2. Given vector bundles Y and Y’ over the same base X,
every linear bundle morphism

©:Y, 3 {ei(w)} — {@f (x)ef(x)} € Y]
over X defines a global section
Pz — d(x)el(x) @ el (2)
of the tensor product Y ® Y'*, and vice versa.

A sequence
vy Ly Ly

of vector bundles over the same base X is called exact at Y if Ker j = Im .
A sequence of vector bundles

0—Y -y Ly" o (1.1.12)

over X is said to be a short exact sequence if it is exact at all terms Y,
Y, and Y”. This means that i is a bundle monomorphism, j is a bundle
epimorphism, and Ker j = Im4. Then Y is the factor bundle Y/Y"' whose
structure module is the quotient Y (X)/Y”(X) of the structure modules of
Y and Y’. Given an exact sequence of vector bundles (1.1.12), there is the
exact sequence of their duals
0y Iy Doy,

One says that an exact sequence (1.1.12) is split if there exists a bundle
monomorphism s : Y — Y such that jos =IdY"” or, equivalently,

Y=iY)esy") =Y aY".

Theorem 1.1.12. Every exact sequence of vector bundles (1.1.12) is split

[80].
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This theorem is a corollary of the Serre-Swan Theorem 10.9.3 and The-
orem 10.1.3.

The tangent bundle T'Z and the cotangent bundle T*Z of a manifold Z
exemplify vector bundles.

Remark 1.1.3. Given an atlas ¥z = {(U,, ¢,)} of a manifold Z, the tan-
gent bundle is provided with the holonomic bundle atlas

Vp = {(Uqu = T¢L)}7 (1113)

where T'¢, is the tangent morphism to ¢,. The associated linear bundle
coordinates are holonomic (or induced) coordinates () with respect to
the holonomic frames {9y} in tangent spaces T,Z.

The tensor product of tangent and cotangent bundles

m k
T=(®TZ)®®T*Z), mkeN, (1.1.14)

is called a tensor bundle, provided with holonomic bundle coordinates

O

xgll 5. possessing transition functions

et _ Ox'™ Ox'*m Jx™ O™ -
BB Ozt Ozxtm Ox'Pr Ox/Pr V1 Vk

Let my : TY — Y be the tangent bundle of a fibre bundle 7 : ¥ — X.
Given bundle coordinates (z*, %) on Y, it is equipped with the holonomic
coordinates (2}, y’, 4%, 9"). The tangent bundle TY — Y has the subbundle
VY = Ker (T'w), which consists of the vectors tangent to fibres of Y. Tt is
called the vertical tangent bundle of Y and is provided with the holonomic
coordinates (2, ¥, ) with respect to the vertical frames {9;}. Every bun-
dle morphism @ : Y — Y’ yields the linear bundle morphism over ® of the
vertical tangent bundles

ov

Vo :VY - VY, JioVd=—1jy
oy’

(1.1.15)

It is called the vertical tangent morphism.

In many important cases, the vertical tangent bundle VY — Y of a
fibre bundle Y — X is trivial, and is isomorphic to the bundle product

VY =Y xY (1.1.16)

X
where Y — X is some vector bundle. It follows that VY can be provided
with bundle coordinates (z*,%%, %") such that transition functions of coor-
dinates 7' are independent of coordinates 3*. One calls (1.1.16) the vertical
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splitting. For instance, every vector bundle Y — X admits the canonical
vertical splitting

VY =Y aY. (1.1.17)
X
The vertical cotangent bundle V*Y — Y of a fibre bundle Y — X is

defined as the dual of the vertical tangent bundle VY — Y. It is not a sub-
bundle of the cotangent bundle T*Y, but there is the canonical surjection

C:T*Y 3 @zda™ + gidy’ — ysdy’ € V*Y, (1.1.18)
where {dy'}, possessing transition functions
N i
dy" = ——dy’,
V=G
are the duals of the holonomic frames {9;} of the vertical tangent bundle
VY.
For any fibre bundle Y, there exist the exact sequences of vector bundles

0-VY —TY LY xTX — 0, (1.1.19)
X
0—-YxT'X - T*Y - V*Y — 0. (1.1.20)
X

Their splitting, by definition, is a connection on ¥ — X.
For the sake of simplicity, we agree to denote the pull-backs

Y xTX, YxT*X
X X

by TX and T* X, respectively.

Let ¥ : Y — X be a vector bundle with a typical fibre V. An affine
bundle modelled over the vector bundle Y — X is a fibre bundle 7 : ¥ — X
whose typical fibre V is an affine space modelled over V such that the
following conditions hold.

o All the fibres Y, of Y are affine spaces modelled over the corresponding
fibres Y ,, of the vector bundle Y.

e There is an affine bundle atlas

U= {(Ua7¢x)’ QXC}

of Y — X whose local trivializations morphisms v, (1.1.5) and transition
functions g,¢ (1.1.6) are affine isomorphisms.

Dealing with affine bundles, we use only affine bundle coordinates (y°)
associated to an affine bundle atlas W. There are the bundle morphisms

Y —Y, 7)) -y 47,
Y

x| %]

Y x
X
Yx Y, Wy -y -y,
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where (%) are linear coordinates on the vector bundle Y.

By virtue of Theorem 1.1.4, affine bundles have global sections, but
in contrast with vector bundles, there is no canonical global section of an
affine bundle. Let 7 : Y — X be an affine bundle. Every global section s
of an affine bundle Y — X modelled over a vector bundle Y — X yields
the bundle morphisms

Yoy—y-—s(u(y) ey, (1.1.21)
Yo7y —s(n(y) +y Y. (1.1.22)
In particular, every vector bundle Y has a naturzﬂ structure of an affine
bundle due to the morphisms (1.1.22) where s = 0 is the canonical zero-

valued section of Y. For instance, the tangent bundle T'X of a manifold X
is naturally an affine bundle AT X called the affine tangent bundle.

Theorem 1.1.13. Any affine bundle Y — X admits bundle coordinates
(2}, ") possessing linear transition functions " = A%(x)y’ (see Example
5.10.2).

Proof. Let s be a global section of ¥ — X. Given fibre coordinates
y — (y*), let us consider the fibre coordinates

y— @ =y —s'(n(y)).
Due to the morphism (1.1.21), they possess linear transition functions. O

One can define the Whitney sum Y @Y of a vector bundle Y — X and
an affine bundle Y — X modelled over a vector bundle Y — X. This is an
affine bundle modelled over the Whitney sum of vector bundles Yaov.

By a morphism of affine bundles is meant a bundle morphism ® : Y —
Y’ whose restriction to each fibre of Y is an affine map. It is called an affine
bundle morphism. Every affine bundle morphism ® : Y — Y’ of an affine
bundle Y modelled over a vector bundle Y to an affine bundle Y’ modelled
over a vector bundle Y yields an unique linear bundle morphism

_ - [ X
: VY=Y, giod=—y, (1.1.23)

called the linear derivative of ®.

Similarly to vector bundles, if ® : Y — Y’ is an affine morphism of
affine bundles of constant rank, then ®(Y") and Ker ® are affine subbundles
of Y’ and Y, respectively.

Every affine bundle Y — X modelled over a vector bundle ¥ — X
admits the canonical vertical splitting

VY =Y xY. (1.1.24)
X
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Note that Theorems 1.1.8 and 1.1.9 on a particular cover for bundle
atlases remain true in the case of linear and affine atlases of vector and
affine bundles.

1.1.4 Vector fields, distributions and foliations

Vector fields on a manifold Z are global sections of the tangent bundle
T7 — Z.

The set 7(Z) of vector fields on Z is both a C°°(Z)-module and a real
Lie algebra with respect to the Lie bracket

u=u0y, v =00,
[v,u] = (V*u" — u*O\v*)d,.
Given a vector field v on X, a curve
c:RD>()—Z

in Z is said to be an integral curve of u if T'c = u(c). Every vector field
u on a manifold Z can be seen as an infinitesimal generator of a local
one-parameter group of diffeomorphisms (a flow), and vice versa [92]. One-
dimensional orbits of this group are integral curves of u. A vector field is
called complete if its flow is a one-parameter group of diffeomorphisms of
Z. For instance, every vector field on a compact manifold is complete.

A vector field u on a fibre bundle Y — X is called projectable if it
projects onto a vector field on X, i.e., there exists a vector field 7 on X
such that

Tomw=Tmwou.
A projectable vector field takes the coordinate form
u = ur(z")O\ + u'(zH, y")D;, 7 =u ). (1.1.25)

Its flow is a local one-parameter group of automorphisms of ¥ — X over a
local one-parameter group of diffeomorphisms of X whose generator is 7.
A projectable vector field is called vertical if its projection onto X vanishes,
i.e., if it lives in the vertical tangent bundle VY.

A vector field 7 = 729, on a base X of a fibre bundle Y — X gives rise
to a vector field on Y by means of a connection on this fibre bundle (see
the formula (1.3.6)). Nevertheless, every tensor bundle (1.1.14) admits the
canonical lift of vector fields

F=rh0, + [0, TG0 = O, TN — Ok | (1.1.26)
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where we employ the compact notation

0
e
This lift is functorial, i.e., it is an R-linear monomorphism of the Lie algebra
T (X) of vector fields on X to the Lie algebra 7(Y') of vector fields on YV
(see Section 6.1). In particular, we have the functorial lift

Oy = (1.1.27)

-~ L (e 74 8

T=1"0,+0,7%% Ere (1.1.28)
of vector fields on X onto the tangent bundle T X and their functorial lift

T =1"0, Q@T”iy;; (1.1.29)

onto the cotangent bundle T* X.

A fibre bundle admitting functorial lift of vector fields on its base is
called the natural bundle [94; 153] (see Section 6.1).

A subbundle T of the tangent bundle T'Z of a manifold Z is called a
regular distribution (or, simply, a distribution). A vector field u on Z is
said to be subordinate to a distribution T if it lives in T. A distribution T
is called involutive if the Lie bracket of T-subordinate vector fields also is
subordinate to T.

A subbundle of the cotangent bundle T*Z of Z is called a codistribution
T* on a manifold Z. For instance, the annihilator AnnT of a distribution
T is a codistribution whose fibre over z € Z consists of covectors w € T7;
such that v]jw =0 for all v € T,.

Theorem 1.1.14. Let T be a distribution and Ann'T its annihilator. Let
ANANnT(Z) be the ideal of the exterior algebra O*(Z) which is generated
by sections of Ann'T — Z. A distribution T is involutive if and only if the
ideal AAnnT(Z) is a differential ideal [164], i.e.,

d(AAnnT(Z)) C AAnnT(2).

The following local coordinates can be associated to an involutive dis-
tribution [164].

Theorem 1.1.15. Let T be an involutive r-dimensional distribution on a
manifold Z, dimZ = k. FEwvery point z € Z has an open neighborhood
U which is a domain of an adapted coordinate chart (2%, ... ,zk) such that,
restricted to U, the distribution T and its annihilator Ann'T are spanned by
the local vector fields 0/0z",--- ,0/0z" and the one-forms dz"*+1, ... dz*,
respectively.
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A connected submanifold N of a manifold Z is called an integral ma-
nifold of a distribution T on Z if TN C T. Unless otherwise stated, by
an integral manifold is meant an integral manifold of dimension of T. An
integral manifold is called maximal if no other integral manifold contains
it. The following is the classical theorem of Frobenius.

Theorem 1.1.16. Let T be an involutive distribution on a manifold Z. For
any z € Z, there exists a unique mazimal integral manifold of T through z,
and any integral manifold through z is its open subset.

Maximal integral manifolds of an involutive distribution on a manifold
Z are assembled into a regular foliation F of Z. A regular r-dimensional
foliation (or, simply, a foliation) F of a k-dimensional manifold Z is defined
as a partition of Z into connected r-dimensional submanifolds (the leaves
of a foliation) F,, ¢ € I, which possesses the following properties [126;
151]. A foliated manifold (Z, F) admits an adapted coordinate atlas

Ue: 2N 29, A=1,...,n—r, i=1,...,r 1.1.30
{(Ue

such that transition functions of coordinates z* are independent of the re-
maining coordinates z' and, for each leaf F of a foliation F, the connected
components of F' N Ug are given by the equations z* =const. These con-
nected components and coordinates (2°) on them make up a coordinate
atlas of a leaf F'. It follows that tangent spaces to leaves of a foliation F
constitute an involutive distribution T'F on Z, called the tangent bundle
to the foliation F. The factor bundle

VF=TZ/TF,

called the normal bundle to F, has transition functions independent of
coordinates z°. Let TJF* — Z denote the dual of TF — Z. There are the
exact sequences

0= TF “TX —VF 0, (1.1.31)
0— AnnTF —T°X ZoTF -0 (1.1.32)

of vector bundles over Z.

It should be emphasized that leaves of a foliation need not be closed or
imbedded submanifolds. Every leaf has an open tubular neighborhood U,
i.e., if z € U, then a leaf through z also belongs to U.

A pair (Z,F) where F is a foliation of Z is called a foliated manifold.
For instance, any submersion f : Z — M yields a foliation

F=A{F, =" (0)}pes2)
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of Z indexed by elements of f(Z), which is an open submanifold of M, i.e.,
Z — f(Z) is a fibred manifold. Leaves of this foliation are closed imbedded
submanifolds. Such a foliation is called simple. It is a fibred manifold over
f(Z). Any (regular) foliation is locally simple.

1.1.5 Exterior and tangent-valued forms

An exterior r-form on a manifold Z is a section

1
6= —rsndzM A AN
T.

of the exterior product ANT*Z — Z , where

1
dzM A Ad2M = 76>‘1"'>‘Tm..4mda:“1 Q- @dxtr,
7!

5 VI VO D VIS VI D VIR VI

it — € it — € el fhp e

AL Ar _
e, = L

Sometimes, it is convenient to write
¢ =5, 2, d2N N Ad

without the coefficient 1/7!.

Let O"(Z) denote the vector space of exterior r-forms on a manifold
Z. By definition, O°(Z) = C°°(Z) is the ring of smooth real functions on
Z. All exterior forms on Z constitute the N-graded commutative algebra
O*(Z) of global sections of the exterior bundle AT*Z (1.1.11) endowed with
the exterior product

¢ = %¢A1,,_>\sz’\1 Ao ANd2, o= éaﬂlv--ﬂsd’zul Ao Adzte,
d) No = @¢V1...urgur+1,..ur+sdZVl Ao ANdZVts =
mﬁyl"'V"'+5a1...ar+s¢u1...VTJVT+1...UT+SdzO‘1 A AdzOrre,
such that

dNo = (—1)|¢HU|0 A @,

where the symbol |¢| stands for the form degree. The algebra O*(Z) also
is provided with the exterior differential

1
dp = dz" N O,¢ = ﬁaﬂqﬁhmhdz“ AdzM A A d2
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which obeys the relations
dod=0, d(oNo)=d(d) Ao+ (-1)?pAd0).

The exterior differential d makes O*(Z) into a differential graded algebra
which is the minimal Chevalley—Eilenberg differential calculus O*A over
the real ring A = C*°(Z). Its de Rham complex is (10.9.12).

Given a manifold morphism f : Z — Z’, any exterior k-form ¢ on Z’
yields the pull-back exterior form f*¢ on Z given by the condition

Fow', . o) (z) = o(Tf@h),... . TfW")(f(2))

for an arbitrary collection of tangent vectors v',--- ,v¥ € T,Z. We have

the relations
frlono)=f"oAfro,
df*¢ = f*(dg¢).
In particular, given a fibre bundle 7 : ¥ — X, the pull-back onto
Y of exterior forms on X by 7 provides the monomorphism of graded
commutative algebras O*(X) — O*(Y). Elements of its range 7*O0*(X)
are called basic forms. Exterior forms
¢:Y — AT*X,
1
¢ = = On . da A Ada
7!
on Y such that u]¢ = 0 for an arbitrary vertical vector field u on Y are said

to be horizontal forms. Horizontal forms of degree n = dim X are called
densities. We use for them the compact notation

1
L= HLMM,de‘“ A ANdat = Lw, L=1L1_,,
1
w=dz' A ANdz" = =€ A A Ndxhr (1.1.33)
n!
w)y = a,\Jw, wu,\ = auja,\Jw,

where € is the skew-symmetric Levi—-Civita symbol with the component
€y = L.

The interior product (or contraction) of a vector field v and an exterior
r-form ¢ on a manifold Z is given by the coordinate expression

Ak

r 1 k—1 -
ulp = Z %UAkQSAl”.)\k___)\rdZAI Ao Ndz " A Nd2 =
7!
k=1

1
(r—1)!

Wopas...a dz® N Ndz®T,
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where the caret ~ denotes omission. It obeys the relations
AUy Up) = Up ] - ur |,
ul(pna)=ulp Ao+ (=1)éAulo.

The Lie derivative of an exterior form ¢ along a vector field u is
Lo = u)dg + d(u]®),
Ly(¢pANo)=Ly,p Ao+ ¢ ALyo.

It is a derivation of the graded algebra O*(Z) such that
Ly oLy — Ly oLy = Ly -
In particular, if f is a function, then
Lyf = u(f) = uldf.

An exterior form ¢ is invariant under a local one-parameter group of
diffeomorphisms G(t) of Z (i.e., G(t)*¢ = ¢) if and only if its Lie derivative
along the infinitesimal generator u of this group vanishes, i.e.,

L.,¢=0.
A tangent-valued r-form on a manifold Z is a section

6= %Mlﬁrdw Ao ANd2M ® 0, (1.1.34)

of the tensor bundle

NT*Z&@TZ — 7.

Remark 1.1.4. There is one-to-one correspondence between the tangent-
valued one-forms ¢ on a manifold Z and the linear bundle endomorphisms
6:TZ —TZ, ¢:T.Z>v—v|¢(z)eT.Z, (1.1.35)
6T Z —TZ, ¢ T:Z>0v" — ¢(z)|v* € T*Z, (1.1.36)

over Z (see Remark 1.1.2). For instance, the canonical tangent-valued one-
form

0, = dz* @ O (1.1.37)
on Z corresponds to the identity morphisms (1.1.35) and (1.1.36).

Remark 1.1.5. Let Z =TX, and let TT X be the tangent bundle of T'X.
There is the bundle endomorphism

J(@0x) =0 J(O)=0 (1.1.38)
of TTX over X. It corresponds to the canonical tangent-valued form
0; = da* ® Oy (1.1.39)

on the tangent bundle T'X. It is readily observed that J o J = 0.
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The space O*(Z) ® T(Z) of tangent-valued forms is provided with the
Frolicher—Nijenhuis bracket

[, Jex : O7(2) @ T(2) x O(2) @ T(Z) — O"+*(2) 0 T(Z),
[a®@u, BRv]pn = (@A B) & [u,v] + (a AL,S) @v — (1.1.40)
(LyaAB)@u+ (—1)"(daAu]B) @ v+ (1) (v]aAdB) @ u,
ac0"(Z), 8 e 0(2), u,v € T(Z).
Its coordinate expression is

T SNV S A S
TN OA TN A +SULL/\T”.A.,\,‘H@ATH(%...AT)
dzM A Nd2 N @0,
peO0 (2)T(2), ceO(2)T(Z).
There are the relations

6, 0len = (=) o, glpn, (1.1.41)
[(z)’ [07 G}FN]FN = H¢a U}FN,H]FN + (—1)I¢HU‘[U, [(25, G]FN]FN, (1.1.42)
b.0.0€ O (2) o T(2).

Given a tangent-valued form 6, the Nijenhuis differential on O*(Z) ®
T(Z) is defined as the morphism

do : P — doyp = [0, Y]rn, ve O (Z2)®T(Z).
By virtue of (1.1.42), it has the property
dg [, Olex = [dgt), Olex + (=111 [, dyOln.

In particular, if § = u is a vector field, the Nijenhuis differential is the Lie
derivative of tangent-valued forms

L,o = d.o = [u,0lpx = ;(u”ayafl'.}s — o, 2o+
soly, Ao )daM A NdeM ® 0., o€ ON(2)@T(2).

Let Y — X be a fibre bundle. We consider the following subspaces of
the space O*(Y) ® T(Y) of tangent-valued forms on Y:
e horizontal tangent-valued forms

Y > AT*X@TY,
Y

1 .
¢=dz™ A NdeM @ ﬁ[ﬁbil.,.Ar(y)au + &5, (¥)0i],
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e projectable horizontal tangent-valued forms

1 .
o= dz™ A Adz™ ® ﬁ[ S’:l.”)\r(aj)au + ¢1)\1,,_/\T(y)ai],

e vertical-valued form
6 Y > AT*X QVY,
6= 10 (W) A N
e vertical-valued one-forms, called soldering forms,
o= ol(y)da* ® 0;,
e basic soldering forms
o =ok(z)dz* ® 0;.

Remark 1.1.6. The tangent bundle TX is provided with the canonical
soldering form 6; (1.1.39). Due to the canonical vertical splitting

VTX =TX xTX, (1.1.43)
X

the canonical soldering form (1.1.39) on T X defines the canonical tangent-
valued form 6x (1.1.37) on X. By this reason, tangent-valued one-forms
on a manifold X also are called soldering forms.

Remark 1.1.7. Let Y — X be a fibre bundle, f : X’ — X a manifold
morphism, f*Y — X’ the pull-back of Y by f, and

Iy ffY =Y
the corresponding bundle morphism (1.1.9). Since
VY = f*VY = f; VY, VyY' =V Y,

one can define the pull-back f*¢ onto f*Y of any vertical-valued form f
on Y in accordance with the relation

o' o)) = 6Ty (vh),.... T () (fyr(¥)-

We also mention the T'X-valued forms

¢V > ANT*X®TX, (1.1.44)
Y
1
¢= r! ﬁ‘bl-)\rd:v/\l A ANda @ O
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and V*Y-valued forms

0:Y = AT X VY, (1.1.45)
Y
1 —_— .
0= ﬁqﬁ)‘lu.)\ridwh A ANda @ dy.

It should be emphasized that (1.1.44) are not tangent-valued forms, while
(1.1.45) are not exterior forms. They exemplify vector-valued forms. Given
a vector bundle £ — X, by a F-valued k-form on X, is meant a section of
the fibre bundle

k
(ANT*X)® E* — X.
X

1.2 Jet manifolds

This Section addresses first and second order jet manifolds of sections of
fibre bundles [94; 145].

Given a fibre bundle Y — X with bundle coordinates (2*,%%), let us
consider the equivalence classes jls of its sections s, which are identified
by their values s*(x) and the values of their partial derivatives d,s'(z) at a
point € X. They are called the first order jets of sections at x. One can
justify that the definition of jets is coordinate-independent. The key point
is that the set J'Y of first order jets jls, # € X, is a smooth manifold with
respect to the adapted coordinates (2%, yg) such that

i.1 i 10 Ozt j 13
UaUzs) = Oas'(@), y'a = 2 k(O +00))y" (1.2.1)
It is called the first order jet manifold of a fibre bundle Y — X. We call
(y4) the jet coordinate.

Remark 1.2.1. Note that there are different notions of jets. Jets of sec-
tions are the particular jets of maps [94; 126] and the jets of submanifolds
[53; 96] (see Section 8.4). Let us also mention the jets of modules over a
commutative ring [96; 112] which are representative objects of differential
operators on modules [71; 96]. In particular, given a smooth manifold X,
the jets of a projective C°°(X)-module P of finite rank are exactly the jets
of sections of the vector bundle over X whose module of sections is P in
accordance with the Serre-Swan Theorem 10.9.3. The notion of jets is ex-
tended to modules over graded commutative rings [60]. However, the jets
of modules over a noncommutative ring can not be defined [60].
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The jet manifold J'Y admits the natural fibrations
TV s jls »x e X, (1.2.2)
T JY 3 jls — s(z) €Y. (1.2.3)
A glance at the transformation law (1.2.1) shows that 7} is an affine bundle
modelled over the vector bundle

T*X VY — Y. (1.2.4)
Y

It is convenient to call ! (1.2.2) the jet bundle, while 7} (1.2.3) is said to
be the affine jet bundle.

Let us note that, if Y — X is a vector or an affine bundle, the jet bundle
m (1.2.2) is so.

Jets can be expressed in terms of familiar tangent-valued forms as fol-
lows. There are the canonical imbeddings

Ay 1 Y S>T*X®TY,
Y Y

Ay = da? @ (y +y30:) = da @ dy, (1.2.5)
0y : J'Y >TY QVY,
Y Y

0y = (dy' — yida) @0 = 0’ @ 0, (1.2.6)
where d) are said to be total derivatives, and 6% are called Iocal contact
forms.

Remark 1.2.2. We further identify the jet manifold J'Y with its images
under the canonical morphisms (1.2.5) and (1.2.6), and represent the jets
jls = (J,)‘,yi,yi) by the tangent-valued forms A1y (1.2.5) and 6y (1.2.6).

Sections and morphisms of fibre bundles admit prolongations to jet man-
ifolds as follows.

Any section s of a fibre bundle Y — X has the jet prolongation to the
section

(J's)(@) =jps,  whoJ's =0xs'(2),
of the jet bundle J'Y — X. A section of the jet bundle J'Y — X is called

integrable if it is the jet prolongation of some section of a fibre bundle
Y - X.

Remark 1.2.3. By virtue of Theorem 1.1.4, the affine jet bundle J'Y — Y
admits global sections. For instance, if Y = X x V is a trivial bundle, there
is the canonical zero section 6(Y) of J1Y — Y which takes its values into
centers of its affine fibres.
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Any bundle morphism ® : Y — Y’ over a diffeomorphism f admits a
jet prolongation to a bundle morphism of affine jet bundles

J'o gy ?le’, (1.2.7)

i a(f -~ i
y/>\ ¢] Jl(b == Wdu(b .

Any projectable vector field u (1.1.25) on a fibre bundle Y — X has a
jet prolongation to the projectable vector field

Jw=rio0Ju: JVY — JITY — TJ'Y,

JYu = w0y + uld; + (dyu' — yi@,\u“)af‘, (1.2.8)
on the jet manifold J'Y. In order to obtain (1.2.8), the canonical bundle
morphism

r o JITY — TJYY, ghort = (§)x — yih
is used. In particular, there is the canonical isomorphism
VY =JWY, gk = (). (1.2.9)
Taking the first order jet manifold of the jet bundle J'Y — X, we obtain
the repeated jet manifold J'J'Y provided with the adapted coordinates
(J")\7 yi7 yg\’ @\Z’ yzb)\)
possessing transition functions
oz
oz
do = 0o + .05 +y200Y,  do = 00 + L0, + 42,05
There exist two different affine fibrations of J'.J'Y over J'Y:
e the familiar affine jet bundle (1.2.3):

a _ a .
i i 9z ~ 1t 9z ~ i
)

y’ﬁ = day", Yx = @day Youx = D't UBY

T JETY — JYY, yhomy =y, (1.2.10)
e the affine bundle
Jray  JEIY — JVY, yhoJinh = 7. (1.2.11)

In general, there is no canonical identification of these fibrations. The
points ¢ € J'J'Y, where
mi1(g) = J'mp(q),

form an affine subbundle J2Y — J'Y of JLJ'Y called the sesquiholonomic
jet manifold. It is given by the coordinate conditions @K = yfv and is
coordinated by (z*,y*, v, yb)



1.3. Connections on fibre bundles 29

The second order jet manifold J?Y of a fibre bundle Y — X can be
defined as the affine subbundle of the fibre bundle J2Y — JY given by
the coordinate conditions

yg\lt = ylll,)\'
It is modelled over the vector bundle
VTX ® VY — J'Y,
JYy
and is endowed with adapted coordinates (z*, y*, ¥4, Y5, = Up.n), Dossessing
transition functions
« . (e} .

Yx = %day”, Yo = %day'ﬁ- (1.2.12)

The second order jet manifold J2Y also can be introduced as the set of
the equivalence classes j2s of sections s of the fibre bundle Y — X, which
are identified by their values and the values of their first and second order
partial derivatives at points x € X, i.e.,

A(Zs) = Oxs'(2),  yh,(iis) = 0x0pus' ().
The equivalence classes j2s are called the second order jets of sections.

Let s be a section of a fibre bundle Y — X, and let J's be its jet
prolongation to a section of the jet bundle J'Y — X. The latter gives rise
to the section J'.J's of the repeated jet bundle J'.J'Y — X. This section
takes its values into the second order jet manifold J2Y. It is called the
second order jet prolongation of a section s, and is denoted by J2s.

Theorem 1.2.1. Let 3 be a section of the jet bundle J'Y — X, and let J'3
be its jet prolongation to a section of the repeated jet bundle J'J'Y — X.
The following three facts are equivalent:

o 5= J's where s is a section of a fibre bundle Y — X,

o J'3 takes its values into fZY,

o J'5 takes its values into J*Y .

1.3 Connections on fibre bundles

There are several equivalent definitions of a connection on a fibre bundle.
We start with the traditional notion of a connection as a splitting of the
exact sequences (1.1.19) — (1.1.20), but then follow its definition as a global
section of an affine jet bundle [94; 112; 145]. In the case of vector bundles,
there is an equivalent definition (10.9.10) of a linear connection on their
structure modules.
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1.3.1 Connections as tangent-valued forms

A connection on a fibre bundle Y — X is defined traditionally as a linear
bundle monomorphism

I: Y;TX—>TY, (1.3.1)
ity — x"\(c%\ + 1“381-),

over Y which splits the exact sequence (1.1.19), i.e.,
mr ol =1d (Y X TX).

This also is a definition of connections on fibred manifolds (see Remark
1.3.2).

By virtue of Theorem 1.1.12, a connection always exists. The local
functions I'{ (y) in (1.3.1) are said to be components of the connection I
with respect to the bundle coordinates (z*,y*) on Y — X.

The image of Y x T'X by the connection I' defines the horizontal distri-
bution HY C TY which splits the tangent bundle TY as follows:

TY = HY & VY, (1.3.2)
%
P05 +9'0; = 3 (Ox + T0:) + (9 — 'T3)0;.
Its annihilator is locally generated by the one-forms dy® — I'{ dz?.
Given the horizontal splitting (1.3.2), the surjection
r:7v v VY, (1.3.3)

ylol =y' —I%i?,

defines a connection on Y — X in an equivalent way.
The linear morphism I' over Y (1.3.1) yields uniquely the horizontal
tangent-valued one-form
T = dz* ® (0 +T405) (1.3.4)
on Y which projects onto the canonical tangent-valued form 6x (1.1.37) on
X. With this form called the connection form, the morphism (1.3.1) reads
I':0\ — 0\|T =0\ +F§\6i-

Given a connection I' and the corresponding horizontal distribution
(1.3.2), a vector field u on a fibre bundle Y — X is called horizontal if
it lives in HY. A horizontal vector field takes the form

u = u(y)(Ox + I'80;). (1.3.5)
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In particular, let 7 be a vector field on the base X. By means of the
connection form I" (1.3.4), we obtain the projectable horizontal vector field

L7 =7|T =70\ + T30)) (1.3.6)

on Y, called the horizontal lift of 7 by means of a connection I'. Conversely,
any projectable horizontal vector field u on Y is the horizontal lift I'7 of its
projection 7 on X. Moreover, the horizontal distribution HY is generated
by the horizontal lifts I't (1.3.6) of vector fields 7 on X. The horizontal lift

T(X)>7—=TreT(Y) (1.3.7)

is a C'*°(X)-linear module morphism.
Given the splitting (1.3.1), the dual splitting of the exact sequence
(1.1.20) is

L:VY -1, T:dy' —dy" —Tida>. (1.3.8)
Hence, a connection I' on Y — X is represented by the vertical-valued form
I = (dy' — I'\daz?) @ 0 (1.3.9)
such that the morphism (1.3.8) reads
I':dy* — T|dy’ = dy’ — Tida?.
We call T (1.3.9) the vertical connection form. The corresponding horizon-
tal splitting of the cotangent bundle T*Y takes the form
™Y =T"X @F(V*Y), (1.3.10)
ixdz + gidy’ = (i + 3:0%)da™ + g;(dy’ — Dida?).
Then we have the surjection
I=pr, : T"Y - T*X, iy ol =iy + T4, (1.3.11)
which also defines a connection on a fibre bundle Y — X.

Remark 1.3.1. Treating a connection as the vertical-valued form (1.3.9),
we come to the following important construction. Given a fibre bundle
Y — X, let f: X’ — X be a morphism and f*Y — X' the pull-back of Y’
by f. Any connection " (1.3.9) on Y — X induces the pull-back connection

ofr

ox'm

= (dyi —(To fy)g\

on f*Y — X’ (see Remark 1.1.7).

d:z:”‘) ® 0; (1.3.12)
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Remark 1.3.2. Let 7 : Y — X be a fibred manifold. Any connection I’
on Y — X yields a horizontal lift of a vector field on X onto Y, but need
not defines the similar lift of a path in X into Y. Let

RDO[[at—a(t) € X, Rat—yt) €Y,

be smooth paths in X and Y, respectively. Then ¢t — y(t) is called a
horizontal lift of x(t) if

m(y(t) ==@),  9{t) € Hyw)Y, tER,

where HY C TY is the horizontal subbundle associated to the connection
I. If, for each path x(t) (toc <t < t1) and for any yo € 7 (z(to)), there
exists a horizontal lift y(t) (to < ¢t < t1) such that y(tp) = yo, then T is
called the Ehresmann connection. A fibred manifold is a fibre bundle if and
only if it admits an Ehresmann connection [69)].

1.3.2 Connections as jet bundle sections

Throughout the book, we follow the equivalent definition of connections on
a fibre bundle Y — X as sections of the affine jet bundle J'Y — Y.

Let Y — X be a fibre bundle, and J'Y its first order jet manifold. Given
the canonical morphisms (1.2.5) and (1.2.6), we have the corresponding
morphisms

Ay JY XTX 30y —dy=0:]A\y) € J'Y XTY,  (1.3.13)
Oy - JY X VY 3dy' — 00 =0y ]dy' € J'Y x T (1.3.14)
Y Y
(see Remark 1.1.2). These morphisms yield the canonical horizontal split-
tings of the pull-back bundles
JY xTY = X1y(TX) @ VY, (1.3.15)
Y Jry
P05 + 510 = i (Ox +930:) + (" — y3) 0,
JYWXTY =T*X @ 0,,(V*Y), (1.3.16)
Y JY
ixda? + gidy’ = (ix + giyh)da™ + gi(dy’ — yida?).

Let I’ be a global section of J'Y — Y. Substituting the tangent-valued
form

Ay o = da* @ (0) + I',0;)
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in the canonical splitting (1.3.15), we obtain the familiar horizontal split-
ting (1.3.2) of TY by means of a connection I' on ¥ — X. Accordingly,
substitution of the tangent-valued form

0y o = (dy' — T'hdz?) ® 9;
in the canonical splitting (1.3.16) leads to the dual splitting (1.3.10) of T*Y
by means of a connection I'.

Theorem 1.3.1. There is one-to-one correspondence between the connec-
tions T on a fibre bundle Y — X and the global sections

r:y —Jvy, (gt y8) o = (2,98, T%), (1.3.17)
of the affine jet bundle J'Y — Y.

There are the following corollaries of this theorem.

e Since J'Y — Y is affine, a connection on a fibre bundle Y — X exists
in accordance with Theorem 1.1.4.

e Connections on a fibre bundle Y — X make up an affine space mod-
elled over the vector space of soldering forms on ¥ — X, i.e., sections of
the vector bundle (1.2.4).

e Connection components possess the coordinate transformation law

; Ozt j i
D = e @+ T

e Every connection I" (1.3.17) on a fibre bundle Y — X yields the first

order differential operator
Dr:JY 7T*X®VY, (1.3.18)
Y

Dr =Xy —TDomy = (yi —T})dz* ® 0;,
on Y called the covariant differential relative to the connection I'. If s :
X — Y is a section, from (1.3.18) we obtain its covariant differential
Vis=DroJ's: X - T*X @ VY, (1.3.19)
Vs = (Oxs' — T 0 8)da™ @ 0,
and the covariant derivative
Vi =7 vl
along a vector field 7 on X. A section s is said to be an integral section

of a connection I if it belongs to the kernel of the covariant differential Dr
(1.3.18), i.e.,

Vlis=0 or J's=Tos. (1.3.20)

Theorem 1.3.2. For any global section s : X — Y, there always exists a
connection I' such that s is an integral section of T.
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Proof. This connection I' is an extension of the local section

s(z) — J's(x)
of the affine jet bundle J'Y — Y over the closed imbedded submanifold
$(X) CY in accordance with Theorem 1.1.4. O

Treating connections as jet bundle sections, one comes to the following
two constructions.
(i) Let Y and Y’ be fibre bundles over the same base X. Given a
connection I' on Y — X and a connection IV on Y’ — X, the fibre bundle
YxY' — X
X
is provided with the product connection
IxT": Y xY' — J (Y xY')=J'Y x J'Y,
b'e X X
rxr’(mA®<m+I&a.+Fja,). (1.3.21)
dy' oy
(ii) Let 4y : Y — Y’ be a subbundle of a fibre bundle Y’ — X and I” a
connection on Y/ — X. If there exists a connection I' on Y — X such that
the diagram

vy 2oy

iy T T Jliy
y gty
is commutative, we say that I' is reducible to a connection I'. The following
conditions are equivalent:
e I is reducible to T';
e Tiy(HY) = HY'|;, (v), where HY C TY and HY' C TY" are the
horizontal subbundles determined by I" and I, respectively;
e for every vector field 7 on X, the vector fields I'7 and I''7 are related
as follows:
Tiy o't =T'1 0iy. (1.3.22)

1.3.3 Cwurvature and torsion

Let I" be a connection on a fibre bundle Y — X. Its curvature is defined
as the Nijenhuis differential

1 1 2

R=5drT =[O Tlen Y = AT X @ VY, (1.3.23)
1 7

RzgRMmﬁAm“®m (1.3.24)

A= O, — 9,T +T40;I}, — TJ,0,T5.
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This is a VY -valued horizontal two-form on Y. Given vector fields 7, 7/ on
X and their horizontal lifts I'7 and I'7" (1.3.6) on Y, we have the relation

R(r,7") = —T[r,7'] 4+ [[7,T'7] = *7'* R} ,0;. (1.3.25)

The curvature (1.3.23) obeys the identities
[R, Rlpn = 0, (1.3.26)
drR = [T, Rlpx = 0. (1.3.27)

They result from the identity (1.1.41) and the graded Jacobi identity
(1.1.42), respectively. The identity (1.3.27) is called the second Bianchi
identity. It takes the coordinate form
> (0AR), +T30;R, — ;T3 R),) =0, (1.3.28)
(Auv)
where the sum is cyclic over the indices A, p and v.

In the same manner, given a soldering form o, one defines the soldered
curvature

1 1 2
idaa = 5[0, olrn Y = AT* X @ VY, (1.3.29)

p =
1 % A ”w
pé\lt = Jiﬁjaft - oljlajai.
It fulfills the identities
[p, plrn = 0,
dyp = [0, plen = 0,

similar to (1.3.26) — (1.3.27).
Given a connection I' and a soldering form o, the torsion form of I" with
respect to o is defined as

2
T=dro=d,I':Y > ANT*X VY,
T= (am; + Fgﬁjaz - @Fg\afb)dx)‘ Adzt ® 0;. (1.3.30)
It obeys the first Bianchi identity
drT = dio = [R,0]pny = —d, R. (1.3.31)
If IV =T + o, we have the relations

T =T+ 2p, (1.3.32)
R =R+p+T. (1.3.33)
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1.3.4 Linear connections

A connection I' on a vector bundle Y — X is called the linear connection
if the section

LY —JY, T=da*®(0+a(x)y o), (1.3.34)

is a linear bundle morphism over X. Note that linear connections are
principal connections, and they always exist (see Assertion 5.4.1).
The curvature R (1.3.24) of a linear connection I' (1.3.34) reads

1 ) .
R = §R,\M’j(x)yjdm’\ Adz* ® 0;,
R,\pij = a)\FHij — @Ll“ﬁj + F)\hjl—‘#ih — Fuhjl“{'h. (1.3.35)
Due to the vertical splitting (1.1.17), we have the linear morphism
. 1 .
R:Y >y'e;— iRM/jyjd:E)‘ Ndr' @ e; € O} (X) @Y. (1.3.36)

There are the following standard constructions of new linear connections
from the old ones.

e Let Y — X be a vector bundle, coordinated by (z*,%"), and Y* — X
its dual, coordinated by (2*,y;). Any linear connection I" (1.3.34) on a
vector bundle Y — X defines the dual linear connection

I = da* @ (9y — D7 i(2)y;0") (1.3.37)

onY* — X.

e Let I' and I be linear connections on vector bundles ¥ — X and
Y’ — X, respectively. The direct sum connection I' & IV on the Whitney
sum Y @ Y’ of these vector bundles is defined as the product connection
(1.3.21).

e Let Y coordinated by (z*, %) and Y’ coordinated by (2, y?) be vector
bundles over the same base X. Their tensor product Y ®Y' is endowed with
the bundle coordinates (z*,y’). Linear connections I' and I" on Y — X
and Y’ — X define the linear tensor product connection

0
ayia

FeT =dz* @ [0y + Ty + Th%y™) (1.3.38)

on
YeY — X.
X
An important example of linear connections is a linear connection

T = da* @ (9 + ", 5" 0,,) (1.3.39)
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on the tangent bundle T'X of a manifold X. We agree to call it a world
connection on a manifold X. The dual world connection (1.3.37) on the
cotangent bundle T* X is

I = da? @ (9y — TyH,i,0"). (1.3.40)

Then, using the construction of the tensor product connection (1.3.38), one
can introduce the corresponding linear world connection on an arbitrary
tensor bundle T' (1.1.14).

Remark 1.3.3. It should be emphasized that the expressions (1.3.39) and
(1.3.40) for a world connection differ in a minus sign from those usually
used in the physical literature.

The curvature of a world connection is defined as the curvature R
(1.3.35) of the connection I" (1.3.39) on the tangent bundle TX. It reads
R= LR\, i A dat @ 9 (1.3.41)
- 2 Ap B o ..
Ry =00\ — 0,1\ %5 + T\ 60, — T 0%

By the torsion of a world connection is meant the torsion (1.3.30) of
the connection I" (1.3.39) on the tangent bundle TX with respect to the
canonical soldering form 6 (1.1.39):

1 .
T=3 LU ada? A det @ 0, (1.3.42)
T’;LV)\ = FMV)\ - F)\Vu~
A world connection is said to be symmetric if its torsion (1.3.42) vanishes,
ie.,
L=y,
Remark 1.3.4. For any vector field 7 on a manifold X, there exists a
connection I'" on the tangent bundle TX — X such that 7 is an integral
section of I', but this connection is not necessarily linear. If a vector field

T is non-vanishing at a point x € X, then there exists a local symmetric
world connection T' (1.3.39) around « for which 7 is an integral section

9, =T,%57". (1.3.43)

Then the canonical lift 7 (1.1.28) of 7 onto T'X can be seen locally as the
horizontal lift I'7 (1.3.6) of 7 by means of this connection.
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Remark 1.3.5. Every manifold X can be provided with a non-degenerate
fibre metric

2
geVvol(X), g:gwdx)‘@)dx“,
in the tangent bundle T'X, and with the corresponding metric

2 A
geVT (X), g =g\ ® 0y,

in the cotangent bundle T*X. We call it a world metric on X. For any
world metric g, there exists a unique symmetric world connection I" (1.3.39)
with the components

v 14 1 1%
" ={\"u} = 59 P(Oxgpu + Ougpx — Opgap), (1.3.44)
called the Christoffel symbols, such that g is an integral section of T, i.e.
g™ =g {3+ 97 )

It is called the Levi-Civita connection associated to g.

1.3.5 Affine connections

Let Y — X be an affine bundle modelled over a vector bundle Y — X. A
connection I'on Y — X is called an affine connection if the sectionI" : ¥ —
J'Y (1.3.17) is an affine bundle morphism over X. Affine connections are
associated to principal connections, and they always exist (see Assertion
5.4.1).

For any affine connection I' : Y — J'Y, the corresponding linear deriva-
tive I : Y — J'Y (1.1.23) defines a unique associated linear connection on
the vector bundle Y — X. Since every vector bundle has a natural struc-
ture of an affine bundle, any linear connection on a vector bundle also is an
affine connection.

With respect to affine bundle coordinates (z*,y’) on Y, an affine con-
nection I' on Y — X reads

T4 =Ty (2)y + oi(z). (1.3.45)
The coordinate expression of the associated linear connection is
T, =) ()7, (1.3.46)
where (2*,7") are the associated linear bundle coordinates on Y.

Affine connections on an affine bundle ¥ — X constitute an affine
space modelled over the soldering forms on Y — X. In view of the vertical
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splitting (1.1.24), these soldering forms can be seen as global sections of
the vector bundle

T"X®Y — X.
X

If Y — X is a vector bundle, both the affine connection I' (1.3.45) and
the associated linear connection I' are connections on the same vector bun-
dle Y — X, and their difference is a basic soldering form on Y. Thus,
every affine connection on a vector bundle Y — X is the sum of a linear
connection and a basic soldering form on Y — X.

Given an affine connection I' on a vector bundle Y — X, let R and R
be the curvatures of a connection I" and the associated linear connection T,
respectively. It is readily observed that

R=R+T,
where the VY-valued two-form

2
T=dro=d,T:X - AT*X®VY, (1.3.47)
X

1
T = in\MdmA A dx* ® 0,
T)i\u = a,\O'/i — 8Haf\ + Ui\bruih - UZF)\im
is the torsion (1.3.30) of the connection I' with respect to the basic soldering
form o.
In particular, let us consider the tangent bundle T X of a manifold X.
We have the canonical soldering form o = 6; = 0x (1.1.39) on TX. Given

an arbitrary world connection I" (1.3.39) on T'X, the corresponding affine
connection

A=T+0x, Al)f :I‘,\“Vj;”—i—éﬁ, (1348)
on T'X is called the Cartan connection. Since the soldered curvature p
(1.3.29) of 65 equals zero, the torsion (1.3.32) of the Cartan connection

coincides with the torsion T' (1.3.42) of the world connection I', while its
curvature (1.3.33) is the sum R+ T of the curvature and the torsion of T

1.3.6 Flat connections

By a flat or curvature-free connection is meant a connection which satisfies
the following equivalent conditions.

Theorem 1.3.3. Let I' be a connection on a fibre bundle Y — X. The
following assertions are equivalent.
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(i) The curvature R of a connection I" vanishes identically, i.e., R = 0.

(ii) The horizontal lift (1.5.7) of vector fields on X ontoY is an R-linear
Lie algebra morphism (in accordance with the formula (1.3.25)).

(iii) The horizontal distribution is involutive.

(iv) There exists a local integral section for a connection I' through any
pointy €Y.

By virtue of Theorem 1.1.16 and item (iii) of Theorem 1.3.3, a flat
connection I' on a fibre bundle Y — X yields a horizontal foliation on Y,
transversal to the fibration ¥ — X. The leaf of this foliation through a
point y € Y is defined locally by an integral section s, for the connection
I" through y. Conversely, let a fibre bundle ¥ — X admit a transversal
foliation such that, for each point y € Y, the leaf of this foliation through
y is locally defined by a section s, of Y — X through y. Then the map

L:y —JY, I(y)=js, 7y =z,

introduces a flat connection on Y — X. Thus, there is one-to-one corre-
spondence between the flat connections and the transversal foliations of a
fibre bundle Y — X.

Given a transversal foliation on a fibre bundle Y — X, there exists the
associated atlas of bundle coordinates (z*,%') of Y such that every leaf
of this foliation is locally generated by the equations y* =const., and the
transition functions y* — 3'*(y7) are independent of the base coordinates
2> [53]. This is called the atlas of constant local trivializations. Two such
atlases are said to be equivalent if their union also is an atlas of constant
local trivializations. They are associated to the same horizontal foliation.
Thus, we come to the following assertion.

Theorem 1.3.4. There is one-to-one correspondence between the flat con-
nections I' on a fibre bundle Y — X and the equivalence classes of atlases
of constant local trivializations of Y such that

I =da? ® Oy
relative to these atlases.

In particular, if Y — X is a trivial bundle, one associates to each its
trivialization a flat connection represented by the global zero section 0(Y)
of J'Y — Y with respect to this trivialization (see Remark 1.2.3).
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1.3.7 Second order connections

A second order connection T on a fibre bundle Y — X is defined as a
connection

I =da* @ (0) +T30; +T4,00") (1.3.49)
on the jet bundle J'Y — X, i.e., this is a section of the affine bundle
T JUY — JY.

Every connection on a fibre bundle Y — X gives rise to the second order
one by means of a world connection on X as follows. The first order jet
prolongation J'T" of a connection I' on Y — X is a section of the repeated
jet bundle Jlm} (1.2.11), but not of m1;. Given a world connection K
(1.3.40) on X, one can construct the affine morphism

sk JUIY — JHY,

(= 0"y, Tho Ui © sk = (@ 0 0% v Ui — EKn"u(@ — ul),
such that

T = Jlﬂ'é 0SK

[53]. Then I gives rise to the second order connection

[=sgoJ'T:JY — JJ'Y, (1.3.50)

[ =da* @ (Oy +T30; + [OaLL, + 9 0;T% + Ka”u(ys, — T0)]oL),
which is an affine morphism

sy Loy

1
) l l 11

Yy — J
over the connection I'. Note that the curvature R (1.3.23) of a connection
I" on a fibre bundle Y — X can be seen as a soldering form

R =R}, dz* ® 0!

on the jet bundle J'Y — X. Therefore, I — R also is a connection on
JY — X.

A second order connection I (1.3.49) is said to be holonomic if it takes
its values into the subbundle J?Y of J'J'Y. There is one-to-one corre-
spondence between the global sections of the jet bundle J?Y — J'Y and
the holonomic second order connections on Y — X. Since the jet bundle
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J?Y — J'Y is affine, a holonomic second order connection on a fibre bundle
Y — X always exists. It is characterized by the coordinate conditions

~f\ = yf\a ~f\u = fz,\’
and takes the form
T =da* @ (Ox +yid; +T4,0L). (1.3.51)
By virtue of Theorem 1.2.1, every integral section
5:X - JY

of the holonomic second order connection (1.3.51) is integrable, i.e., 5 =
Js.

1.4 Composite bundles

Let us consider the composition

7Y -Y—X (1.4.1)

of fibre bundles
Tys Y — %, (1.4.2)
Tex B — X. (1.4.3)

One can show that it is a fibre bundle, called the composite bundle [53]. Tt
A o™ yt), where (z*,0™) are bundle
coordinates on the fibre bundle (1.4.3), i.e., transition functions of coordi-
nates ¢™ are independent of coordinates y°.

For instance, the tangent bundle TY of a fibre bundle ¥ — X is a

composite bundle

is provided with bundle coordinates (z

TY - Y — X.

The following two assertions make composite bundles useful for physical
applications.

Theorem 1.4.1. Given a composite bundle (1.4.1), let h be a global section
of the fibre bundle ¥ — X . Then the restriction

Yt =hny (1.4.4)

of the fibre bundle Y — X to h(X) C X is a subbundle of the fibre bundle
Y - X.
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Theorem 1.4.2. Given a section h of the fibre bundle ¥ — X and a section
sy, of the fibre bundle Y — X, their composition

s=sxoh

is a section of the composite bundle Y — X (1.4.1). Conversely, every
section s of the fibre bundle Y — X is a composition of the section

h=mnysos

of the fibre bundle ¥ — X and some section sx. of the fibre bundle Y — X
over the closed imbedded submanifold h(X) C 2.

Let us consider the jet manifolds J'¥, J&Y, and J'Y of the fibre bundles

¥ - X, Y —» %, Y - X,
respectively. They are provided with the adapted coordinates
(z),0™,0%), (0™, y' 0 k), (@ 0™y o).
One can show the following [145].
Theorem 1.4.3. There is the canonical map
0:J'% X JY - JY, (1.4.5)

Yh o0 =ynoX + Ui
Using the canonical map (1.4.5), we can get the relations between con-
nections on the fibre bundles Y — X, Y — ¥ and ¥ — X. These connec-
tions are given by the corresponding connection forms

v =dz* ® (On + 79X Om + Wf\ﬁi), (1.4.6)
As, = dz* @ (Oy + ALD;) + do™ @ (O, + AL, D)), (1.4.7)
I =dz* @ (8x + T 0m). (1.4.8)

A connection vy (1.4.6) on the fibre bundle Y — X is called projectable
onto a connection I' (1.4.8) on the fibre bundle ¥ — X if, for any vector
field 7 on X, its horizontal lift y7 on Y by means of the connection 7 is
a projectable vector field over the horizontal lift I'r of 7 on ¥ by means
of the connection I'. This property takes place if and only if 77* = I'}?,
i.e., components v}* of the connection v (1.4.6) must be independent of the
fibre coordinates y*.

A connection As, (1.4.7) on the fibre bundle Y — 3 and a connection
I' (1.4.8) on the fibre bundle ¥ — X define a connection on the composite
bundle Y — X as the composition of bundle morphisms

v Y xTx Dy w1y A5 7y,
X >



44 Differential calculus on fibre bundles

It is called the composite connection [112; 145]. This composite connection
reads
v =dz* @ (O + TT0 + (A4 + AL TT);). (1.4.9)

It is projectable onto I'. Moreover, this is a unique connection such that the
horizontal lift y7 on Y of a vector field 7 on X by means of the composite
connection vy (1.4.9) coincides with the composition Ax(I'T) of horizontal
lifts of 7 on ¥ by means of the connection I' and then on Y by means of
the connection Ayx. For the sake of brevity, let us write y = Ay oI

Given a composite bundle Y (1.4.1), there are the exact sequences of
vector bundles over Y:

0—VeY — VY 5 Y xVE -0, (1.4.10)
>
0= Y xV*S —V*Y - VY —0, (1.4.11)
>

where VsY and VRiY are the vertical tangent and the vertical cotangent
bundles of the fibre bundle Y — ¥ which are coordinated by (2*, 0™, 3%, 9*)
and (z*,0™,y',7;), respectively. Let us consider a splitting of these exact
sequences
B:VY 239'0; + ™0 — (4'0; +6"0m)| B = (1.4.12)
(y" — ¢™B.)0; € VR,
B:V3Y >dy' — Bldy' =dy' — B! do™ € V*Y, = (1.4.13)
given by the form
B = (dy* — B! do™) ® 0. (1.4.14)
Then the connection 7 (1.4.6) on Y — X and the splitting B (1.4.12) define
the connection
As =Bovy:TY - VY — &Y, (1.4.15)
As, = da? @ 9y + (7} — B AY)0;) + do™ @ (O, + BE8;),
on the fibre bundle Y — .

Conversely, every connection Ay, (1.4.7) on the fibre bundle Y — X
yields the splitting

As :TY DVY 3 §'0; + ™0 — (§' — AL,6™)0; (1.4.16)

of the exact sequence (1.4.10). Using this splitting, one can construct a
first order differential operator

D:JY ST X® WY, (1.4.17)
Y

D =da*® (y} — A} — AL,07)0;,
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on the composite bundle Y — X. It is called the vertical covariant differ-
ential. This operator also can be defined as the composition

D=pr,oD": J'Y - T*X@VY - T*X @ VY,
Y Y

where D7 is the covariant differential (1.3.18) relative to some compos-
ite connection Ay o' (1.4.9), but D does not depend on the choice of a
connection I' on the fibre bundle ¥ — X.

The vertical covariant differential (1.4.17) possesses the following im-
portant property. Let h be a section of the fibre bundle ¥ — X, and let
Y" — X be the restriction (1.4.4) of the fibre bundle Y — ¥ to h(X) C X.
This is a subbundle

ip - Yh Sy
of the fibre bundle Y — X. Every connection Ay, (1.4.7) induces the pull-
back connection
Ap = ij Ay = dz* @ [0 + (AL, 0 h)ONR™ + (Ao h)})d;]  (1.4.18)

on Y* — X. Then the restriction of the vertical covariant differential D
(1.4.17) to

JYin(J'Y™M c Jty
coincides with the familiar covariant differential D4 (1.3.18) on Y relative

to the pull-back connection Aj (1.4.18).

Remark 1.4.1. Let I' : Y — J'Y be a connection on a fibre bundle
Y — X. In accordance with the canonical isomorphism VJ'Y = J'VY
(1.2.9), the vertical tangent map

VI:VY - VJY
to I' defines the connection
VI : VY — J'VY,
VT = da* @ (9y + T30, + 0,T4979;), (1.4.19)
on the composite vertical tangent bundle
VY -Y — X.

This is called the vertical connection to I'. Of course, the connection VT’
projects onto I'. Moreover, VT is linear over I'. Then the dual connection
of VI on the composite vertical cotangent bundle

V'Y -Y —- X
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reads
VT : VY — JVYY,
VT = da? @ (s + 1405 — 9;T55:07). (1.4.20)

It is called the covertical connection to I'. If Y — X is an affine bundle, the
connection VT' (1.4.19) can be seen as the composite connection generated
by the connection I' on Y — X and the linear connection

T = da* @ (Ox + ;1537 0;) + dy’ © 0, (1.4.21)
on the vertical tangent bundle VY — Y.

1.5 Higher order jet manifolds

The notion of first and second order jets of sections of a fibre bundle is
naturally extended to higher order jets [53; 94; 145)].

Let Y — X be a fibre bundle. Given its bundle coordinates (z*,y?),
a multi-index A of the length |A| = k throughout denotes a collection of
indices (A1...A;) modulo permutations. By A + ¥ is meant a multi-index
(M ... A\ko1...0p). For instance A + A = (AA1...A). By AX is denoted the
union of collections (A; ... Ag;01 ... 0,) where the indices A; and o; are not
permitted. Summation over a multi-index A means separate summation
over each its index \;. We use the compact notation

8,\:8&:0---08,\1, AZ()\l...)\k).

The r-order jet manifold J"Y of sections of a fibre bundle ¥ — X is
defined as the disjoint union of the equivalence classes j7s of sections s of
Y — X such that sections s and s’ belong to the same equivalence class
jrs if and only if

si(z) = s (), Ors' (x) = Dps'" (2), 0< Al <

In brief, one can say that sections of Y — X are identified by the r+1 terms
of their Taylor series at points of X. The particular choice of coordinates
does not matter for this definition. The equivalence classes j7 s are called
the r-order jets of sections. Their set J"Y is endowed with an atlas of the
adapted coordinates

(95)‘,1115\)7 yf\ 0§ = aAsi(sc), 0<|AI <y (1.5.1)

possessing transition functions

7 ozt i
yl)\+A = a,x)\ d,uy;\a (152)
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where the symbol dy stands for the higher order total derivative
% A ! Ozt
=0+ >y, dy=_—xdu (1.5.3)

by
0<[A[<r—1 o'
These derivatives act on exterior forms on J"Y and obey the relations
[d,\,du}zo, dkOdZdOd,\,
dx(¢ N o) =dx(¢) No+ ¢ Adx(o),
dx(dg) = d(dx(¢))-
For instance,
dy(dz") =0, da(dyh) = dyis-
We use the compact notation
dA Zd)\7,0~-~0d)\1, A= (>\7’-~-)\1)~
The coordinates (1.5.1) bring the set J"Y into a smooth manifold of
finite dimension

in—1) 7
The coordinates (1.5.1) are compatible with the natural surjections
ap JY = JY, >k,

which form the composite bundle

" i — 1)!
dierY:rH—mZ(TH_Z )
1=0

r—1

. . 7l _ ) T~ 7l
e JY Sgrtly S Sy X
with the properties
k r__ _r s r__ 7T
Mg O, = Ty, mfom, =m7'.

A glance at the transition functions (1.5.2), when |A| = r, shows that the
fibration

2 JY = JTY
is an affine bundle modelled over the vector bundle

VX ® VY - JY. (1.5.4)
Jr=1y

Remark 1.5.1. Let us recall that a base of any affine bundle is a strong
deformation retract of its total space. Consequently, Y is a strong defor-
mation retract of J'Y, which in turn is a strong deformation retract of
J2Y, and so on. It follows that a fibre bundle Y is a strong deformation
retract of any finite order jet manifold J"Y. Therefore, by virtue of the
Vietoris—Begle theorem [22], there is an isomorphism

H*(JY;R) = H*(Y;R) (1.5.5)
of cohomology groups of J"Y, 1 < r, and Y with coefficients in the constant
sheaf R.
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Remark 1.5.2. To introduce higher order jet manifolds, one can use the
construction of repeated jet manifolds. Let us consider the r-order jet
manifold J”J*Y of a jet bundle J¥Y — X. It is coordinated by (z#, 9%, ),
|A| <k, |X] <r. There is a canonical monomorphism

okt JTEY = JTIRY, gyl ook = Y-

In the calculus in higher order jets, we have the r-order jet prolongation
functor such that, given fibre bundles Y and Y’ over X, every bundle
morphism ® : Y — Y’ over a diffeomorphism f of X admits the r-order jet
prolongation to a morphism of r-order jet manifolds

J®:JY 3 4rs — jpn(@osof ) e Y (1.5.6)

The jet prolongation functor is exact. If ® is an injection or a surjection, so
is J7®. It also preserves an algebraic structure. In particular, if Y — X is
a vector bundle, J7Y — X is well. If Y — X is an affine bundle modelled
over the vector bundle Y — X, then J"Y — X is an affine bundle modelled
over the vector bundle J'Y — X.

Every section s of a fibre bundle Y — X admits the r-order jet prolon-
gation to the integrable section

(J7s)(x) = jzs
of the jet bundle J"Y — X.

Let O = O*(J*Y) be the differential graded algebra of exterior forms
on a jet manifold J*Y. Every exterior form ¢ on a jet manifold J*Y gives
rise to the pull-back form W]]:+i*(b on a jet manifold J**'Y. We have the
direct sequence of C'*°(X)-algebras

2% v

O (X) TL oY) Pl or T LT o,

Remark 1.5.3. By virtue of de Rham Theorem 10.9.4, the cohomology of
the de Rham complex of O} equals the cohomology H*(J*Y;R) of J*Y
with coefficients in the constant sheaf R. The latter in turn coincides with
the sheaf cohomology H*(Y;R) of Y (see Remark 1.5.1) and, thus, it equals
the de Rham cohomology Hpy (V) of Y.

Given a k-order jet manifold J*¥Y of Y — X, there exists the canonical
bundle morphism
raey t JETY — TJRY
over a surjection

JY x JFTX — JFY xTX
X X
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whose coordinate expression is

Jhorm =) — Y ([ urs@)z,  0<|A|<E,
where the sum is taken over all partitions ¥ +Z = A and 0 < |E|. In
particular, we have the canonical isomorphism over J*Y

Tyt JVY S VIR, (§)a = gh 0T (1.5.7)
As a consequence, every projectable vector field u (1.1.25) on a fibre bundle
Y — X has the following k-order jet prolongation to a vector field on J*Y:

Jou=rgy o JFu: JVY — TJ*Y,
JFu = oy +u'd; + Z (da(u’ — yflu“) + y;Mu”)aiA, (1.5.8)
0<|A|<k
(cf. (1.2.8) for k = 1). In particular, the k-order jet prolongation (1.5.8) of
a vertical vector field u = 1u’0; on Y — X is a vertical vector field
JFu = u'0; + Z daulor (1.5.9)
0<|A|<Kk
on J*Y — X due to the isomorphism (1.5.7).
A vector field u, on an r-order jet manifold J"Y is called projectable if,
for any k < 7, there exists a projectable vector field uy on J*Y such that
ug o, = 1wy, o up.
A projectable vector field uj, on J*Y has the coordinate expression
Up = u’\ﬁ,\ =+ Z uf\é'{\
0<|A|<k
such that uy depends only on coordinates z# and every component u is
independent of coordinates y%, |Z| > |A|. In particular, the k-order jet
prolongation J*u (1.5.8) of a projectable vector field on Y is a projectable
vector field on J*Y. It is called an integrable vector field.
Let P* denote a vector space of projectable vector fields on a jet ma-
nifold J*Y. It is easily seen that P" is a real Lie algebra and that the
morphisms T'm,, k < r, constitute the inverse system

ok 72 Tﬂ'::l L Tr_,
po Topt 0 T pr-t Tt pr (1.5.10)

of these Lie algebras. One can show the following [149].

Theorem 1.5.1. The k-order jet prolongation (1.5.8) is a Lie algebra
monomorphism of the Lie algebra P° of projectable vector fields on Y — X
to the Lie algebra P* of projectable vector fields on J*Y such that

Tryp(J u) = Jouory. (1.5.11)
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Every projectable vector field u, on J*Y is decomposed into the sum
up = JH(Trf (ur)) + v, (1.5.12)

of the integrable vector field J*(T7§(u)) and a projectable vector field vy,
which is vertical with respect to a fibration J*Y — Y.

Similarly to the canonical monomorphisms (1.2.5) — (1.2.6), there are
the canonical bundle monomorphisms over J*Y:

Ay 1 JFHY —T*X © TJYY,

JEY
Ay = da™ @ dy, (1.5.13)
Oy - JHTY —T*JFY © VIFY,
JkY
Oy = Y (dyh — yhsada?) ® 0, (1.5.14)
[AI<E
The one-forms
0 = dyi — yhyada’ (1.5.15)

are called the local contact forms. The monomorphisms (1.5.13) — (1.5.14)
yield the bundle monomorphisms over J*+1Y:

Ay 1 TX x Y ——TJry < JHly,
X

JEY
Oy : VIEY x  —T Y x JHly
JkY JEY

(cf. (1.3.13) — (1.3.14) for k = 1). These monomorphisms in turn define
the canonical horizontal splittings of the pull-back bundles

T IRY = Ny (TX % JHY) @ vIvY, (1.5.16)
Jk+1y

PO+ Y Uh0N =ity + Y (h — Mh )0
[Al<k [Al<K
T IRY = T X @ Gy (VFIRY x JHY), (1.5.17)
Jr+ly JEY
ixdat + Y gidyl = (e + Y iy a)dat + > gk
[Al<k |AI<k
For instance, it follows from the canonical horizontal splitting (1.5.16)
that any vector field u;, on J*Y admits the canonical decomposition

U =ug +uy = (u)\a)\ + Z yf\+A8{\) + (1.5.18)
[A|<E

' j A
Z (up — UAZI&JFA)@‘
A<k
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over J*T1Y into the horizontal and vertical parts.

By virtue of the canonical horizontal splitting (1.5.17), every exterior
one-form ¢ on J*Y admits the canonical splitting of its pull-back onto
J*T1Y into the horizontal and vertical parts:

W}’§+1*¢ = ¢ + oy = hod + (¢ — ho(9)), (1.5.19)

where hy is the horizontal projection
ho(dmk) = dl"\’ ho(dyil---,\k) = y,ihi..xkdx“-

The vertical part of the splitting is called a contact one-form on J*+1Y.

Let us consider an ideal of the algebra Of of exterior forms on J*Y
which is generated by the contact one-forms on J*Y. This ideal, called
the ideal of contact forms, is locally generated by the contact forms 6%
(1.5.15). One can show that an exterior form ¢ on the a manifold J*Y is
a contact form if and only if its pull-back $*¢ onto a base X by means of
any integrable section 5 of J*Y — X vanishes.

1.6 Differential operators and equations

Jet manifolds provides the conventional language of theory of differential
equations and differential operators if they need not be linear [24; 53; 96].

Definition 1.6.1. A system of k-order partial differential equations on
a fibre bundle Y — X is defined as a closed subbundle €& of a jet bundle
J*Y — X. For the sake of brevity, we agree to call & a differential equation.

Let J*Y be provided with the adapted coordinates (z*,y%). There
exists a local coordinate system (z4), A = 1,...,codim&, on J*Y such that
¢ is locally given (in the sense of item (i) of Theorem 1.1.1) by equations

EAMNyy) =0, A=1,...,codim€. (1.6.1)

Given a k-order differential equation &, one can always construct its
r-order jet prolongation as follows. Let us consider a repeated jet manifold

or  JTIRY — JRY. (1.6.2)

The s-order jet prolongation of the differential equation € is defined as a
subset

¢ = (o) (@) T
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In particular, if ¢ is a smooth submanifold of J**"Y", then the s-order
jet prolongation (€()(*) of &) coincides with the (r 4 s)-order jet prolon-
gation €47 of €.

A differential equation € is called regular if all finite order jet prolon-
gations €() of & also are differential equations. Let & C J*Y be a regular
k-order differential equation. If it is locally described by the system of
equations (1.6.1), its r-order jet prolongation &(") is given by the system of
equations

EA=0,  do, =0, o, dy ---do EA=0.

By a classical solution of a differential equation € on Y — X is meant
a section s of Y — X such that its k-order jet prolongation J*s lives in €.
If a differential equation & has a classical solution through a point g € €,
this point gives rise to an element of every finite order jet prolongation
&) of a differential equation €. It follows that a necessary condition for a
differential equation € to admit a solution through everyone of its point is
that the mappings

PRFT = 07| em - €1 — @ (1.6.3)

are surjections. In this case, if € is a regular differential equation, there
is one-to-one correspondence between classical solutions of € and those of
its k-order jet prolongation ). If additionally every tangent vector to a
differential equation € is tangent to some classical solution of &, then the
mapping (1.6.3) is a submersion. A regular k-order differential equation &
is called formally integrable if the morphisms

P e, e,

are fibred manifolds. Omne can show that if a differential equation € is
formally integrable and analytic, it admits an analytic classical solution
through any its point [53; 109].

In classical field theory, differential equations are mostly associated to
differential operators. There are several equivalent definitions of (non-
linear) differential operators. We start with the following.

Definition 1.6.2. Let Y — X and E — X be fibre bundles, which are
assumed to have global sections. A k-order E-valued differential operator
on a fibre bundle Y — X is defined as a section £ of the pull-back bundle

pry : By = JY x E — J*Y. (1.6.4)
X
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Given bundle coordinates (z*,4’) on Y and (2, x%) on E, the pull-back
(1.6.4) is provided with coordinates (z*,y%, x*), 0 < |3| < k. With respect
to these coordinates, a differential operator £ seen as a closed imbedded
submanifold £ C E¥ is given by the equalities

X = E4a*, yl). (1.6.5)

There is obvious one-to-one correspondence between the sections &
(1.6.5) of the fibre bundle (1.6.4) and the bundle morphisms

®:JkY —~— B (1.6.6)
d=pryof = &= (1dJ"Y,d).

Therefore, we come to the following equivalent definition of differential
operators on Y — X.

Definition 1.6.3. Let Y — X and £ — X be fibre bundles. A bun-
dle morphism J*Y — E over X is called a E-valued k-order differential
operator on ¥ — X.

It is readily observed that the differential operator ® (1.6.6) sends each
section s of Y — X onto the section ® o J*s of E — X. The mapping

Ag : S(Y) — S(B),
Ag:s—doJbs,  x*(x) =& dus(z)),

is called the standard form of a differential operator.
Let e be a global section of a fibre bundle £ — X, the kernel of a
FE-valued differential operator ® is defined as the kernel

Ker & = &7 !(e(X)) (1.6.7)

of the bundle morphism & (1.6.6). If it is a closed subbundle of the jet
bundle J*¥Y — X, one says that Ker .® (1.6.7) is a differential equation
associated to the differential operator ®. By virtue of Theorem 1.1.10, this
condition holds if ® is a bundle morphism of constant rank.

If E — X is a vector bundle, by the kernel of a FE-valued differential
operator is usually meant its kernel with respect to the canonical zero-
valued section 0 of E — X.

In the framework of Lagrangian formalism, we deal with differential
operators of the following type. Let

F—-Y—-X EFE—-Y—>X
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be composite bundles where £ — Y is a vector bundle. By a k-order
differential operator on F' — X taking its values into £ — X is meant a
bundle morphism

®:JF — B, (1.6.8)

which certainly is a bundle morphism over X in accordance with Definition
1.6.3. Its kernel Ker ® is defined as the inverse image of the canonical zero-
valued section of £ — Y. In an equivalent way, the differential operator
(1.6.8) is represented by a section £ of the vector bundle

JYF x E — J*F.
Y

Given bundle coordinates (z*,y*,w") on F and (z*,y%,¢*) on E with re-
spect to the fibre basis {e4} for E — Y, this section reads

Eo = EA Y, wh ea, 0<I|Al <k. (1.6.9)
Then the differential operator (1.6.8) also is represented by a function

Ep = EMN?, Y, wh)ea € C°(F x E*) (1.6.10)
Y

on the product F' Xy E*, where E* — Y is the dual of F — Y coordinated
by (xAv yl7 CA)'

If F — Y is a vector bundle, a differential operator ® (1.6.8) on the
composite bundle

F—-Y—-X

is called linear if it is linear on the fibres of the vector bundle J*F — J*Y.
In this case, its representations (1.6.9) and (1.6.10) take the form

Eo= Y EMENy uwiea, O0<[A[<E,  (16.11)

0<|E|<k
Eo= Y EMENyDuwiea, O0<[A<k (1612)
0<IE|<k

1.7 Infinite order jet formalism

The finite order jet manifolds J*Y of a fibre bundle Y — X form the inverse
sequence

Y S JVY e Y LY e (1.7.1)
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where 77_; are affine bundles modelled over the vector bundles (1.5.4).
Its inductive limit J*°Y is defined as a minimal set such that there exist
surjections

T J®Y = X, 7w J®Y =Y,  a:J®Y - JYY,  (1.7.2)
obeying the relations

7% =7k o
for all admissible & and r < k. A projective limit of the inverse system

(1.7.1) always exists. It consists of those elements
(oo Zry ey Zhy e e e)s zr € J"Y, 2 € JFY,
of the Cartesian product []J*Y which satisfy the relations z, = 7% (2;,) for

all £k > r. One can think cff elements of J*Y as being infinite order jets of
sections of Y — X identified by their Taylor series at points of X.

The set J*°Y is provided with the projective limit topology. This is the
coarsest topology such that the surjections 72 (1.7.2) are continuous. Its
base consists of inverse images of open subsets of J"Y, r = 0,.. ., under the
maps 72°. With this topology, J>®Y is a paracompact Fréchet (complete
metrizable, but not Banach) manifold modelled over a locally convex vector
space of formal number series {a*, a’,al, -} [150]. It is called the infinite
order jet manifold. One can show that the surjections 72° are open maps
admitting local sections, i.e., J*Y — J"Y are continuous bundles. A
bundle coordinate atlas {Uy, (z*,y%)} of ¥ — X provides J*Y with the
manifold coordinate atlas

00\ — i i Ot i
{(m5°) 1(UY)a (fk,y/'\)}ogm\’ y/A+A = wduyf\'- (1.7.3)

Theorem 1.7.1. A fibre bundle Y is a strong deformation retract of the
infinite order jet manifold J®Y [4; 56].

Proof. To show that Y is a strong deformation retract of J*Y, let us
construct a homotopy from J*°Y to Y in an explicit form. Let (), k <1,
be global sections of the affine jet bundles J*Y — J*~1Y. Then we have a
global section
v:Y 3 (@) — (2,95, uh = Ygaphorgal—n o o)) € JZY. (1.7.4)
of the open surjection 7§° : J*Y — Y. Let us consider the map
[0,1] x J®Y 3 (29", yh) — (¢, 9", y)) € J®Y, (1.7.5)
i = fr@®yh + (1= e a @y 0%), 18] <k =]A],
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where fi(t) is a continuous monotone real function on [0, 1] such that

_o—k
ro={T 210

1, t>1-2"(k+,
A glance at the transition functions (1.7.3) shows that, although written in
a coordinate form, this map is globally defined. It is continuous because,
given an open subset U, C J¥Y, the inverse image of the open set

(M)~ (U) C T>¥Y

(1.7.6)

)

is an open subset
(trs 1] % (m32) 7 (Uk) U (te—1, 1] x (072 1) ™ (o [Uk N v (J 1Y) U
— U [0, 1) x (m6°) TH (g [Uk Ny © -+ 0 11y (Y)))
of [0,1] x J*Y, where [t,, 1] = supp f,.. Then, the map (1.7.5) is a desired

homotopy from J*Y to Y which is identified with its image under the
global section (1.7.4). O

Corollary 1.7.1. By virtue of the Vietoris—Begle theorem [22], there is an
isomorphism

H*(J*Y;R) = H*(Y;R) (1.7.7)
between the cohomology of J°Y with coefficients in the constant sheaf R
and that of Y.

The inverse sequence (1.7.1) of jet manifolds yields the direct sequence of
graded differential algebras O} of exterior forms on finite order jet manifolds

« 7‘_1* ﬂ':_ *
O"(X) T 0%(Y) 207 — -..0F, L O0r — .- (1.7.8)
where 7] _;* are the pull-back monomorphisms. Its direct limit
O%Y = lim O (1.7.9)

exists and consists of all exterior forms on finite order jet manifolds modulo
the pull-back identification. In accordance with Theorem 10.1.5, O% Y is
a differential graded algebra which inherits the operations of the exterior
differential d and exterior product A of exterior algebras O;. If there is no
danger of confusion, we denote O} = O5 Y.

Theorem 1.7.2. The cohomology H*(O%,) of the de Rham complex
0—R—0° L0l L. (1.7.10)

of the differential graded algebra OF, equals the de Rham cohomology
H}jr(Y) of a fibre bundle Y [3; 17].
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Proof. By virtue of Theorem 10.3.2, the operation of taking homology
groups of cochain complexes commutes with the passage to a direct limit.
Since the differential graded algebra O is a direct limit of differential
graded algebras O, its cohomology H*(O% ) is isomorphic to the direct
limit of the direct sequence

Hpr(Y) — Hpg(J'Y) — - (1.7.11)
Hpp(J77Y) — Hpp(JY) — -

of the de Rham cohomology groups Hfy; (J"Y") of finite order jet manifolds
J"Y . In accordance with Remark 1.5.3, all these groups equal the de Rham
cohomology H{j (Y) of Y, and so is its direct limit H*(O%,). O

Corollary 1.7.2. Any closed form ¢ € O, is decomposed into the sum
¢ = o+ d§, where o is a closed form on'Y .

One can think of elements of Of as being differential forms on the
infinite order jet manifold J*°Y as follows. Let O} be a sheaf of germs of
exterior forms on J"Y and 5: the canonical presheaf of local sections of
9. Since m)._, are open maps, there is the direct sequence of presheaves

1% roox
[R) IR MPPRENY, N
Its direct limit 5; is a presheaf of differential graded algebras on J*°Y.
Let 9F_ be the sheaf of differential graded algebras of germs of 5; on
JY . The structure module

Qr =T(Q%) (1.7.12)

of global sections of Q7 is a differential graded algebra such that, given an
element ¢ € QF_ and a point z € J*Y, there exist an open neighbourhood
U of z and an exterior form #*) on some finite order jet manifold J*Y so
that

olu =1 o™y

Therefore, one can think of Qf as being an algebra of locally exterior
forms on finite order jet manifolds. In particular, there is a monomorphism

Theorem 1.7.3. The paracompact space JY admits a partition of unity
by elements of the ring Q% [150].
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Since elements of the differential graded algebra Q7  are locally exterior
forms on finite order jet manifolds, the following Poincaré lemma holds.

Lemma 1.7.1. Given a closed element ¢ € QY _, there exists a neighbour-
hood U of each point z € J>®Y such that ¢|y is exact.

Theorem 1.7.4. The cohomology H*(Q%,) of the de Rham complex
0—R-—Q° L0l L..... (1.7.13)

of the differential graded algebra Q. equals the de Rham cohomology of a
fibre bundle Y [4; 150].

Proof. Let us consider the de Rham complex of sheaves
0—R—Q% Lql 4. (1.7.14)

on J*®Y. By virtue of Lemma 1.7.1, it is exact at all terms, except R.
Being sheaves of Q% -modules, the sheaves Q7_ are fine and, consequently
acyclic because the paracompact space J*°Y admits the partition of unity
by elements of the ring Q% . Thus, the complex (1.7.14) is a resolution
of the constant sheaf R on J>*Y. In accordance with abstract de Rham
Theorem 10.7.5, cohomology H*(Q%, ) of the complex (1.7.13) equals the
cohomology H*(J*Y;R) of J>®Y with coeflicients in the constant sheaf R.
Since Y is a strong deformation retract of J*Y, there is the isomorphism
(1.5.5) and, consequently, a desired isomorphism
HY(Q%) = Hpp(Y). .
Due to a monomorphism O} — QF, one can restrict OF to the coor-
dinate chart (1.7.3) where horizontal forms dz* and contact one-forms

Oy = dyj — Y5 ada?
make up a local basis for the OY_-algebra 0% . Though J*Y is not a smooth
manifold, elements of OF  are exterior forms on finite order jet manifolds

and, therefore, their coordinate transformations are smooth. Moreover,
there is the canonical decomposition

Or, = a0k™

of 0%, into 0% -modules O%™ of k-contact and m-horizontal forms together
with the corresponding projectors

he: O — O, B 0%, — O™,
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Accordingly, the exterior differential on O is decomposed into the sum
d=dy +dy
of the vertical differential
dyoh™=h"odoh™,  dy(¢)=0\rdr¢, ¢ecO~,
and the total differential
dgohy =hgodohy, dgohy=nhood,  dg(¢)=dz>Adx(¢),
where

dy =0\ +y30i + Y yhya0) (1.7.15)
0<|A|

are the infinite order total derivatives. These differentials obey the nilpotent
conditions

dgodyg =0, dy ody =0, dgody +dyody =0, (1716)

and make O%* into a bicomplex.
Let us consider the O -module 00, of derivations of the real ring OY .

Theorem 1.7.5. The derivation module 90%, is isomorphic to the OY -
dual (OL)* of the module of one-forms OL, [59].

Proof. At first, let us show that Q% is generated by elements df, f € OY.
It suffices to justify that any element of Ol is a finite O -linear combi-
nation of elements df, f € OY . Indeed, every ¢ € OL is an exterior form
on some finite order jet manifold J"Y. By virtue of Serre-Swan Theorem
10.9.3, the C*°(J"Y)-module O} of one-forms on J"Y is a projective module
of finite rank, i.e., ¢ is represented by a finite C°°(J"Y")-linear combination
of elements df, f € C>(J"Y) C O%. Any element ® € (OL)* yields a
derivation ¢ (f) = ®(df) of the real ring O%. Since the module OL, is
generated by elements df, f € 0%, different elements of (OL )* provide
different derivations of OY_, i.e., there is a monomorphism (Ol )* — 00Y,.
By the same formula, any derivation ¥ € 00% sends df — ¥(f) and, since
0% is generated by elements df, it defines a morphism @y : O, — OY .
Moreover, different derivations ¢ provide different morphisms ®y. Thus,
we have a monomorphism 20% — (OL)* and, consequently, isomorphism
209 = (OL)*. O
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The proof of Theorem 1.7.5 gives something more. The differential
graded algebra O} is a minimal Chevalley-Eilenberg differential calculus
O* A over the real ring A = 0% of smooth real functions on finite order
jet manifolds of Y — X. Let 9]¢, ¥ € 002, ¢ € OL_, denote the inte-
rior product. Extended to the differential graded algebra OF, the interior
product | obeys the rule

(¢ No) = (0]¢) Ao+ (=1)1?lp A (9]0).

Restricted to a coordinate chart (1.7.3), OL is a free O -module gen-
erated by one-forms dz*, §%. Since 009, = (OL,)*, any derivation of the
real ring O, takes the coordinate form

9 =005 +0°0; + > Vi, (1.7.17)
0<|A|
where
M) = O dyd, = 616%

up to permutations of multi-indices A and X. Its coefficients ¥*, 9%, ¥4 are
local smooth functions of finite jet order possessing the transformation law

axo\ . ay/i ) 8y/i
A — o 1 J s
v 8:5”19 ’ v 8yj19 +8x”19 ’
) ay/i . ay/i
W = A9 A gr, 1.7.1
i |EZ<:A| oyl 7t (1.7.18)

Any derivation 9 (1.7.17) of the ring O yields a derivation (called
the Lie derivative) Ly of the differential graded algebra O} given by the
relations

Ly¢ = vV]|do + d(9] ),
Ly(p A ') =Ly(o) AN d' + ¢ ALy(¢).

Remark 1.7.1. In particular, the total derivatives (1.7.15) are defined as
the local derivations of O and the corresponding Lie derivatives

dx¢ =La, ¢
of O%,. Moreover, the C*°(X)-ring OY possesses the canonical connection
V = dz @ dy (1.7.19)

in the sense of Definition 10.2.3 [112].



Chapter 2

Lagrangian field theory on fibre
bundles

This Chapter addresses general formulation of Lagrangian theory of even
fields on an arbitrary smooth manifold X, except the second Noether theo-
rems which involve odd antifields and ghosts. For the sake of convenience,
we call X a world manifold. Hereafter, it is assumed that dim X > 1 be-
cause dim X = 1 is the case of non-relativistic time-dependent mechanics
[111; 137]. We consider Lagrangian field theory of finite order, but it is
conventionally formulated in the framework of infinite order jet formalism.
Section 2.4 is especially devoted to first order Lagrangian field theory be-
cause the basic classical field models are of this type.

2.1 Variational bicomplex

Let Y — X be a fibre bundle. The graded differential algebra O% (1.7.9),
decomposed into the variational bicomplex, describes finite order Lagran-
gian theories on Y — X [3; 17; 56; 59; 123; 157]. One also considers
the variational bicomplex of the graded differential algebra Q*_ (1.7.12) [4;
150] and different variants of the variational sequence of finite jet order [3;
97; 162; 163).

In order to transform the bicomplex OF* into the variational one, let
us consider the following two operators acting on O™ [53; 157].

(i) There exists an R-module endomorphism

0= Z%EOhkOh” L0 20 L 0r20m, (2.1.1)
k>0
o(0) = Y (=D)MO A [da (0} 9)], ¢ e 0z,
0<IA]

possessing the following properties.

61
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Lemma 2.1.1. For any ¢ € OZ%", the form ¢ — o(¢) is locally dg-exact
on each coordinate chart (1.7.3).

Lemma 2.1.2. The operator o obeys the relation
(eodu)(¥) =0,  PeO" (2.1.2)

It follows from Lemmas 2.1.1 and 2.1.2 that ¢ (2.1.1) is a projector, i.e.,
o0 =0
(ii) One defines the variational operator
§=pod: 0" — O, (2.1.3)

Lemma 2.1.3. The variational operator § (2.1.8) is nilpotent, i.e., o =
0, and it obeys the relation § o p = 4.

Let us denote E; = o(Ok"). Provided with the operators dg, dv, o
and ¢, the differential graded algebra O}, is decomposed into the variational
bicomplex

ol o

0— Lo

o0 oo

dVT dvT i dvT 75T

0-R— 0% % ool Mmoo o0n = O0n
0-R— 0X)% ox)%L... ox)% o
t f t
0 0 0
(2.1.4)

It possesses the following cohomology [56; 139] (see Section 2.5 for the
proof).

Theorem 2.1.1. The second row from the bottom and the last column of
the variational bicomplex (2.1.4) make up the variational complex

0-R—0% 4,000, d,00n 0 g S Ry ... (2.15)

Its cohomology is isomorphic to the de Rham cohomology of a fibre bundle
Y, namely,

HE<"(dp; OF)) = HERM(Y),  HF2"(5;0%) = HEZ"(Y).  (2.1.6)
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Theorem 2.1.2. The rows of contact forms of the variational bicomplex
(2.1.4) are exact sequences.

Note that the cohomology isomorphism (2.1.6) gives something more.
Due to the relations dg o hg = hgod and § o p = §, we have the cochain
morphism

d d )
- = Ogo_l — Ogo — O;’)‘:"l — OC’)L:'Q e E

ol

d 5 1
= (925"71 A, Ogén — E; —  Ey — .

of the de Rham complex (1.7.10) of the differential graded algebra Q% to its
variational complex (2.1.5). By virtue of Theorems 1.7.2 and 2.1.1, the cor-
responding homomorphism of their cohomology groups is an isomorphism.
Then the splitting of a closed form ¢ € O} in Corollary 1.7.2 leads to the
following decompositions.

Theorem 2.1.3. Any dg-closed form ¢ € O%™, m < n, is represented by
a sum

¢ = hoo + dgé, ccom (2.1.7)

where o is a closed m-form on'Y . Any §-closed form ¢ € OF™ is split into
¢ = hoo + dgé, k=0, ¢ e 0%t (2.1.8)
p=0(0)+d(&, k=1, €0, (2.1.9)

¢ =o(o) +6(8), kE>1, e By, (2.1.10)

where o is a closed (n + k)-form on'Y .

In Lagrangian formalism on fibre bundles, a finite order Lagrangian and
its Fuler-Lagrange operator are defined as elements

L=LweO%m (2.1.11)

L =& =&0' Nw € By, (2.1.12)

E= Y (-1)Mdy(d}L), (2.1.13)
0< A

of the variational complex (2.1.5) (see the notation (1.1.33)). Components
&i (2.1.13) of the Euler-Lagrange operator (2.1.12) are called the variational
derivatives. Elements of E; are called the Euler—Lagrange-type operators.

Hereafter, we call a pair (O}, L) the Lagrangian system. The following
are corollaries of Theorem 2.1.3.
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Corollary 2.1.1. A finite order Lagrangian L (2.1.11) is variationally triv-
ial, i.e., 6(L) = 0 if and only if
L =hoo +dg&,  £€0% 1 (2.1.14)

where o is a closed n-form on 'Y .

Corollary 2.1.2. A finite order Fuler—Lagrange-type operator € € E;y sat-
isfies the Helmholtz condition §(£) = 0 if and only if

E=6L+ o(0), Leo%m

where o is a closed (n + 1)-form on Y.

Remark 2.1.1. Corollaries 2.1.1 and 2.1.2 provide a solution of the so
called global inverse problem of the calculus of variations. This solu-
tion agrees with that of [3] obtained by computing cohomology of a vari-
ational sequence of bounded jet order, but without minimizing an or-
der of a Lagrangian (see also particular results of [98; 161]). A solu-
tion of the global inverse problem of the calculus of variations in the
case of a graded differential algebra QZ (1.7.12) has been found in [4;
150] (see Theorem 2.5.1).

A glance at the expression (2.1.12) shows that, if a Lagrangian L (2.1.11)
is of r-order, its Euler—-Lagrange operator £y, is of 2r-order. Its kernel
Ker&, C J?'Y is called the Euler-Lagrange equation. It is locally given
by the equalities

g =Y (-)Mdy(rL) =0, (2.1.15)
0<|A]|
However, it may happen that the Euler-Lagrange equation is not a differ-
ential equation in the strict sense of Definition 1.6.1 because Ker £, need
not be a closed subbundle of J?"Y — X.

Euler-Lagrange equations (2.1.15) traditionally came from the varia-

tional formula

dL =6L —dg=g (2.1.16)
of the calculus of variations. In formalism of the variational bicomplex, this
formula is a corollary of Theorem 2.1.2.

Corollary 2.1.3. The exactness of the row of one-contact forms of the
variational bicomplex (2.1.4) at the term OL™ relative to the projector o
provides the R-module decomposition

O(l)(,}n =Ei ® dH(Oclx’)n_l).

In particular, any Lagrangian L admits the decomposition (2.1.16).



2.1. Variational bicomplex 65

Defined up to a dg-closed term, a form Z; € OZ in the variational
formula (2.1.16) reads

EL =L+ [0} —dFI™N0 + Y FMo0l T Aws, (21.17)
s=1
FYesVl = QUi PR gl 29 3

7

vi

where ai” kY1 are local functions such that

§Vl«Vk—1)‘..u1 —0.

It is readily observed that the form Zp (2.1.17) possesses the following
properties:

L] ho(EL) = L, 4

e ho(¥|dEL) = 9'&;w for any derivation ¢ (1.7.17).
Consequently, = is a Lepage equivalent of a Lagrangian L.

Remark 2.1.2. Following the terminology of finite order jet formalism [53;
65; 99], we call an exterior n-form p € O the Lepage form if, for any
derivation ¥ (1.7.17), the density ho(9]dp) depends only on the restriction
of ¥ to a derivation 92, + 99; of the subring C°°(Y') C 0% . The Lepage
forms constitute a real vector space. In particular, closed n-forms and
(2 < k)-contact n-forms are Lepage forms. Given a Lagrangian L, a Lepage
form p is called the Lepage equivalent of L if ho(p) = L. Any Lepage form
p is a Lepage equivalent of the Lagrangian hg(p). Conversely, any r-order
Lagrangian possesses a Lepage equivalent of (21— 1)-order [65]. The Lepage
equivalents of a Lagrangian L constitute an affine space modelled over a
vector space of contact Lepage forms. In particular, one can locally put
o/* " =0 in the formula (2.1.17).

K2

Our special interest is concerned with Lagrangian theories on an affine
bundle Y — X. Since X is a strong deformation retract of an affine bundle
Y, the de Rham cohomology of Y equals that of X. In this case, the
cohomology (2.1.6) of the variational complex (2.1.5) equals the de Rham
cohomology of X, namely,
H="(dpg; O%,) = H5g (X)),
H"(6;0%) = Hpr(X), (2.1.18)
H>™(5;0%)=0

It follows that every dy-closed form ¢ € O%™<" is represented by the sum

¢p=0+dgt, Ol (2.1.19)
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where o is a closed m-form on X. Similarly, any variationally trivial La-
grangian takes the form

L=oc+duyé&  £€0% (2.1.20)

where ¢ is an n-form on X.
In view of the cohomology isomorphism (2.1.18), if Y — X is an affine
bundle, let us restrict our consideration to the short variational complex

0—R— 00 4,000 . 41, 0non 3 g (2.1.21)

whose non-trivial cohomology equals that of the variational complex (2.1.5).
Let us consider a differential graded subalgebra P% C OF, of exterior forms
whose coefficients are polynomials in jet coordinates yi, 0 < |A|, of the
continuous bundle J*Y — X. This property is coordinate-independent
due to the transition functions (1.7.3).

Theorem 2.1.4. The cohomology of the short variational complex

0—R—PY L, pol... dn,pon 9, (2.1.22)
of the polynomial algebra PZ, equals that of the complex (2.1.21), i.e., the
de Rham cohomology of X [56] (see Section 2.5 for the proofs).

2.2 Lagrangian symmetries

Given a Lagrangian system (OF , L), its infinitesimal transformations are
defined to be contact derivations of the ring OY,.

A derivation ¥ € 909, (1.7.17) is called contact if the Lie derivative L,
preserves the ideal of contact forms of the differential graded algebra O,
i.e., the Lie derivative L, of a contact form is a contact form.

Lemma 2.2.1. A derivation ¥ (1.7.17) is contact if and only if it takes
the form

¥ =0 0y +v'0; + Z [da(v' — yftv“) + yL+AU“]8{\. (2.2.1)
0<|A]

Proof. The expression (2.2.1) results from a direct computation similar
to that of the first part of Bicklund’s theorem [81]. One can then justify
that local functions (2.2.1) satisfy the transformation law (1.7.18). O
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A glance at the expression (1.5.8) enables one to regard a contact deriva-
tion ¥ (2.2.1) as an infinite order jet prolongation ¥ = J*v of its restriction

v =100y +0'0; (2.2.2)
to the ring C°°(Y"). Since coefficients v* and v* of v (2.2.2) depend generally

on jet coordinates yk, 0 < |A|, one calls v (2.2.2) a generalized vector field.
It can be represented as a section of some pull-back bundle

JY XTY — JY.
Y

A contact derivation ¥ (2.2.1) is called projectable, if the generalized vector
field v (2.2.2) projects onto a vector field v*dy on X, i.e., its components
¥ depend only on coordinates on X.

Any contact derivation 9 (2.2.1) admits the horizontal splitting

0=V + 9y =0y + [oh0i + Y davi 0], (2.2.3)
0<|A]
v=uvg +ovy =0 dy + (vi — ylv“)@i (2.2.4)

relative to the canonical connection V (1.7.19) on the C°°(X)-ring OY..

Lemma 2.2.2. Any vertical contact derivation

0 =00+ Y dpv'o} (2.2.5)
0<|A]
obeys the relations
Vdp¢ = —du(9]9), (2:2.6)
Ly(du¢) = du(Ly¢), ¢ € OF. (2.2.7)

Proof. 1t is easily justified that, if ¢ and ¢ satisfy the relation (2.2.6),
then ¢ A ¢’ does well. Then it suffices to prove the relation (2.2.6) when ¢
is a function and ¢ = 6% . The result follows from the equalities
0L = o), dp(vy) =viade?, dpbi=ds* A0, ,, (2.2.8)
dy o v} Y = v, 0} o dy. (2.2.9)
The relation (2.2.7) is a corollary of the equality (2.2.6). |
The global decomposition (2.1.16) leads to the following first variational
formula (Theorem 2.2.1) and the first Noether theorem (Theorem 2.2.2).
Theorem 2.2.1. Given a Lagrangian L € O%", its Lie derivative L, L
along a contact derivation v (2.2.3) fulfils the first variational formula
LyL :Uvj(SL—‘rdH(h()(ﬁJEL))+£dv(vHJw>, (2.2.10)

where 2y, is the Lepage equivalent (2.1.17) of L.
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Proof. The formula (2.2.10) comes from the splitting (2.1.16) and the
relations (2.2.6) as follows:

LyL =9|dL +d(W|L) = Wy ]|dL — dy L AN vy |w] + [dg(vg]|L) +
dy (Lvg |w)] = v |dL + dg(ve |L) + Ldy (vg|w) =
vv]6L — v ]dyEL + dy(vu |L) + Ldv (vy|w) =
vy 0L +dg (Vv |2 + v |L) + Ldy (v |w),
where
vy |EL = ho(vv |EL)
since =7, — L is a one-contact form and

vp|L = ho(vm|ZL). O

A contact derivation ¥ (2.2.1) is called a variational symmetry of a
Lagrangian L if the Lie derivative Ly L is dg-exact, i.e.,

LyL = dyo. (2.2.11)

Lemma 2.2.3. A glance at the expression (2.2.10) shows the following.

(i) A contact derivation ¥ is a variational symmetry only if it is pro-
jectable.

(i1) Any projectable contact derivation is a variational symmetry of a
variationally trivial Lagrangian. It follows that, if 9 is a variational sym-
metry of a Lagrangian L, it also is a variational symmetry of a Lagrangian
L + Ly, where Lo is a variationally trivial Lagrangian.

(iii) A projectable contact derivations ¥ is a variational symmetry if
and only if its vertical part vy (2.2.3) is well.

(iv) A projectable contact derivations ¥ is a variational symmetry if and
only if the density vy |0L is dg-ezact.

It is readily observed that variational symmetries of a Lagrangian L
constitute a real vector subspace Gy of the derivation module D(’)go. By
virtue of item (ii) of Lemma 2.2.3, the Lie bracket

Lo = [Ly, Ly]
of variational symmetries is a variational symmetry and, therefore, their

vector space Gy, is a real Lie algebra.
The following is the first Noether theorem.

Theorem 2.2.2. If a contact derivation ¥ (2.2.1) is a variational sym-
metry (2.2.11) of a Lagrangian L, the first variational formula (2.2.10)
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restricted to the kernel of the Euler—Lagrange operator Ker £, leads to the
weak conservation law

0~ dH(ho(ﬁJEL) — CT) (2.2.12)
on the shell 6L = 0.

A variational symmetry ¢ of a Lagrangian L is called its exact symmetry
or, simply, a symmetry if

LyL = 0. (2.2.13)

Symmetries of a Lagrangian L constitute a real vector space, which is a real
Lie algebra. However, its vertical symmetries v (2.2.5) obey the relation

L,L=wv]|dL

and, therefore, make up a O% -module which is a Lie C°°(X)-algebra.
If ¥ is an exact symmetry of a Lagrangian L, the weak conservation law
(2.2.12) takes the form

0~ du(ho(9)Z1)) = —du o, (2.2.14)
where
TJo = THw, = —ho(¥]EL) (2.2.15)

is called the symmetry current. Of course, the symmetry current (2.2.15)
is defined with the accuracy of a dy-closed term. Therefore, a Lagrangian
symmetry 9 fails to define a unique conserved current, but 7, (2.2.15) is
surely conserved.

Let ¥ be an exact symmetry of a Lagrangian L. Whenever L is a vari-
ationally trivial Lagrangian, 9 is a variational symmetry of the Lagrangian
L + Ly such that the weak conservation law (2.2.12) for this Lagrangian is
reduced to the weak conservation law (2.2.14) for a Lagrangian L as follows:

Lg(L + LO) =dyo=dyo—dyJ,.

Remark 2.2.1. In accordance with the standard terminology, varia-
tional and exact symmetries generated by generalized vector fields (2.2.2)
are called generalized symmetries because they depend on derivatives
of variables. Generalized symmetries of differential equations and La-
grangian systems have been intensively investigated [24; 40; 59; 81; 96;
123]. Accordingly, by variational symmetries and symmetries one means
only those generated by vector fields u on Y. We agree to call them classi-
cal symmetries.
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Let 9 be a classical variational symmetry of a Lagrangian L, i.e., ¢
(2.2.1) is the jet prolongation of a vector field v on Y. Then the relation

Ly&r, = 6(LyL) (2.2.16)

holds [53; 123]. It follows that v also is a symmetry of the Euler-Lagrange
operator & of L, i.e.,

Ly&r =0.

However, the equality (2.2.16) fails to be true in the case of generalized
symmetries.

2.3 Gauge symmetries

Treating gauge symmetries of Lagrangian field theory, one is traditionally
based on an example of the Yang—Mills gauge theory of principal connec-
tions on a principal bundle (see Section 5.8). This notion of gauge symme-
tries is generalized to Lagrangian field theory on an arbitrary fibre bundle
Y — X as follows [12; 13].

Definition 2.3.1. Let E — X be a vector bundle and E(X) the C*°(X)
module E(X) of sections of E — X. Let ¢ be a linear differential operator
on F(X) taking values into the vector space Gy, of variational symmetries
of a Lagrangian L (see Definition 10.2.1). Elements

ug = ((£) (2.3.1)
of Im ( are called the gauge symmetry of a Lagrangian L parameterized by

sections £ of £ — X. They are called the gauge parameters.

Remark 2.3.1. The differential operator ¢ in Definition 2.3.1 takes its
values into the vector space G, as a subspace of the C*°(X)-module 209,
but it sends the C*°(X )-module E(X) into the real vector space G, C 209..
The differential operator ¢ is assumed to be at least of first order (see
Remark 2.3.2).

Equivalently, the gauge symmetry (2.3.1) is given by a section ¢ of the
fibre bundle

(J'7Y X J"E)xTY - JY x J"E
Y Y Y
(see Definition 1.6.2) such that
ug =((€) = (ot
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for any section ¢ of E — X. Hence, it is a generalized vector field us on
the product Y x FE represented by a section of the pull-back bundle

JHY x E)xT(Y x E) — J*(Y x E), k = max(r, m),
x 'y X X

which lives in
TY CcT(Y x E).

This generalized vector field yields a contact derivation J*u, (2.2.1) of the
real ring O% [V x E] which obeys the following condition.

Condition 2.3.1. Given a Lagrangian
LeO%EcO%Y x E,
let us consider its Lie derivative
Ly, L = J®u¢|dL + d(J*u¢ | L) (2.3.2)

where d is the exterior differential of O% [V x E]. Then, for any section &
of £ — X, the pull-back £*Ly is dy-exact.

It follows at once from the first variational formula (2.2.10) for the
Lie derivative (2.3.2) that Condition 2.3.1 holds only if u¢ projects onto a
generalized vector field on E and, in this case, if and only if the density
(u¢)v |€ is dp-exact. Thus, we come to the following equivalent definition
of gauge symmetries.

Definition 2.3.2. Let £ — X be a vector bundle. A gauge symmetry of a
Lagrangian L parameterized by sections £ of E — X is defined as a contact
derivation ¥ = Ju of the real ring O% [V x E|] such that:

(i) it vanishes on the subring O E,

(ii) the generalized vector field u is linear in coordinates x% on J®E,
and it projects onto a generalized vector field on F, i.e., it takes the form

u= | Y wremg o+ | YD wratubxg | o, (2:3.3)
0<|A]<m 0<|A[<m
(iii) the vertical part of u (2.3.3) obeys the equality

UVJ5 = dHO'. (2.3.4)
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For the sake of convenience, we also call a generalized vector field (2.3.3)
the gauge symmetry. By virtue of item (iii) of Definition 2.3.2, u (2.3.3) is
a gauge symmetry if and only if its vertical part is so.

Gauge symmetries possess the following particular properties.

(i) Let £/ — X be another vector bundle and ¢’ a linear F(X)-valued
differential operator on the C°°(X)-module E'(X) of sections of ' — X.
Then

ugrery = (o ¢)(E)
also is a gauge symmetry of L parameterized by sections £’ of £/ — X. It
factorizes through the gauge symmetries u, (2.3.1).

(ii) If a gauge symmetry is an exact Lagrangian symmetry, the corre-
sponding conserved symmetry current 7, (2.2.15) is reduced to a superpo-
tential (see Theorems 2.4.2 and 4.2.3).

(iii) The direct second Noether theorem associates to a gauge symmetry
of a Lagrangian L the Noether identities of its Euler-Lagrange operator § L.

Theorem 2.3.1. Let u (2.3.3) be a gauge symmetry of a Lagrangian L,
then its Fuler—Lagrange operator §L obeys the Noether identities (2.3.5).

Proof. The density (2.3.4) is variationally trivial and, therefore, its vari-
ational derivatives with respect to variables x® vanish, i.e.,

Ea= Y (~D)Mda[(ui® - yhup)E] = (2.3.5)
0<IA|
> nlug — yhug) dags =0
0<IA|

(see Notation 4.2.2). In accordance with Definition 4.5.1, the equalities
(2.3.5) are the Noether identities for the Euler-Lagrange operator L. [

For instance, if the gauge symmetry u (2.3.3) is of second jet order in
gauge parameters, i.e.,

uy = (ulx* + ufj‘xﬁ + ufj’“x‘;ﬂ)ﬁi (2.3.6)
the corresponding Noether identities (2.3.5) take the form

ubE — dy (utE) + dyy (uiHE) = 0, (2.3.7)
and wvice versa.

Remark 2.3.2. A glance at the expression (2.3.7) shows that, if a gauge
symmetry is independent of derivatives of gauge parameters (i.e., the dif-
ferential operator ¢ in Definition 2.3.1 is of zero order), then all variational
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derivatives of a Lagrangian equals zero, i.e., this Lagrangian is variationally
trivial. Therefore, such gauge symmetries usually are not considered (see
Example 4.3.1).

Remark 2.3.3. The notion of gauge symmetries can be generalized as
follows. Let a differential operator ¢ in Definition 2.3.1 need not be linear.
Then elements of Im ( are called a generalized gauge symmetry. However,
direct second Noether Theorem 2.3.1 is not relevant to generalized gauge
symmetries because, in this case, an Euler-Lagrange operator satisfies the
identities depending on gauge parameters.

It follows from direct second Noether Theorem 2.3.1 that gauge sym-
metries of Lagrangian field theory characterize its degeneracy. A prob-
lem is that any Lagrangian possesses gauge symmetries and, therefore,
one must separate them into the trivial and non-trivial ones. More-
over, gauge symmetries can be reducible, i.e., Ker( # 0. Another
problem is that gauge symmetries need not form an algebra [48; 61;
63]. The Lie bracket [ug, ug] of gauge symmetries ug, ugy € Im( is a
variational symmetry, but it need not belong to Im (.

To solve these problems, we follow a different definition of gauge sym-
metries as those associated to non-trivial Noether identities by means of
inverse second Noether Theorem 4.2.1.

2.4 First order Lagrangian field theory
In first order Lagrangian field theory on a fibre bundle Y — X, a first order
Lagrangian

L=_Lw:JYV > AT*X (2.4.1)

is defined on the first order jet manifold J'Y, called the configuration space.
The corresponding second-order Euler—Lagrange operator (2.1.12) reads

£ J2Y — T*Y A (AT*X),
L = (0L —dym))0 ANw,  m =)L (2.4.2)
Its kernel defines the second order Euler-Lagrange equation
(0; — dxdML = 0. (2.4.3)

Remark 2.4.1. Given a Lagrangian L, a holonomic second order connec-
tion T" (1.3.51) on a fibre bundle Y — X is called a Lagrangian connection



74 Lagrangian field theory on fibre bundles

if it takes its values into the kernel of the Euler-Lagrange operator £, i.e.,
if it satisfies the equation

0L — Oam) — Yl 9ym} — T, 0w} = 0. (2.4.4)

If a Lagrangian connection r exists, it defines the second order dynamic
equation

ya, =Th, 7)) (2.4.5)
on Y — X, whose solutions also are solutions of the Euler-Lagrange equa-
tion (2.4.3). Conversely, since the jet bundle J?Y — J'Y is affine, every
solution s of the Euler-Lagrange equation also is an integral section of a
holonomic second order connection I' which is the global extension of the
local section Js(X) — J2s(X) of this jet bundle over the closed imbedded
submanifold J's(X) C J'Y. Hence, every solution of the Euler-Lagrange

equations also is a solution of some second order dynamic equation, but it
is not necessarily a Lagrangian connection.

Given a Lagrangian L, let us consider the vertical tangent map V'L
(1.1.15) to L (2.4.1). Since J'Y — Y is an affine bundle, VL yields the

linear morphism
JY x(T*X @VY) — J'Y x(AT*X)
Y Y Y
over J'Y and the corresponding morphism
L:JY S VYQATX)®TX (2.4.6)
Y Y

over Y. It is called the Legendre map associated to a Lagrangian L. The
fibre bundle

n n—1
H=VY QAT X)gTX = V'Y A('A T*X) (2.4.7)

over Y is called the Legendre bundle. It is provided with the holonomic
coordinates (2, pf‘), where the fibre coordinates pf‘ have the transition

functions
0zt \ Oy’ oz’
= det 248
(3 > Ayt Dk - (248)
With respect to these coordinates, the Legendre map (2.4.6) reads
prol =) (2.4.9)

Its range N = Z(J 1Y) is called the Lagrangian constraint space.
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Definition 2.4.1. A Lagrangian L is said to be:
e hyperregular if the Legendre map L is a diffeomorphism;
e regular if L is a local diffeomorphism, i.e., det(@f@}’ﬁ) # 0;
e semiregular if the inverse image E’l(q) of any point ¢ € N is a
connected submanifold of J'Y;
e almost regular if the Lagrangian constraint space Ny, is a closed imbed-
ded subbundle
iN : NL — II
of the Legendre bundle II — Y and the Legendre map
L:JY — Ny (2.4.10)

is a fibred manifold with connected fibres (i.e., a Lagrangian is semiregular).
Remark 2.4.2. A glance at the equation (2.4.4) shows that a regular La-
grangian L admits a unique Lagrangian connection. In this case, the Euler—

Lagrange equation for L is equivalent to the second order dynamic equation
associated to this Lagrangian connection.

2.4.1 Cartan and Hamilton—De Donder equations

Given a first order Lagrangian L, its Lepage equivalents Z;, (2.1.17) in the
variational formula (2.1.16) read

Ep =L+ (1} — duot™)0 Awy + o0l Awy, (2.4.11)
where o' A = —O’;‘ " are skew-symmetric local functions on Y. These Lepage
equivalents constitute an affine space modelled over a vector space of dg-
exact one-contact Lepage forms

p=—d,ol0" Awx + o0l A wy.
Let us choose the Poincaré—Cartan form
Hp, = Lw+ 70" Aw)y (2.4.12)

as the origin of this affine space because it is defined on J'Y. In a general
setting, one also considers other Lepage equivalents of L [100; 101].
The Poincaré—Cartan form (2.4.12) takes its values into the subbundle

n—1
JY X (T*Y A( A T*X))
Y Y
of AT*JIY. Hence, it defines a morphism

~ n—1
Hp:JY = Zy =T*Y A( A T*X), (2.4.13)
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whose range
Zy = Hp(JYY) (2.4.14)

is an imbedded subbundle iy : Z;, — Zy of the fibre bundle 7y — Y.
This morphism is called the homogeneous Legendre map. Accordingly, the
fibre bundle Zy — Y (2.4.13) is said to be the homogeneous Legendre
bundle. It is equipped with holonomic coordinates (z*,?, pf‘, p) possessing
the transition functions

B 0xc \ Oy’ oz’ L
= det <8 ) Dy’ Ot P (2.4.15)

0x* oy’ Oy'"
r_
P = det (895”’) (p— oy’ 81'#])?) '

With respect to these coordinates, the morphism Hp, (2.4.13) reads
(pf',p) o Hp = (', £ = y,f).

A glance at the transition functions (2.4.15) shows that Zy (2.4.13) is
a one-dimensional affine bundle

TZI1I - Zy — II (2416)

over the Legendre bundle II (2.4.7). Moreover, the Legendre map L (2.4.6)
is exactly the composition of morphisms

L=mgnoHy:JY ~1L (2.4.17)

Being a Lepage equivalent of L, the Poincaré—Cartan form Hj, (2.4.12)
also is a Lepage equivalent of the first order Lagrangian

L="ho(Hr) = (L + (G4 — y)m))w, (2.4.18)
ho(dy') = gida?,
on the repeated jet manifold J'J'Y, coordinated by
(1)\7 yiv yé\a @\Za y;)\)
The Euler-Lagrange operator for L (called the Euler—Lagrange—Cartan op-
erator) reads

Ep JUIY - T J'Y A (A T°X),

Er=[(0:.L — dam} + 0 T AT~ yl))dy' + (2.4.19)
O (G, — vl dyl] A w,

dy = O + 730 + Yau 01
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Its kernel Ker & C J'J'Y defines the Cartan equation
A j iy
ol (g, — v,) = 0, (2.4.20)
OiL — dam) + (I, — y3)0m) =0 (2.4.21)
on J'Y. Since

Exley = Er,
the Cartan equation (2.4.20) — (2.4.21) is equivalent to the Euler-Lagrange
equation (2.4.3) on integrable sections of J'Y — X. These equations
are equivalent if a Lagrangian is regular. The Cartan equation (2.4.20)
— (2.4.21) on sections

5:X = JY
is equivalent to the relation

5" (u]dHp) =0, (2.4.22)

which is assumed to hold for all vertical vector fields u on J'Y — X.
The homogeneous Legendre bundle Zy (2.4.13) admits the canonical
multisymplectic Liouville form

Sy = pw + pidy’ A w. (2.4.23)
Accordingly, its imbedded subbundle Zj, (2.4.14) is provided with the pull-
back De Donder form Ej, = i} Zy. There is the equality
Hp = HiZ, = Hi (itZy). (2.4.24)
By analogy with the Cartan equation (2.4.22), the Hamilton—De Donder
equation for sections 7 of Z;, — X is written as
™ (u]dZEL) =0, (2.4.25)

where u is an arbitrary vertical vector field on Z; — X.

Theorem 2.4.1. Let the homogeneous Legendre map ﬁL be a submersion.
Then a sections of J'Y — X is a solution of the Cartan equation (2.4.22)
if and only if fIL 05 is a solution of the Hamilton-De Donder equation
(2.4.25), i.e., the Cartan and Hamilton-De Donder equations are quasi-
equivalent [65].

Remark 2.4.3. The Legendre bundle IT (2.4.7) and the homogeneous Leg-
endre bundle Zy (2.4.13) play the role of a momentum phase space and
homogeneous momentum phase space in polysymplectic and multisymplec-
tic Hamiltonian field theory, respectively (see Chapter 9).
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2.4.2 Lagrangian conservation laws

We restrict our study of symmetries of first order Lagrangian field theory
to classical symmetries, generated by projectable vector fields on a fibre
bundle Y — X. This is the case of all basic classical field models.

Let

u = u)\a)\ + u’@l

be a projectable vector field on a fibre bundle ¥ — X. Its canonical
decomposition (1.5.18) into the horizontal and vertical parts over J1Y reads

u=upy +uy = (W +yi0) + (u'0; — yi9}). (2.4.26)
Its first order jet prolongation (1.5.8) onto J'Y is
Jhu = w0y + uid; + (dau’ — y;dw#)a}. (2.4.27)

Given a first order Lagrangian L, the first variational formula (2.2.10)
takes the form

Ly, L= UVJgL + dH(ho(uJ HL)), (2428)

where 25, = Hyp, is the Poincaré-Cartan form (2.4.12). Its coordinate ex-
pression reads

AP L + [urOy + u'd; + (dau’ — y},0hu)O)]L = (2.4.29)
(u' — yhu)E — dk[wf‘(u”yz —u') —uL].
If w is an exact symmetry of L, we obtain the weak conservation law
0~ —d, [ﬂ';\(u”yL —u?) —uL] (2.4.30)
(2.2.14) of the symmetry current
Tu = [ﬂ{\(u"yﬁ —u?) — uLlwy (2.4.31)

(2.2.15) along a vector field u.
The weak conservation law (2.4.30) leads to the differential conservation
law

(T os)=0

on solutions s of the Euler-Lagrange equation (2.4.3). This differential
conservation law yields the integral conservation law

/S*Ju =0, (2.4.32)

ON
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where N is an n-dimensional oriented compact submanifold of X with a
boundary ON.

Remark 2.4.4. If we choose a different Lepage equivalent =;, (2.4.11) in
the first variational formula, the corresponding symmetry current differs
from J, (2.4.31) in the dy-exact term

du(of (' = yiu”))wa.

This term is independent of a Lagrangian, and it does not contribute to the

integral conservation law (2.4.32).

It is readily observed that the symmetry current 7, (2.4.31) is linear in
a vector field u. Therefore, one can consider a superposition of symmetry
currents

ju+t7u/ :ju+u’v jcu:Cjua CGR?

and a superposition of weak conservation laws (2.4.30) associated to differ-
ent symmetries u.

For instance, let u = u'9; be a vertical vector field on Y — X. If it is a
symmetry of L, the weak conservation law (2.4.30) takes the form

0~ —dy(miub). (2.4.33)
It is called the Noether conservation law of of the Noether current
TN = —mul (2.4.34)

Given a connection I" (1.3.4) on a fibre bundle Y — X, a vector field
7 on X gives rise to the projectable vector field I'r (1.3.6) on Y. The
corresponding symmetry current (2.4.31) along I't reads

T =T = TNyl —T8) — 60 L). (2.4.35)
Its coefficients Jr* » are components of the tensor field

Jr = Tt pdat @ wy, (2.4.36)
Tt =}y, = Tp) = L,
called the energy-momentum tensor relative to a connection I' [43; 112;

135]. If 't (1.3.6) is a symmetry of a Lagrangian L, we have the energy-
momentum conservation law

0~ —da[m} 7" (yl, — T},) — o7 L]. (2.4.37)
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For instance, let a fibre bundle Y — X admit a flat connection I'. By
virtue of Theorem 1.3.4, there exist bundle coordinates such that I'{ = 0,
and the corresponding energy-momentum tensor (2.4.36) takes the form

Tty =yl — 6L

of the familiar canonical energy—momentum tensor. It obeys the first vari-
ational formula (2.4.29) which leads to the weak transformation law

0L = —drJo™ (2.4.38)
In a general setting, let
v:T(X)—T(Y)

be an R-linear module morphism which sends a vector field 7 on X onto a
vector field

7 =720\ + (v7)'0; (2.4.39)
on Y projected onto 7. Then we agree to call the symmetry current
Tyr =) (Tl — (y7)') = 7L (2.4.40)

along 7 (2.4.39) the energy-momentum current. For instance, this is the
case both of the above mentioned horizontal lift by means of a connection
and a functorial lift on natural bundles (see Section 6.6), e.g., the canonical
lift (1.1.26) on a tensor bundle.

2.4.3 Gauge conservation laws. Superpotential

If a Lagrangian L admits a gauge symmetry u (2.3.3) and if this is an
exact symmetry of L, i.e., L1, L = 0, the weak conservation law (2.4.30)
of the corresponding symmetry current 7, (2.4.31) holds. We call it the
gauge conservation law. Because gauge symmetries depend on derivatives
of gauge parameters, all gauge conservation laws in first order Lagrangian
field theory possess the following peculiarity.

Theorem 2.4.2. If u (2.3.3) is an exact gauge symmetry of a first order
Lagrangian L, the corresponding conserved symmetry current Jy, (2.4.31)
takes the form

TJu =W +dyU = (WH +d,U")w,, (2.4.41)

where the term W wvanishes on-shell, i.e., W = 0, and U = U"*w,, 15 a
horizontal (n — 2)-form.
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Proof. Let a gauge symmetry be at most of jet order N in gauge param-
eters. Then the symmetry current J, is decomposed into the sum

Jh= Jhemny oY ey (2.4.42)
1<k<N
JE" X + JEX

The first variational formula (2.4.29) takes the form

N
0= lZu@zkw”Nxzk_.M +uax”| & +
k=1
N
oo (Bt )
k=1
It falls into the set of equalities for each Xj,,  ,xs Xjip. uns F=1,..., N,
and x® as follows:
(I (2.4.43)
0 = wl freehy & — JUkkic1) N JVHke BN (2.4.44)
0=ullE — JH —d,Jo", (2.4.45)
0=ul & —d,J", (2.4.46)

where (ur) means symmetrization of indices in accordance with the split-
ting

HeBkt1--AN — J(BeBE+1)--HN [prpikt]- - pN
J =J +J
a a a *

With the equalities (2.4.43) — (2.4.45), the decomposition (2.4.42) takes the
form

N
Z [(ui/gﬂkmmvgi — d,, JYHRE N Jt[luuk]-"uw)xzkmm\,] +

1<k<N
(U™ & — dy Jy N 4 TP NG = (U €+ dy T X
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A direct computation

Tk = d,(J Jlevlps.. HN 0 )_dVJC[LW]uzmuN a

Xl»tzu-HN

+

H2.-- kN +

E ? UHE---BUN VHRE---HN )4, Q
[(U'Va 87/ dVJa )X;,Lk.A.MN
1<k<N

du(J([IHU]“k_Hm#Nsz+1...uN) XukJFl.A.pN]

[l B &5 = dy TN ) dy (TP = dy ) +
(w85 — d, T )X
= dV(Jl[lI“/]Mz MNX;IQM#N) +
D7 (s € dy T

X#km#N
1<k<N

d, (J[W]ukﬂ---vaZHl #N)] +
(G & = du )X+ dy (X)) + (w6 = dy T )X

_ dVJL[LNV]#k-%—lw-#N +

+

leads to the expression

‘75 - Z ’ul Huk MNX/Lk N + uVaX 61 - (2447)
1<k<N

Z dVJ(Vl‘)IJ'k‘-»HNXZk.“HN + dVJ(EVH)Xa
1<k<N

d, Z J[V“’]l‘k»--#NXka,uN+JCLVN]X‘1
1<k<N

The first summand of this expression vanishes on-shell. Its second one con-
tains the terms d,, J@#s)iet1-N =1 . N. By virtue of the equalities
(2.4.44), every d,, J@rE)bk1--1N g expressed into the terms vanishing on-
shell and the term d,, J##=1)ik-1N | Tterating the procedure and bearing
in mind the equality (2.4.43), one can easily show that the second sum-
mand of the expression (2.4.47) also vanishes on-shell. Thus, the symmetry
current J,, takes the form (2.4.41), where

Ut == Y gy gl (2.4.48)
1<k<N O

The term U in the expression (2.4.41) is called the superpotential. If
a symmetry current admits the decomposition (2.4.41), one says that it is
reduced to a superpotential [39; 53; 135].
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For instance, if a gauge symmetry

u= (uéxa + u;"‘xZ)@\ + (ulx® + ufj‘xZ)@i (2.4.49)
of a Lagrangian L depends at most on the first jets of gauge parameters,
then the decomposition (2.4.41) takes the form

Tl = ulhEx" — d (TPX") = (2.4.50)
(W — yhud" ) + dy[(ul — yiud)yor ulriye ).

Remark 2.4.5. Theorem 2.4.2 generalizes the result in [67] for gauge sym-
metries © whose gauge parameters X)‘ = u are components of the pro-
jection u*0y of u onto X. In Section 4.3, Theorem 2.4.2 is extended to
Grassmann-graded Lagrangian theories of any order (see Theorem 4.2.3).

Remark 2.4.6. The proof of Theorem 2.4.2 gives something more. Let
us substitute the equality (2.4.46) into the equality (2.4.45), then the lat-
ter into the equality (2.4.44) for k = N — 1, and so on. Then we obtain
the Noether identities (2.3.5). However, it should be emphasized that the
conditions (2.4.43) — (2.4.46) and the Noether identities (2.3.5) are not
equivalent. The Noether identities characterize a variational gauge symme-
try of a Lagrangian, while (2.4.43) — (2.4.46) are the conditions of a gauge
symmetry to be exact.

If a symmetry current J reduces to a superpotential, the integral con-
servation law (2.4.32) becomes tautological. At the same time, the super-
potential form (2.4.41) of 7, implies the following integral relation

/s*ju: / s*U, (2.4.51)

N'nfl aanl

where N"~1 is an (n — 1)-dimensional oriented compact submanifold of X
with the boundary ON"~1.

2.4.4 Non-regular quadratic Lagrangians

This Section is devoted to the physically relevant case of almost regular
quadratic Lagrangians [112].

Given a fibre bundle Y — X, let us consider a quadratic Lagrangian L
given by the coordinate expression

1 o .
L= 5af‘j"(;zc”, yk)yﬁ\yzb + oMY, )y + e(z”, y"), (2.4.52)
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where a, b and c¢ are local functions on Y. This property is coordinate-
independent due to the affine transformation law (1.2.1) of the jet coordi-
nates y4. The associated Legendre map L (2.4.6) is given by the coordinate
expression

proL =alyl +b, (2.4.53)
and is an affine morphism over Y. It defines the corresponding linear mor-
phism

a:T*"XeVY —II, (2.4.54)

1% Y

A~ Mg
p;oa=a;; Y,

where y{L are fibred coordinates on the vector bundle

T"XeVY =Y.
Y

Let the Lagrangian L (2.4.52) be almost regular, i.e., the morphism
a (2.4.54) is of constant rank. Then the Lagrangian constraint space Ny,
(2.4.53) is an affine subbundle of the Legendre bundle IT — Y, modelled
over the vector subbundle N, (2.4.54) of IT — Y. Hence, N;, — Y has
a global section s. For the sake of simplicity, let us assume that s = 0
is the canonical zero section of II — Y. Then N = Np. Accordingly,
the kernel of the Legendre map (2.4.53) is an affine subbundle of the affine
jet bundle J'Y — Y, modelled over the kernel of the linear morphism @
(2.4.54). Then there exists a connection
I:Y —KerLcCJY, (2.4.55)
Nt
a'Ty, + b} =0, (2.4.56)
on Y — X. Connections (2.4.55) constitute an affine space modelled over
the linear space of soldering forms
¢ = ¢hda* © 0,
on Y — X, satisfying the conditions
Ny
al'¢l =0 (2.4.57)
and, as a consequence, the conditions
by = 0.
If the Lagrangian (2.4.52) is regular, the connection (2.4.55) is unique.

Remark 2.4.7. If s # 0, one can consider connections T taking their values
into Ker ;L.
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The matrix a in the Lagrangian L (2.4.52) can be seen as a global section
of constant rank of the tensor bundle

n 2
AT*XQNVITXV'Y)] - Y.
Y Y
Then it satisfies the following corollary of Theorem 1.1.12.

Corollary 2.4.1. Given a k-dimensional vector bundle E — Z, let a be a
fibre metric of rank r in E. There is a splitting

E=Kera®FE' (2.4.58)
z

where E' = FE/Kera is the quotient bundle, and a is a non-degenerate fibre
metric in E’.

Theorem 2.4.3. There exists a linear bundle map
ol ST XQVY, vhoo =0y ph, (2.4.59)
such that
aoocoiny =iN.
Proof. The map (2.4.59) is a solution of the algebraic equations
alolkal = ay . (2.4.60)
By virtue of Corollary 2.4.1, there exists the bundle splitting
TX* <§>VY = Kera%{?E’ (2.4.61)

and an atlas of this bundle such that transition functions of Kera and E’
are independent. Since a is a non-degenerate section of

N 2
ANT*X Q(VE™) =Y,
Y

there exist fibre coordinates (') on E’ such that @ is brought into a di-
agonal matrix with non-vanishing components as4. Due to the splitting
(2.4.61), we have the corresponding bundle splitting

TX V'Y = (Kera)* @ E"™.
Y Y

Then a desired map o is represented by a direct sum o1 @ oq of an arbitrary
section oy of the fibre bundle

2
ATX ®(VKera) =Y
Y
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and the section o of the fibre bundle
n 2
ATX®(VE)—Y
Y

which has non-vanishing components

O’AA — (aAA)—l

with respect to the fibre coordinates (74) on E’. The relations
09 = 09 © a0 0y, aooy =0, cr1oa=20 (2.4.62)

hold. ]

Remark 2.4.8. Using the relations (2.4.62), one can write the above as-
sumption, that the Lagrangian constraint space Ny — Y admits a global
zero section, in the form

2

A _jkiv
b = aZ- a3 by, (2.4.63)

With the relations (2.4.56), (2.4.60) and (2.4.62), we obtain the splitting

JY =8(JY)e F(J'Y) =Ker L Im(o o L), (2.4.64)
Y Y
yh = S5+ FX = [ — oa(af vl + b)) + (2.4.65)

o3 (aptyl, + b)),
where, in fact, 0 = o owing to the relations (2.4.62) and (2.4.63). Then
with respect to the coordinates S§ and F} (2.4.65), the Lagrangian (2.4.52)
reads

1 AU i
L= iaij‘ FFL+d, (2.4.66)
where
T} = oo ars (yl, = T) (2.4.67)

for some (Ker L)-valued connection I' (2.4.55) on Y — X. Thus, the La-
grangian (2.4.52), written in the form (2.4.66), factorizes through the co-
variant differential relative to any such connection.

Note that, in gauge theory of principal connections (see Section 5.5),
we have the canonical (independent of a Lagrangian) variant (5.5.11) of
the splitting (2.4.64) where F is the strength form (5.5.8). The Yang—Mills
Lagrangian (9.5.4) of gauge theory is exactly of the form (2.4.66) where
d =0.
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2.4.5 Reduced second order Lagrangians

Let us consider second order Lagrangians on the second order jet manifold
J2Y of Y which, however, lead to second order Euler-Lagrange equations.

Given a second order Lagrangian L, its four-order Euler-Lagrange op-
erator (2.1.12) reads

EL = (0 — dad} + dudrd')LO A w.
This operator is reduced to the second order one if a Lagrangian L obeys
the conditions

oot L =0, (2.4.68)
v Al YN
QYOI — DO )L = 0. (2.4.69)

The relation (2.4.68) means that a Lagrangian L is linear in the jet coor-

dinates yf\u, i.e., it is given by the coordinate expression
L= (L +0"y ), (2.4.70)

A . . . . .
where £’ and of” are local functions on J'Y. Since this expression is
U

%

maintained under coordinate transformations (1.2.12), the functions o
satisfy the transformation law

U ox'* ayi vy
o/ = 50
Oz Oyy
Therefore, one can define the fibrewise form

o=ol ’\Ey,i Awy
on the affine bundle J'Y — Y (see Section 10.10). Then the condition
(2.4.69) means that this form is d-closed, i.e.,

_ =
do = 070} dy, N dy,, Nwx = 0.
In accordance with Theorem 10.10.2, any d-closed fibrewise form on an

affine bundle is d-exact. Consequently, there exists a form ¢ = ¢*wy on
J1Y such that

o=dp= 81”(;5’\831;; AWy
Let us consider the variationally trivial second order Lagrangian dy¢. It
is readily observed that the Lagrangian L — dgy¢ is of first order, but it

possesses the same second order Euler-Lagrange operator £, as the second
order Lagrangian L (2.4.70). Thus, the following has been proved.

Theorem 2.4.4. If an FEuler—Lagrange operator of a second order Lagran-
gian also is of second order, it is an Euler—Lagrange operator of some first
order Lagrangian.
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LA

In particular, if the functions o * are independent of the jet coordinates

y},, one can take

¢ =0y, — Tl w,

where I' is a connection on Y — X. Then a desired first order Lagrangian
reads

L — dy[rm"(y}, — T!))]w.

One can think of a connection I' in this Lagrangian as a background field.
For instance, this is the case of the Einstein—Hilbert gravitation Lagran-
gian of General Relativity (see Remark 6.5.2).

2.4.6 Background fields

In Lagrangian field theory on a fibre bundle Y — X, by background fields
are meant classical fields which do not obey Euler-Lagrange equations. Let
these fields be represented by sections of a fibre bundle ¥ — X endowed
with bundle coordinates (z*,0™). In order to formulate Lagrangian field
theory in the presence of background fields, let us consider the bundle
product

Vit =S xY — X (2.4.71)
X

coordinated by (z*,0™,") and its jet manifold
I Wit = J'E x J'Y.
X

Let L be a first order Lagrangian on the configuration space J'Y;. It can
be regarded as a total Lagrangian of field theory where background fields
are treated as the dynamic ones. Given a section h of ¥ — X, we obtain
the pull-back Lagrangian

Ly = (J'h)*L

on J'Y. It can be regarded as a Lagrangian of first order field theory on
the configuration space J'Y in the presence of a background field h.
Let us consider the variational formula (2.1.16):

dL — &, —dg= =0,
for a total Lagrangian L. Its pull-back
(J?h)*(dL — 0L — dy=) = dLj, — 6Ly, — dgZp, (2.4.72)
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is exactly the variational formula for the Lagrangian Lj in the presence of
a background field h. The corresponding Euler—Lagrange operator in the
presence of a background field h reads

6Ly, = (J?R)*(SL) = (J?R)* (0" + En0™) Aw = (J'h)* (£ w.

The variational formula (2.4.72) enables us to obtain conservation laws
in the presence of a background field. Let

u = uMxM)O\ + u™(z", 0™) 0y + u (2, o™, y))0; (2.4.73)
be a vector field on Y projected onto ¥ and X. Its restriction

up Y x h(X) “STY x TY —TY,
X X

up, = u = u oy + ul,d;, (2.4.74)

up(at,y?) = u' (@, b (x), y7),

is a vector field on Y. Let us suppose that v (2.4.73) is an exact symmetry of
a total Lagrangian L. The corresponding first variational formula (2.4.28)
leads to the equality

0= (u™ — yur) 0 L 4 m) dx(u™ — Y ut) +
(ui — yiu)‘)diﬁ —dy [8{\£(u"yfl — ul) — u)‘ﬁ].
Putting 0™ = h™(x), we obtain the equality

0= (J'h)*[(u™ = yFut) O £ + i da(u™ — yju')] +
(uj, — ysu™)6:Ln — da[0] L (uty), — uf,) — u Ly).

On the shell §;L;, = 0, this equality is brought into the weak transformation
law

0~ (J'h)*[(u™ =y ur)Om L + T da(u™ — Yy ut)] = (2.4.75)
dy [@)‘ﬁh(u“yfl —ul) —ur L)

of the symmetry current
TN = 9Ly (u'y), — uj,) — urLy (2.4.76)

of dynamic fields 3 along the vector field (2.4.74) in the presence of a
background field h.
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2.4.7 Variation Euler—Lagrange equation. Jacobi fields

The vertical extension of Lagrangian field theory on a fibre bundle ¥ —
X onto the vertical tangent bundle VY of ¥ — X describes the linear
deviations of solutions of the Euler-Lagrange equation which are Jacobi
fields.

The configuration space of field theory on VY — X is the jet manifold
JYWVY. Due to the canonical isomorphism J'VY = VJ'V (1.2.9), this
configuration space is provided with the coordinates (m’\7yi,yf\, y’,yg\) It
follows that Lagrangian theory on J'VY can be developed as the vertical
extension of Lagrangian theory on J'Y.

Lemma 2.4.1. Similar to the canonical isomorphism between fibre bundles
TT*Z and T*TX [90], the isomorphism

VV*YY =V*Vy, (2.4.77)
8%
can be established by inspection of the transformation laws of the holonomic
coordinates (22, y%, p; = ;) on V*Y and (2, y*,v' = ¢*) on VY.

It follows that any exterior form ¢ on a fibre bundle Y gives rise to the
exterior form

dv = Ov(9) = 7' 0i(¢) (2.4.78)
on VY so that d¢y = (d¢)y. For instance,
v (dy') = dy'.
The form ¢y (2.4.78) is called the vertical extension of ¢ on Y.

Let L be a Lagrangian on J1Y. Its vertical extension (2.4.78) onto the
vertical configuration space VJ'Y reads

Ly = 0y L = (§°0; + 7.0} Lw. (2.4.79)

The corresponding Euler-Lagrange equation (2.4.3) takes the form
Sily = 6,L =0, (2.4.80)
0;Ly = 0y&; L =0, (2.4.81)

Ay = §0; + 9i0} + g0

(see the compact notation (1.1.27)). The equation (2.4.80) is exactly the
Euler—Larange equation (2.4.3) for the original Lagrangian L. In order to
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clarify the meaning of the equation (2.4.81), let us suppose that Y — X is a
vector bundle. Given a solution s of the Euler-Lagrange equation (2.4.80),
let §s be a Jacobi field, i.e., s+¢eds also is a solution of the Euler-Lagrange
equation (2.4.80) modulo the terms of order > 1 in the small parameter
€. Then it is readily observed that the Jacobi field s satisfies the Euler—
Lagrange equation (2.4.81), which therefore is called the variation equation
of the equation (2.4.80) [33; 112].
The Lagrangian Ly (2.4.79) yields the Legendre map

~ n—1

Ly :VJY o vy =V'VY V/\y( A T*X), (2.4.82)
where IIyy is called the vertical Legendre bundle.
Lemma 2.4.2. Due to the isomorphism (2.4.77) there exists the bundle

isomorphism
IIyy = VII, (2.4.83)
VY
pg\ — pz)\7 Qi)\ — p;-\7
written with respect to the holonomic coordinates (ac)‘, Y, yi,pg\, qz)‘) on Ilyy
and (22, y*, p, 9%, p?) on VL
In view of the isomorphism (2.4.83), the Legendre map (2.4.82) takes
the form
Ly =VL:VJY Ty = VII, (2.4.84)

=0y =7, p}=0LL =0y
It is called the vertical Legendre map.
Let Zyy be the homogeneous Legendre bundle (2.4.13) over VY en-
dowed with the corresponding coordinates
(@990, 4 p)-
There is the fibre bundle
C¢:VZy — Zyy, (2.4.85)
@y 903 4t p) o C = (= ', 0 B, 07 ).
Then the vertical tangent morphism Vrwzp to mznm (2.4.16) factorizes
through the composition of fibre bundles
V’]TZH . VZY — ZVY — Hvy = VIIL (2486)
Owing to this fact, one can develop Hamiltonian field theory on a mo-

mentum phase space Ilyy as the vertical extension of polysymplectic Ha-
miltonian field theory on a momentum phase space II (see Section 9.6).
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2.5 Appendix. Cohomology of the variational bicomplex

This Section is devoted to the proof of Theorems 2.1.1, 2.1.2 and 2.1.4 on the
relevant cohomology of the variational bicomplex (2.1.4) of the differential
graded algebra O . At first, we obtain the corresponding cohomology of
the differential graded algebra QF_ (1.7.12). For this purpose, one can
use abstract de Rham Theorem 10.7.4 because, as was mentioned above,
the paracompact infinite jet order manifold J*°Y admits the partition of
unity by elements of QY , but not O% [4; 150]. After that, we show that
cohomology of OF C Q% equals that of Q*_ [55; 56; 139)].
Let us start with the so called algebraic Poincaré lemma [123; 157).

Lemma 2.5.1. If Y is a contractible bundle R*"™P — R"™, the variational

bicomplex (2.1.4) is exact at all terms, except R.

Proof. The homotopy operators for dy, dy, 6 and o are given by the
formulas (5.72), (5.109), (5.84) in [123] and (4.5) in [157], respectively. O

Let 97 be the sheaf of germs of differential forms ¢ € O}, on J*Y. It
is decomposed into the variational bicomplex Q¥*. The differential graded
algebra QF  of global sections of Q% also is decomposed into the varia-
tional bicomplex Q%* similar to the bicomplex (2.1.4). Let us consider the
variational subcomplex

dp

0-R—-Q0 Q01 dr om0 S m, .. (251)

of Q%* and the subcomplexes of sheaves of contact forms
0—Qk0 &, gkl gkn 2 g0 k=1,..., (252)
where
Ej, = o(Q%").

By virtue of Lemma 2.5.1, these complexes are exact at all terms, except
R.

Since the paracompact space J*Y admits a partition of unity by el-
ements of the ring Q% , the sheaves Q7F of QY -modules are fine (see
Theorem 10.7.7) and, consequently, acyclic (see Theorem 10.7.6). Let us
show that the sheaves Ej, also are fine [56]. Though the R-modules I'Eg>1)
fail to be Q% -modules [157], one can use the fact that the sheaves Ej~
are projections o(2%™) of sheaves of QY -modules. Let {U;};cs be a locally
finite open cover of J*®Y and {f; € Q% } the associated partition of unity.
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For any open subset U C J®Y and any section ¢ of the sheaf Q%" over U,
let us put g;(¢) = fi¢. The endomorphisms g; of Q%™ yield the R-module
endomorphisms

?i =p0g;: Ek LQ&” g—1>53één L)Ek
of the sheaves E;. They possess the properties required for E; to be a fine

sheaf. Indeed, for each 7 € I, supp f; C U; provides a closed set such that

g, is zero outside this set, while the sum ) g, is the identity morphism.
i€l
Consequently, all sheaves, except R, in the complexes (2.5.1) — (2.5.2)
are acyclic. Therefore, these complexes are resolutions of the constant
sheaf R and the zero sheaf on J*°Y, respectively. Let us consider the

corresponding subcomplexes
0—R— Q" M0l 4moon 8 pE ) LT(Ey) — -+ ,(2.5.3)
0— QRO gkl dn gkn 2R 0, k=1,..., (2.5.4)

of the differential graded algebra Q7 . In accordance with abstract de Rham

Theorem 10.7.5, cohomology of the complex (2.5.3) equals the cohomology

of J*Y with coefficients in the constant sheaf R, while the complex (2.5.4)

is exact. Since Y is a strong deformation retract of J>°Y, cohomology of the

complex (2.5.3) equals the de Rham cohomology of Y (see Remark 1.5.3).
Thus, the following has been proved.

Theorem 2.5.1. The cohomology of the variational complex (2.5.8) equals
the de Rham cohomology of a fibre bundle Y. All the complexes (2.5.4) are
ezxact.

Now, let us show the following.

Theorem 2.5.2. The subalgebra OF, C QX has the same dy- and 0-
cohomology as Q7.

Let the common symbol D stand for dyg and 0. Bearing in mind the
decompositions (2.1.7) — (2.1.10), it suffices to show that, if an element
¢ € OF is D-exact in the algebra Q¥ , then it is so in the algebra OF.

Lemma 2.5.1 states that, if Y is a contractible bundle and a D-exact
form ¢ on J°Y is of finite jet order [¢] (i.e., ¢ € OL), there exists a
differential form ¢ € O} on J*°Y such that ¢ = Dy. Moreover, a glance
at the homotopy operators for dg and ¢ shows that the jet order [¢] of ¢
is bounded by an integer N([¢]), depending only on the jet order of ¢. Let
us call this fact the finite exactness of the operator D. Lemma 2.5.1 shows
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that the finite exactness takes place on J>®Y|y over any domain U C Y.
Let us prove the following.

Lemma 2.5.2. Given a family {U,} of disjoint open subsets of Y, let us

suppose that the finite exactness takes place on J®Y |y, over every subset

U, from this family. Then, it is true on J®Y over the union UU, of these
«@

subsets.

Proof. Let ¢ € O} be a D-exact form on J*°Y. The finite exactness
on (m§°)~1(UU,) holds since ¢ = Dy, on every (n5°) 1 (U,) and [p,] <
N([¢])- 0

Lemma 2.5.3. Suppose that the finite exactness of the operator D takes
place on J®Y over open subsets U, V of Y and their non-empty overlap
UNYV. Then, it also is true on J®Y|yyuy .

Proof. Let ¢ = Dy € O} be a D-exact form on J*Y. By assump-
tion, it can be brought into the form Dyy on (7§°)~1(U) and Dyy on
(78°)~Y(V), where oy and @y are differential forms of bounded jet order.
Let us consider their difference ¢y — py on (7§°)~H(UNV). It is a D-exact
form of bounded jet order

leu —ov] < N([¢])
which, by assumption, can be written as
ou — v = Do
where o also is of bounded jet order
[o] < N(N([9]))-

Lemma 2.5.4 below shows that o = oy +oy where oy and oy are differential
forms of bounded jet order on (7§°)~1(U) and (w§°)~1(V), respectively.
Then, putting

¢'lv = ¢u — Doy, ¢'lv =¢v + Doy,

we have the form ¢, equal to D}, on (7§°)~H(U) and D¢}, on (7§°)~1(V),
respectively. Since the difference ¢}, — ¢}, on (75°) =1 (U N'V) vanishes, we
obtain ¢ = D¢’ on (75°)~1(U U V) where

/ /
r_ 1% lv = ¢y,
v {90/|v =¥y

is of bounded jet order [¢'] < N(N([#])). O
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Lemma 2.5.4. Let U and V be open subsets of a bundle Y and o € OF a
differential form of bounded jet order on

(7)) "N U NV) C J>Y.

Then, o is decomposed into a sum oy + oy of differential forms oy and
oy of bounded jet order on (7)1 (U) and (75°)~1(V), respectively.

Proof. By taking a smooth partition of unity on U U V subordinate to
the cover {U,V} and passing to the function with support in V, one gets
a smooth real function f on U UV which equals 0 on a neighborhood of
U\V and 1 on a neighborhood of V\U in UUV. Let (7§°)* f be the pull-
back of f onto (75°)~1(U U V). The differential form ((7§°)*f)o equals
0 on a neighborhood of (75°)~(U) and, therefore, can be extended by
0 to (7°)~1(U). Let us denote it ory. Accordingly, the differential form
(1—(78°)* f)o has an extension oy by 0 to (75°)~1(V). Then, 0 = oy +ov
is a desired decomposition because oy and oy are of the jet order which
does not exceed that of o. |

To prove the finite exactness of D on J*°Y, it remains to choose an
appropriate cover of Y. A smooth manifold Y admits a countable cover
{U¢} by domains U, {£ € N, and its refinement {U;;}, where j € N and ¢
runs through a finite set, such that U;; N Uy, =0, j # k [69]. Then Y has
a finite cover {U; = U;U;;}. Since the finite exactness of the operator D
takes place over any domain Ug, it also holds over any member U;; of the
refinement {U;;} of {U¢} and, in accordance with Lemma 2.5.2, over any
member of the finite cover {U;} of Y. Then by virtue of Lemma 2.5.3, the
finite exactness of D takes place on J*Y over Y.

Similarly, one can show that:

Theorem 2.5.3. Restricted to O%", the operator o remains ezact.

Theorems 2.5.1 — 2.5.3 result in Theorems 2.1.1 — 2.1.2.
Turn now to the proof of Theorem 2.1.4. Given the short variational
complex (2.1.21), let us consider the corresponding complex of sheaves

0—R -0 4,001 21,000 9, (2.5.5)

In the case of an affine bundle Y — X, we can lower this complex onto the
base X as follows.
Let us consider the open surjection

7 J®Y - X
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and the direct image X5, = 72°Q% on X of the sheaf QF . Its stalk over a
point x € X consists of the equivalence classes of sections of the sheaf Q7
which coincide on the inverse images (7°°)~1(U,) of neighbourhoods U, of
z. Since 7$°R = R, we have the following complex of sheaves on X:

0—R— %0 4,501 du,  do y0m 9 (2.5.6)

Every point € X has a base of open contractible neighbourhoods {U,}
such that the sheaves Q% of Q% -modules are acyclic on the inverse images
(7°°)~Y(U,) of these neighbourhoods. Then, in accordance with the Leray
theorem [62], cohomology of J*Y with coefficients in the sheaves Q%*
are isomorphic to that of X with coefficients in their direct images X%*,
i.e., the sheaves X%* on X are acyclic. Furthermore, Lemma 2.5.1 also
shows that the complexes of sections of sheaves Q%* over (75°)~1(U,) are
exact. It follows that the complex (2.5.6) on X is exact at all terms, except
R, and it is a resolution of the constant sheaf R on X. Due to the R-
algebra isomorphism Q¥ = I'(X%), one can think of the short variational
subcomplex of the complex (2.5.1) as being the complex of the structure
algebras of the sheaves (2.5.6) on X.

Given the sheaf X% on X, let us consider its subsheaf B of germs of
exterior forms which are polynomials in the fibre coordinates y4, |A| > 0,
of the continuous bundle J*Y — X. The sheaf PB7_ is a sheaf of C°(X)-
modules. The differential graded algebra PZ of its global sections is a
C>(X)-subalgebra of Q% . We have the subcomplex

0 R —p0 o1 du,  di pon 3 (2.5.7)

of the complex (2.5.6) on X. As a particular variant of the algebraic
Poincaré lemma, the exactness of the complex (2.5.7) at all terms, except
R, follows from the form of the homotopy operator for dg or can be proved
in a straightforward way [9]. Since the sheaves B%* of C°°(X)-modules on
X are acyclic, the complex (2.5.7) is a resolution of the constant sheaf R
on X. Hence, cohomology of the complex

0—R —p0 d,pot du, . di, pon 9, (2.5.8)

of the differential graded algebras P%<" equals the de Rham cohomology
of X. Tt follows that every dg-closed polynomial form ¢ € P%™<" ig
decomposed into the sum

¢ =0 +dyé, ¢ € pom-1 (2.5.9)

where o is a closed form on X.
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Let P be C*(X)-subalgebra of the polynomial algebra PX which
consists of exterior forms which are polynomials in the fibre coordinates
y4. Obviously, P is a subalgebra of O . One can show that PX have
the same cohomology as P%, i.e., if ¢ in the decomposition (2.5.9) is an

element of P%* then ¢ is so. The proof of this fact follows the proof of
Theorem 2.5.2, but differential forms on X (not J*Y') are considered.
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Chapter 3

Grassmann-graded Lagrangian field
theory

In classical field theory, there are different descriptions of odd fields on
graded manifolds [27; 118] and supermanifolds [29; 45]. Both graded
manifolds and supermanifolds are phrased in terms of sheaves of graded
commutative algebras [10]. However, graded manifolds are characterized
by sheaves on smooth manifolds, while supermanifolds are constructed
by gluing of sheaves on supervector spaces. Treating odd fields on a
smooth manifold X, we follow the Serre-Swan theorem generalized to
graded manifolds (Theorem 3.3.2). It states that, if a Grassmann al-
gebra is an exterior algebra of some projective C*°(X)-module of finite
rank, it is isomorphic to the algebra of graded functions on a graded
manifold whose body is X. By virtue of this theorem, we describe odd
fields and their jets on an arbitrary smooth manifold X as generating ele-
ments of the structure ring of a graded manifold whose body is X [13; 14;
59]. This definition differs from that of jets of a graded fibre bundle [78;
118], but reproduces the heuristic notion of jets of ghosts in the field-
antifield BRST theory [9; 21].

3.1 Grassmann-graded algebraic calculus

Throughout the book, by the Grassmann gradation is meant Zs-gradation.
Hereafter, the symbol [.] stands for the Grassmann parity. In the litera-
ture, a Zs-graded structure is simply called the graded structure if there
is no danger of confusion. Let us summarize the relevant notions of the
Grassmann-graded algebraic calculus [10; 28].

An algebra A is called graded if it is endowed with a grading automor-
phism ~ such that v2 = Id. A graded algebra falls into the direct sum

99
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A= Ay ® A; of Z-modules Ay and A; of even and odd elements such that
y(a) = (~1)'a, a € A;, 1=0,1,
[aa’] = ([a] + [a’])mod 2, a€ Ay, a € Ap).

One calls Ag and A; the even and odd parts of A, respectively. The even
part Ag is a subalgebra of A and the odd one A; is an Ag-module. If A is
a graded ring, then [1] = 0.

A graded algebra A is called graded commutative if

ad = (—1)@l@]g/q,

where a and o’ are graded-homogeneous elements of A, i.e., they are either
even or odd.

Given a graded algebra A, a left graded A-module @ is defined as a left
A-module provided with the grading automorphism ~ such that

v(ag) =7(a)y(q), a€A  qeQ,
[aq] = ([a] + [¢])mod 2.

A graded module @ is split into the direct sum Q = Qg ® Q1 of two Ag-
modules @y and @ of even and odd elements. Similarly, right graded
modules are defined.

If IC is a graded commutative ring, a graded K-module can be provided
with a graded K-bimodule structure by letting

qa = (—1)[“][‘7]aq7 a€k, q€ Q.

A graded K-module is called free if it has a basis generated by graded-
homogeneous elements. This basis is said to be of type (n, m) if it contains
n even and m odd elements.

In particular, by a real graded vector space B = By @& B; is meant
a graded R-module. A real graded vector space is said to be (n,m)-
dimensional if By = R™ and B; = R™.

Given a graded commutative ring X, the following are standard con-
structions of new graded modules from old ones.

e The direct sum of graded modules and a graded factor module are
defined just as those of modules over a commutative ring.

e The tensor product P®Q of graded K-modules P and @ is an additive
group generated by elements p ® ¢, p € P, q¢ € ), obeying the relations

p+p)®q=p@q+p @q,

PR@+d)=p®@q+pad,
ap®q=(—)lpagq=(-)lpcag, ack.
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In particular, the tensor algebra @ P of a graded K-module P is defined as
that (10.1.5) of a module over a commutative ring. Its quotient AP with
respect to the ideal generated by elements

pep + ()PP @p  ppeP,

is the bigraded exterior algebra of a graded module P with respect to the
graded exterior product

pAp = (=1 Ap,

e A morphism ® : P — @ of graded K-modules seen as additive groups
is said to be even graded morphism (resp. odd graded morphism) if ®
preserves (resp. change) the Grassmann parity of all graded-homogeneous
elements of P and obeys the relations

O(ap) = (-1)*ad(p), peP, ack.

A morphism ® : P — @ of graded K-modules as additive groups is called a
graded K-module morphism if it is represented by a sum of even and odd
graded morphisms. The set Hom (P, Q) of graded morphisms of a graded
K-module P to a graded K-module @ is naturally a graded X-module. The
graded KC-module

P = Hom;C(P,/C)

is called the dual of a graded K-module P.

A graded commutative K-ring A is a graded commutative ring which
also is a graded K-module. A real graded commutative ring is said to
be of rank N if it is a free algebra generated by the unit element 1 and
N odd elements. A graded commutative Banach ring A is a real graded
commutative ring which is a real Banach algebra whose norm obeys the
condition

llap + a1]| = ||laoll + lla1lls ap € Ag, a1 € Aj.

Let V be a real vector space, and let A = AV be its exterior algebra
endowed with the Grassmann gradation

k k—
A=Ae@A, A =RPAV, M=@P NV 3L
k=1 k=1

It is a real graded commutative ring, called the Grassmann algebra. A
Grassmann algebra, seen as an additive group, admits the decomposition

A=R®R=RP Ry R, =R (A)>® A4, (3.1.2)
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where R is the ideal of nilpotents of A. The corresponding projections
0:AN—Rand s: A — R are called the body and soul maps, respectively.

Remark 3.1.1. There is a different definition of a Grassmann algebra [85]
which is equivalent to the above mentioned one only in the case of an
infinite-dimensional vector space V [28].

Hereafter, we restrict our consideration to Grassmann algebras of fi-
nite rank. Given a basis {c'} for the vector space V, the elements of the
Grassmann algebra A (3.1.1) take the form

o Z Z ail,,.ikcil "'Cik, (3.1.3)
k=0,1,... (i1--i)

where the second sum runs through all the tuples (¢ - - - i) such that no two
of them are permutations of each other. The Grassmann algebra A becomes
a graded commutative Banach ring if its elements (3.1.3) are endowed with

lall=>" D laiil-

k=0 (i1-ik)

the norm

Let B be a graded vector space. Given a Grassmann algebra A, it can
be brought into a graded A-module

AB = (AB)o @ (AB)1 = (Ao ® By ® Ay ® B1) ® (A1 ® By ® Ay ® By),

called a superspace. The superspace

BYm = (B Ao) @ (BA)] & [(SA) @ (B Ag)] (3.1.4)

is said to be (n,m)-dimensional. The graded Ag-module

B = (& Ag) @ (BAL)

is called an (n, m)-dimensional supervector space. Whenever referring to a
topology on a supervector space B™™, we will mean the Euclidean topology
on a 2¥~1[n 4+ m]-dimensional real vector space.

Given a superspace B™™ over a Grassmann algebra A, any A-module
endomorphism of B™™ is represented by an (n +m) x (n + m) matrix

(L Ly
L= (L3 L4> (3.1.5)

with entries in A. It is called a supermatrix. A supermatrix L (3.1.5) is
e even if L1 and L, have even entries, while Ly and L3 have the odd
ones;
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e odd if Ly and L4 have odd entries, while Lo and L3 have the even
ones.

Endowed with this gradation, the set of supermatrices (3.1.5) is a graded
A-ring.

The notion of a trace is extended to supermatrices (3.1.5) as the super-
trace

StrL =TrL; — (=) Tr Ly,

For instance, Str(1) =n — m.

A supertransposition L*t of a supermatrix L is defined as the superma-

w4 <—1>[L1L5)
—(-D)WLy L ’
where L! denotes the ordinary matrix transposition. There are the relations
Str(L®") = Str L,
(LL/)st _ (_1)[L][L/]L/stht7
Str([L,L']) = 0.
Let us consider invertible supermatrices L (3.1.5). One can show that

trix

a supermatrix L is invertible only if it is even and if and only if either
the matrices Ly and Ly are invertible or the real matrix (L) is invertible,
where o is the body map. A superdeterminant of L € GL(n|m; A) is defined
as
Sdet L = det(L; — LyLy ' L3)(det L; ).
It satisfies the relations
Sdet(LL") = (Sdet L)(Sdet L"),

Sdet(L*") = Sdet L.
Invertible supermatrices constitute a group GL(n|m; A), called the general
linear supergroup.

Let K be a graded commutative ring. A graded commutative (non-
associative) K-algebra g is called a Lie K-superalgebra if its product [.,.],
called the Lie superbracket, obeys the relations

[e,&'] = —(~1)FIFI g],

(_1)[6][5//] [57 [5,7 5/,]] + (_1)[5/][5] [6/7 [gl/’ EH + (_1)[5//”6/][5”7 [5’ 5,]] =0.
Obviously, the even part gg of a Lie K-superalgebra g is a Lie KCp-algebra. A
graded KC-module P is called a g-module if it is provided with a IC-bilinear
map

gxP>(ep)—epel,  lep] = ([] + [p])mod2,
[e,lp=(coe — (—1)EIETe o e)p.
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3.2 Grassmann-graded differential calculus

Linear differential operators on graded modules over a graded commutative
ring are defined similarly to those in commutative geometry (see Section
10.2).

Let K be a graded commutative ring and A a graded commutative
K-ring. Let P and @ be graded A-modules. The graded K-module
Hom (P, Q) of graded K-module homomorphisms ® : P — @ can be
endowed with the two graded .A-module structures

(a®)(p) = a®(p), (P ea)(p) = P(ap), ace A, peP, (321)
called A- and A®-module structures, respectively. Let us put
6, =a® — (-1 D ea, acA (3.2.2)
An element A € Hom (P, Q) is said to be a Q-valued graded differential
operator of order s on P if
8ap 0+ 00, A =0

for any tuple of s+ 1 elements ay, ..., as of A. The set Diff ((P, Q) of these
operators inherits the graded module structures (3.2.1).
In particular, zero order graded differential operators obey the condition

5(1A(p) = G’A(p) - (_1)[a][A]A(G‘p) = 07 ac Av pE Pa

i.e., they coincide with graded A-module morphisms P — @Q. A first order
graded differential operator A satisfies the relation

506y A(p) = abA(p) — (1) DDA (ap) — (~1) N0 (bp) +
(—1)llAI+(A+BDI] — a,be A, peP
For instance, let P = A. Any zero order @-valued graded differential
operator A on A is defined by its value A(1). Then there is a graded
A-module isomorphism

DIHO(AaQ):Qv QBQHAq GDIHO(AaQ)7

where A, is given by the equality A,(1) = ¢. A first order Q-valued graded
differential operator A on A fulfils the condition

Aab) = A(a)b + (—1)[@BlgA(B) — (—1)BHEDRIgpA (1),  a,be A.

It is called a @Q-valued graded derivation of A if A(1) = 0, i.e., the
Grassmann-graded Leibniz rule

A(ab) = Ala)b + (—DBIGA®B), a,be A, (3.2.3)
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holds. One obtains at once that any first order graded differential operator
on A falls into the sum
Aa) = A(1)a+ [A(a) — A(1)d]

of a zero order graded differential operator A(1)a and a graded derivation
A(a) — A(1)a. If 9 is a graded derivation of A, then ad is so for any
a € A. Hence, graded derivations of A constitute a graded .A-module
(A, @), called the graded derivation module.

If Q@ = A, the graded derivation module 0.4 also is a Lie superalgebra
over the graded commutative ring K with respect to the superbracket

[u,v'] = uou — (—1)My oy, u,u’ € A. (3.2.4)
We have the graded .A-module decomposition
Diff 1(A) = A®dA. (3.2.5)

Since dA is a Lie K-superalgebra, let us consider the Chevalley—
Eilenberg complex C*[0.A; A] where the graded commutative ring A is a
regarded as a 9.A-module [46; 60]. It is the complex

0—A -0 pd Al L CFpA A s (3.2.6)
where
k
C*0A; Al = Hom k(A A, A)
are 0.A-modules of -linear graded morphisms of the graded exterior prod-
k
ucts A0A of the KL-module A to A. Let us bring homogeneous elements

of /k\DA into the form
EIN-Epr NErg1 N - Neg, €; € 0 Ag, GjEDAl.
Then the even coboundary operator d of the complex (3.2.6) is given by
the expression
de(eg N Nep Nep A=+ Neg) = (3.2.7)

K
D (1) leic(er A B Aer Aer A€l +
=1
S
Z(—l)TEiC(El/\"'/\ET/\61/\~-~/6\J‘-~'/\65)+
j=1
Z (—1)i+jc([€i75j}/\61/\~--§i---€j-~-/\<€r/\€1/\-~-/\€S)+
1<i<j<r
Z C([Ei,Ej]/\61/\"'/\€r/\€1/\"'Q"'Ej"'/\ES)Jr
1<i<j<s
S (D)l e Aer A B Aep Aer A e Acs),
1<i<r,1<5<s
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where the caret ~ denotes omission. This operator is called the graded
Chevalley—Filenberg coboundary operator.
Let us consider the extended Chevalley—FEilenberg complex
0K 2 C*oA; Al
It is easily justified that this complex contains a subcomplex O*[0.A] of A-
linear graded morphisms. The N-graded module O*[0.A] is provided with

the structure of a bigraded A-algebra with respect to the graded exterior
product

DN (Ut ooy Upys) = (3.2.8)
Z Seni Ll G (way e us, ) (g g,

1< <l f1 <<
¢ e O"A|, ¢ € O°vA], up € 0A,
where u1,...,u,+s are graded-homogeneous elements of 9.4 and
UL A AN Upps = Sgn?ff'f_ﬁl”'jsuil N ANug, ANy A Ay,
The graded Chevalley—Eilenberg coboundary operator d (3.2.7) and the

graded exterior product A (3.2.8) bring O*[0.A4] into a differential bigraded
algebra whose elements obey the relations

dA @ = (1) I+l A ¢, (3.2.9)
dpAG)=dp ¢ + (1)1 1p A dg'. (3.2.10)
It is called the graded Chevalley—FEilenberg differential calculus over a
graded commutative K-ring A. In particular, we have
OoA] = Hom 4(0A4, A) =0 A*. (3.2.11)
One can extend this duality relation to the graded interior product of u €
A with any element ¢ € O*[0.A] by the rules
u|(bda) = (—1)MPly(a), a,be A,
ul(@Ad) = (ulg) Ao + (—1)IHMG A (u]g'). (3.212)
As a consequence, any graded derivation u € 0.A of A yields a derivation
Ly¢ = uldo + d(u]d), ¢ e O, u € VA, (3.2.13)
Lu(¢ A ') = Lu(@) A0/ + (=)o AL (0),
called the graded Lie derivative of the differential bigraded algebra O*[0.A].

The minimal graded Chevalley—Eilenberg differential calculus O* A C
O*[0.A] over a graded commutative ring A consists of the monomials

apday N - -+ A dag, a; € A.



3.3. Geometry of graded manifolds 107

The corresponding complex
02K —A4-L 0L oba L. (3.2.14)

is called the bigraded de Rham complex of a graded commutative /C-ring
A.

Following the construction of a connection in commutative geometry
(see Section 10.2), one comes to the notion of a connection on modules over
a real graded commutative ring A. The following are the straightforward
counterparts of Definitions 10.2.2 and 10.2.3.

Definition 3.2.1. A connection on a graded A-module P is a graded A-
module morphism

9A 5 u — V, € Diff (P, P) (3.2.15)

such that the first order differential operators V, obey the Grassmann-
graded Leibniz rule

Valap) = uw(a)p+ (=DWav,(p), ac A, peP. (3.2.16)

Definition 3.2.2. Let P in Definition 3.2.1 be a graded commutative A-
ring and 0P the derivation module of P as a graded commutative K-ring.
A connection on a graded commutative A-ring P is a graded .4-module
morphism

VA3 u—V, €0P, (3.2.17)

which is a connection on P as an A-module, i.e., it obeys the graded Leibniz
rule (3.2.16).

3.3 Geometry of graded manifolds

In accordance with Serre-Swan Theorem 3.3.2 below, if a real graded com-
mutative algebra A is generated by a projective module of finite rank over
the ring C*°(Z) of smooth functions on some manifold Z, then A is isomor-
phic to the algebra of graded functions on a graded manifold with a body Z,
and vice versa. Then the minimal graded Chevalley—Eilenberg differential
calculus O* A over A is the differential bigraded algebra of graded exterior
forms on this graded manifold.

A graded manifold of dimension (n, m) is defined as a local-ringed space
(Z,2) where Z is an n-dimensional smooth manifold Z and 2 = 2y & 24
is a sheaf of graded commutative algebras of rank m such that [10]:
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e there is the exact sequence of sheaves
0-R—-AZCF—0, R=2UA+ ()% (3.3.1)

where C'%° is the sheaf of smooth real functions on Z;

e R/R? is a locally free sheaf of C'g°-modules of finite rank (with re-
spect to pointwise operations), and the sheaf 2 is locally isomorphic to the
exterior product Acs (R/R?).

The sheaf 2 is called a structure sheaf of a graded manifold (Z,2), and
a manifold Z is said to be the body of (Z,2). Sections of the sheaf 2A
are called graded functions on a graded manifold (Z,2(). They make up a
graded commutative C*°(Z)-ring A(Z) called the structure ring of (Z,2).

A graded manifold (Z,2() possesses the following local structure. Given
a point z € Z, there exists its open neighborhood U, called a splitting
domain, such that

AU) = C®(U) @ AR™, (3.3.2)

This means that the restriction 2|y of the structure sheaf 2 to U is iso-
morphic to the sheaf C7° ® AR™ of sections of some exterior bundle

AEf, =U x AR™ — U.

The well-known Batchelor theorem [10; 16] states that such a structure
of a graded manifold is global as follows.

Theorem 3.3.1. Let (Z,2) be a graded manifold. There exists a vector
bundle E — Z with an m-dimensional typical fibre V' such that the structure
sheaf A of (Z,2) is isomorphic to the structure sheaf Ag = Spp~ of germs
of sections of the exterior bundle AE* (1.1.11), whose typical fibre is the
Grassmann algebra NV*.

Proof. The local sheaves C7 ® AR™ are glued into the global struc-
ture sheaf 2 of the graded manifold (Z,2) by means of transition func-
tions in Theorem 10.7.1, which are assembled into a cocycle of the sheaf
Aut (AR™)* of smooth mappings from Z to Aut (AR™). The proof is
based on the bijection between the cohomology sets H'(Z; Aut (AR™)>)
and H'(Z; GL(m,R™)>). O

It should be emphasized that Batchelor’s isomorphism in Theorem 3.3.1
fails to be canonical. In field models, it however is fixed from the beginning.
Therefore, we restrict our consideration to graded manifolds (Z, 2g) whose
structure sheaf is the sheaf of germs of sections of some exterior bundle
AE*. We agree to call (Z,2g) a simple graded manifold modelled over a
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vector bundle ' — Z, called its characteristic vector bundle. Accordingly,
the structure ring Ag of a simple graded manifold (Z,2(g) is the structure
module

Ap = Up(Z) = NE*(Z) (3.3.3)

of sections of the exterior bundle AE*. Automorphisms of a simple graded
manifold (Z,g) are restricted to those induced by automorphisms of its
characteristic vector bundles £ — Z (see Remark 3.3.2).

Combining Batchelor Theorem 3.3.1 and classical Serre-Swan Theorem
10.9.3, we come to the following Serre-Swan theorem for graded manifolds
(14].

Theorem 3.3.2. Let Z be a smooth manifold. A graded commutative
C™(Z)-algebra A is isomorphic to the structure ring of a graded mani-
fold with a body Z if and only if it is the exterior algebra of some projective
C>(Z)-module of finite rank.

Proof. By virtue of the Batchelor theorem, any graded manifold is iso-
morphic to a simple graded manifold (Z,2g) modelled over some vector
bundle E' — Z. Its structure ring Ag (3.3.3) of graded functions consists of
sections of the exterior bundle AE* (1.1.11). The classical Serre-Swan the-
orem states that a C°°(Z)-module is isomorphic to the module of sections
of a smooth vector bundle over Z if and only if it is a projective module of
finite rank. O

Given a graded manifold (Z,Ag), every trivialization chart (U; 24, y%)
of the vector bundle E' — Z yields a splitting domain (U; 24, ¢®) of (Z,2g).
Graded functions on such a chart are A-valued functions

G|
f = Z yfm...ak (Z)Cal o 'caka (334)
k=0

where fo,...q, (#) are smooth functions on U and {c¢*} is the fibre basis for
E*. In particular, the sheaf epimorphism o in (3.3.1) is induced by the
body map of A. One calls {z4,c*} the local basis for the graded manifold
(Z,2) [10]. Transition functions y'* = p¢(24)y® of bundle coordinates on
E — Z induce the corresponding transformation

= pi(zM)e? (3.3.5)

of the associated local basis for the graded manifold (Z,2g) and the ac-
cording coordinate transformation law of graded functions (3.3.4).
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Remark 3.3.1. Strictly speaking, elements c¢* of the local basis for a
graded manifold are locally constant sections ¢* of E* — X such that
yp 0 ¢* = 6f. Therefore, graded functions are locally represented by A-
valued functions (3.3.4), but they are not A-valued functions on a manifold
Z because of the transformation law (3.3.5).

Remark 3.3.2. In general, automorphisms of a graded manifold take the
form

e N (3.3.6)

where p®(z4,c?) are local graded functions. Considering a simple graded
manifold (Z,2g), we restrict the class of graded manifold transformations
(3.3.6) to the linear ones (3.3.5), compatible with given Batchelor’s isomor-
phism.

Let E — Z and E' — Z be vector bundles and ® : £ — E’ their bundle
morphism over a morphism ¢ : Z — Z’. Then every section s* of the
dual bundle E'* — Z’ defines the pull-back section ®*s* of the dual bundle
E* — Z by the law

v, | s™(2) = D(v,) ] s™(p(2)), v, € E,.

It follows that the bundle morphism (®,¢) yields a morphism of simple
graded manifolds

d:(Z2,%5) — (7, Ap) (3.3.7)

treated as local-ringed spaces (see Section 10.8). This is a pair (¢, ¢, o )
of a morphism ¢ of body manifolds and the composition ¢, o ®* of the
pull-back

AE/Squ)*fEAE

of graded functions and the direct image ¢, of the sheaf 2 onto Z’. Rel-
ative to local bases (z,¢%) and (2'4,¢/®) for (Z,%g) and (Z',2g), the
morphism (3.3.7) of graded manifolds reads

B(z) = p(z), () = Bf(2)c".

Given a graded manifold (Z,2), by the sheaf 2 of graded derivations
of 2 is meant a subsheaf of endomorphisms of the structure sheaf 2 such
that any section u € 04(U) of 02 over an open subset U C Z is a graded
derivation of the real graded commutative algebra 2A(U), i.e., u € 2(A(U)).
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Conversely, one can show that, given open sets U’ C U, there is a surjection
of the graded derivation modules

AA(V)) — d(AT"))

[10]. Tt follows that any graded derivation of the local graded algebra A(U)
also is a local section over U of the sheaf 22. Global sections of 22 are
called graded vector fields on the graded manifold (Z,2(). They make up the
graded derivation module 92(Z) of the real graded commutative ring 2A(2).
This module is a real Lie superalgebra with respect to the superbracket
(3.2.4).

A key point is that graded vector fields u € 0.Ag on a simple graded
manifold (Z,20g) can be represented by sections of some vector bundle as
follows [60].

Due to the canonical splitting VE = E x E, the vertical tangent bundle
VE of E — Z can be provided with the fibre bases {9/dc”}, which are the
duals of the bases {¢*}. Then graded vector fields on a splitting domain
(U; 24, ¢) of (Z,2Ug) read

0
A a
=u"0 — 3.3.8
u u A +u 8Ca ) ( )
where u*, u® are local graded functions on U. In particular,

9,90 __90 0 5.0 _9 4

dce ~ dcb  dcb O’ A7 9er — Per N

The graded derivations (3.3.8) act on graded functions f € Ax(U) (3.3.4)
by the rule

0
U(fa. e ) =t On(fap)c® - "+ kaa...b@] (¢ -c”). (3.3.9)
This rule implies the corresponding coordinate transformation law
ut = uf, u' = piul + uAaA(p?)cj

of graded vector fields. It follows that graded vector fields (3.3.8) can be
represented by sections of the following vector bundle Vg — Z. This vector
bundle is locally isomorphic to the vector bundle

Vely ~ AE"(EQTZ)y, (3.3.10)

and is characterized by an atlas of bundle coordinates

A _A i _
(27,28, an> Vby by ) k=0,...,m,
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possessing the transition functions

/_A 71(}1 7111)92.4

Zzl...ik =p i1 P ik Cay...ap’

. |
17 _ —1b . —1bg i, k A i
Upnede =P 0P g P E )i e 9400

which fulfil the cocycle condition (1.1.4). Thus, the graded derivation mod-
ule 0.Ag is isomorphic to the structure module Vg(Z) of global sections of
the vector bundle Vg — Z.

There is the exact sequence

OH/\E*%@EHVEH/\E*Q;)TZHO (3.3.11)
of vector bundles over Z. Its splitting
F:404 — 24 (8A + W‘aia) (3.3.12)
transforms every vector field 7 on Z into the graded vector field
T=704 -V, =7 (aA + ﬁfga‘za> , (3.3.13)

which is a graded derivation of the real graded commutative ring Ag (3.3.3)
satisfying the Leibniz rule
V. (sf)y=(rlds)f +sV.(f), fe€Ar, se€C>®(Z).

It follows that the splitting (3.3.12) of the exact sequence (3.3.11) yields a
connection on the graded commutative C*°(Z)-ring Ag in accordance with
Definition 3.2.2 [60]. It is called a graded connection on the simple graded
manifold (Z,2g). In particular, this connection provides the corresponding
horizontal splitting

u= o+t =t (044 T )+ (- i) o
of graded vector fields. In accordance with Theorem 1.1.12; a graded con-
nection (3.3.12) always exists.

Remark 3.3.3. By virtue of the isomorphism (3.3.2), any connection 7 on
a graded manifold (Z, ), restricted to a splitting domain U, takes the form
(3.3.12). Given two splitting domains U and U’ of (Z, ) with the transition
functions (3.3.6), the connection components 7% obey the transformation
law

~la

Fe = ﬁi%pa + Aap®. (3.3.14)
If U and U’ are the trivialization charts of the same vector bundle E in
Theorem 3.3.1 together with the transition functions (3.3.5), the transfor-
mation law (3.3.14) takes the form

Vi = o5 (2)7% + 9api (2)". (3.3.15)



3.3. Geometry of graded manifolds 113

Remark 3.3.4. It should be emphasized that the above notion of a graded
connection is a connection on the graded commutative ring Ag seen as a
C*(Z)-module. It differs from that of a connection on a graded fibre bundle
(Z,A) — (X, B) [2]. The latter is a connection on a graded B(X)-module.

Remark 3.3.5. Every linear connection
v =d" ® (0a+74%y"0a)

on a vector bundle £ — Z yields the graded connection

0
Ys = dZA X <8A + ’yAabcbaca) (3316)

on the simple graded manifold (Z,2g) modelled over E. In view of
Remark 3.3.3, 75 also is a graded connection on the graded manifold
(Z,2) = (Z,A4g), but its linear form (3.3.16) is not maintained under the
transformation law (3.3.14).

Given the structure ring Ag of graded functions on a simple graded ma-
nifold (Z,2g) and the real Lie superalgebra 0.Ag of its graded derivations,
let us consider the graded Chevalley—FEilenberg differential calculus

S*IE; Z] = O*[o A (3.3.17)

over Ag. Since the graded derivation module 0.Ag is isomorphic to the
structure module of sections of the vector bundle Vg — Z, elements of
S*[E; Z] are represented by sections of the exterior bundle AVg of the Ag-
dual Vg — Z of Vg. The bundle Vg is locally isomorphic to the vector
bundle

Vilv ~ (B* & T"Z)|v. (3.3.18)

With respect to the dual fibre bases {dz4} for T*Z and {dc’} for E*,
sections of Vg take the coordinate form

¢ = padz™ + padc?,
together with transition functions
=p "ody,  $a=da+p 00a(p])buc .
The duality isomorphism (3.2.11):
SYE; Z] =0A%
is given by the graded interior product

wlp = utdpa + (—1)duep,. (3.3.19)
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Elements of S*[E; Z] are called graded exterior forms on on the graded
manifold (Z,Ag).

Seen as an Apg-algebra, the differential bigraded algebra S*[E;Z]
(3.3.17) on a splitting domain (U; 24, ¢?) is locally generated by the graded
one-forms dz?, d¢* such that

dz Ndch = —dct Ndz?, det Aded = ddd A dc (3.3.20)
Accordingly, the graded Chevalley—FEilenberg coboundary operator d
(3.2.7), called the gradedlexterior differential, reads

dp = dz N dad + dc® A %a:,

where the derivatives 9y, 9/9¢® act on coeflicients of graded exterior forms
by the formula (3.3.9), and they are graded commutative with the graded
forms dz# and dc®. The formulas (3.2.9) — (3.2.13) hold.

Theorem 3.3.3. The differential bigraded algebra S*[E;Z] (8.5.17) is a
manimal differential calculus over Ag, i.e., it is generated by elements df,
f e Ag.
Proof. The proof follows that of Theorem 1.7.5. Since
VAR = VE(Z ),

it is a projective C*°(Z)- and Ag-module of finite rank, and so is its Ag-
dual S'[E; Z]. Hence, 0Ag is the Ag-dual of S'[E; Z] and, consequently,
SY[E; Z] is generated by elements df, f € Ag. O

The bigraded de Rham complex (3.2.14) of the minimal graded
Chevalley—Eilenberg differential calculus S*[E; Z] reads

0-R— Ay L8 E 272 L . S¥E; 7] Lo (3.3.21)

Its cohomology H*(Ag) is called the de Rham cohomology of a simple
graded manifold (Z,Ug).

In particular, given the differential graded algebra O*(Z) of exterior
forms on Z, there exist the canonical monomorphism

0" (Z) — S*|E; Z] (3.3.22)
and the body epimorphism

S'[E; 2] — 07(2)
which are cochain morphisms of the de Rham complexes (3.3.21) and

(10.9.12).

Theorem 3.3.4. The de Rham cohomology of a simple graded manifold
(Z,2Ag) equals the de Rham cohomology of its body Z.
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Proof. Let 2% denote the sheaf of germs of graded k-forms on (Z,Ag).
Its structure module is S¥[E; Z]. These sheaves constitute the complex

0-R —Ap Lol sk L, (3.3.23)
Its members 2% are sheaves of C-modules on Z and, consequently, are
fine and acyclic. Furthermore, the Poincaré lemma for graded exterior
forms holds [10]. It follows that the complex (3.3.23) is a fine resolution of
the constant sheaf R on a manifold Z. Then, by virtue of Theorem 10.7.4,
there is an isomorphism

H*(Ap) = H*(Z;R) = Hi\p (2) (3.3.24)

of the cohomology H*(Ag) to the de Rham cohomology Hjy(Z) of the
smooth manifold Z. O

Corollary 3.3.1. The cohomology isomorphism (3.3.24) accompanies the
cochain monomorphism (3.3.22). Hence, any closed graded exterior form
is decomposed into a sum ¢ = o + d€ where o is a closed exterior form on
7.

3.4 Grassmann-graded variational bicomplex

As was mentioned above, extending jet formalism to odd variables, we
consider graded manifolds of jets of smooth fibre bundles, but not jets of
fibred graded manifolds.

Remark 3.4.1. To motivate this construction, let us return to the case
of even variables in Section 2.1 when Y — X is a vector bundle. The jet
bundles J¥Y — X also are vector bundles. Let PX C O be a subalgebra
of exterior forms on these bundles whose coeflicients are polynomial in their
fibre coordinates. In particular, P is the ring of polynomials of these
coordinates with coefficients in the ring C°°(X). One can associate to such

a polynomial of degree m a section of the symmetric product U(JkY)*
of the dual to some jet bundle J*Y — X, and wvice versa. Moreover, any
element of PZ is an element of the Chevalley—Eilenberg differential calculus
over PY..

Following this example, let us consider a vector bundle F' — X and
the simple graded manifolds (X,.A;rr) modelled over the vector bundles
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J"F — X. There is the direct system of the corresponding differential
bigraded algebras

S*[F; X] — S J'F; X] — - STF; X] —
of graded exterior forms on graded manifolds (X, A;rp). Its direct limit
S [F; X] is the Grassmann-graded counterpart of the above mentioned
differential graded algebra Pz .

In order to describe Lagrangian theories both of even and odd fields, let
us consider a composite bundle

F—-Y—-X (3.4.1)

where FF — Y is a vector bundle provided with bundle coordinates
(x*, 9%, ¢%). We call the simple graded manifold (Y,2r) modelled over
F — Y the composite graded manifold. Let us associate to this graded
manifold the following differential bigraded algebra SX [F;Y].

It is readily observed that the jet manifold J"F of FF — X is a vector
bundle J"F — J"Y coordinated by (z*,4%,q%), 0 < |A| < 7. Let (J"Y,24,)
be a simple graded manifold modelled over this vector bundle. Its local
basis is (2,94, c%), 0 < |A] < r. Let

SHF;Y]=S8iJF;JY] (3.4.2)
denote the bigraded differential algebra of graded exterior forms on the sim-
ple graded manifold (J"Y,%,.). In particular, there is a cochain monomor-
phism

Or=0"J"Y)— SiF;Y]. (3.4.3)
The surjection
ot gty - gy
yields an epimorphism of graded manifolds
(er L 2T (Y, A, ) — (JTY ),
including the sheaf monomorphism
gl at L — Ay,

where 7/ t1*2(, is the pull-back onto J" ™Y of the continuous fibre bundle
A, — J"Y. This sheaf monomorphism induces the monomorphism of the
canonical presheaves 2, — 2,1, which associates to each open subset
U C J'TY the ring of sections of 2, over 77 71(U). Accordingly, there is
a monomorphism of the structure rings

Tt SYF Y] — S [F Y] (3.4.4)
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of graded functions on graded manifolds (J"Y,2,.) and (J"*'Y,2,,1). By
virtue of Lemma 3.3.3, the differential calculus S [F; Y] and S}, [F;Y] are
minimal. Therefore, the monomorphism (3.4.4) yields a monomorphism of
differential bigraded algebras

R SHEY] - SE [P Y, (3.4.5)

As a consequence, we have the direct system of differential bigraded algebras

SUF:Y] ZoSHFY] — - SE[FyY] T SHEF Y] — . (3.4.6)
The differential bigraded algebra S [F';Y] that we associate to the com-
posite graded manifold (Y, ) is defined as the direct limit

S:[F;Y] = im S[F; Y] (3.4.7)
of the direct system (3.4.6). It consists of all graded exterior forms ¢ €
S*[F,; J"Y] on graded manifolds (J"Y,%,) modulo the monomorphisms
(3.4.5). Tts elements obey the relations (3.2.9) — (3.2.10).

The cochain monomorphisms Of — S¥[F;Y] (3.4.3) provide a
monomorphism of the direct system (1.7.8) to the direct system (3.4.6)
and, consequently, the monomorphism

0%, — SL[F;Y] (3.4.8)
of their direct limits. In particular, S [F;Y] is an OY -algebra. Accord-
ingly, the body epimorphisms

SIHE;Y] — OF
yield the epimorphism of 09 -algebras

SLIF; Y] — OL. (3.4.9)
It is readily observed that the morphisms (3.4.8) and (3.4.9) are cochain

morphisms between the de Rham complex (1.7.10) of the differential graded
algebra O, (1.7.9) and the de Rham complex

0-R —8[FY] LSLIF;Y] - S SE[FY] — - (3.4.10)

of the differential bigraded algebra S [F'; Y]. Moreover, the corresponding
homomorphisms of cohomology groups of these complexes are isomorphisms
as follows.

Theorem 3.4.1. There is an isomorphism
H*(SL[F:Y]) = Hpp(Y) (3.4.11)

of the cohomology H*(S%,[F;Y]) of the de Rham complex (5.4.10) to the
de Rham cohomology Hjp(Y) of Y.
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Proof. The complex (3.4.10) is the direct limit of the de Rham complexes
of the differential graded algebras S;[F';Y]. Therefore, the direct limit of
cohomology groups of these complexes is the cohomology of the de Rham
complex (3.4.10) in accordance with Theorem 10.3.2. By virtue of Theo-
rem 3.3.4, cohomology of the de Rham complex of S}[F;Y] equals the de
Rham cohomology of J”Y and, consequently, that of Y, which is the strong
deformation retract of any jet manifold J"Y (see Remark 1.5.1). Hence,
the isomorphism (3.4.11) holds. O

Corollary 3.4.1. Any closed graded form ¢ € S [F;Y] is decomposed into
the sum ¢ = o + d€ where o is a closed exterior form onY.

One can think of elements of S¥ [F'; Y] as being graded differential forms
on the infinite order jet manifold J>*°Y. Indeed, let G*[F; Y] be the sheaf of
differential bigraded algebras on J"Y and @: [F';Y] its canonical presheaf.
Then the above mentioned presheaf monomorphisms A, — 2,1 yield the
direct system of presheaves

&F;Y] — & [F;Y] — - B.L[F;Y] — -, (3.4.12)
whose direct limit & [F;Y] is a presheaf of differential bigraded algebras
on the infinite order jet manifold J*Y. Let QX [F;Y] be the sheaf of
differential bigraded algebras of germs of the presheaf @; [F;Y]. One can
think of the pair (J*Y,QY [F;Y]) as being a graded Fréchet manifold,
whose body is the infinite order jet manifold J*°Y and the structure sheaf
09 [F;Y] is the sheaf of germs of graded functions on graded manifolds
(J7Y,2,.). We agree to call (J>Y, QY [F;Y]) the graded infinite order jet
manifold. The structure module Q* [F;Y] of sections of QX [F;Y] is a
differential bigraded algebra such that, given an element ¢ € Q [F;Y]
and a point z € JY, there exist an open neighbourhood U of z and a
graded exterior form ¢*) on some finite order jet manifold J*Y so that
dlu = ﬂ'g"*qﬁ(k) |r. In particular, there is the monomorphism

SLIF Y] — QL [F; Y. (3.4.13)

Due to this monomorphism, one can restrict S [F'; Y] to the coordinate
chart (1.7.3) of J>°Y and say that S¥ [F;Y] as an 0% -algebra is locally
generated by the elements

(ch,dz*, 0 = de§ — 5 ada? 0} = dyj —yapade™), O <IA],
where c&, 0% are odd and dz?, 0% are even. We agree to call (y?,c®) the
local generating basis for 8% [F;Y]. Let the collective symbol s4 stand for
its elements. Accordingly, the notation sﬁ and

A _ A A A
9A = dSA _S/\+Ad$
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is introduced. For the sake of simplicity, we further denote [A] = [s4].
Remark 3.4.2. Strictly speaking, elements y’ and ¢ of the generating
basis are of different mathematical origin. However, they can be treated on
the same level if Y — X is an affine bundle and polynomial functions in 3
are only considered. In this case, the both of them can be seen as locally
constant functions of vector bundles Y — X and F — X, respectively (see
Remarks 3.3.1 and 3.4.1).

The differential bigraded algebra SX[F;Y] is decomposed into
S [F;Y]-modules S&"[F;Y] of k-contact and r-horizontal graded forms
together with the corresponding projections

hi : SLIF Y] — SEFF Y], W™ SL[FiY] — SUM([F;Y].
Accordingly, the graded exterior differential d on SX [F;Y] falls into the
sum d = dy + dg of the vertical graded differential

dyoh™ =hmodoh™,  dy(¢) =04 Ao,  bESLIF;Y],
and the total graded differential

dHOhk:hkOdOhk7 dHOh():h()Od7 dH((b):dl‘/\/\d)\((b),
where
dy=0x+ Z s5a04
0<|[A]
are the graded total derivatives. These differentials obey the nilpotent
relations (1.7.16).

Similarly to the differential graded algebra O, the differential bigraded
algebra S* [F'; Y] is provided with the graded projection endomorphism

1
0= > —oohpoh": SZOMFY] = SIZOMF Y,
k
k>0
o(¢) = Y ()Mo A [dn(94]9)), ¢ € SIOF;Y],
0<[A]
such that g o dy = 0, and with the nilpotent graded variational operator
§=00dSK"[F;Y] — S F; Y. (3.4.14)
With these operators the differential bigraded algebra S%[F;Y] is decom-
posed into the Grassmann-graded variational bicomplex. We restrict our
consideration to its short variational subcomplex

0-R— S [FY] 2580 F Y] 4 (3.4.15)
SUMFY] 2By, By = o(SYEF;Y)),
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and the subcomplex of one-contact graded forms
0— SLOF Y] L SLUF Y] Y580 (P Y] 25 B — 0. (3.4.16)
They possess the following cohomology [59; 144].

Theorem 3.4.2. Cohomology of the complex (3.4.15) equals the de Rham
cohomology Hi,p(Y) of Y.

Theorem 3.4.3. The complex (3.4.16) is exact.

The proof of these theorems follow that of Theorems 2.1.1 — 2.1.2 (see
Section 3.6).

Remark 3.4.3. If Y — X is an affine bundle, one can consider the subal-
gebra PX[F;Y] C SL[F;Y] of graded differential forms whose coefficients
are polynomials in fibre coordinates of Y — X and their jets. This subalge-
bra also is decomposed into the Grassmann-graded variational bicomplex.
Following the proof of Theorem 2.1.4, one can show that the cohomology
of its short variational subcomplex as like as that of the complex (2.1.22
equals the de Rham cohomology of X.

3.5 Lagrangian theory of even and odd fields

Decomposed into the variational bicomplex, the differential bigraded alge-
bra 8% [F;Y] describes Grassmann-graded field theory on the composite
graded manifold (Y, ). Its graded Lagrangian is defined as an element

L=LweSY"[F;Y] (3.5.1)
of the graded variational complex (3.4.15). Accordingly, the graded exterior
form

SL=0"NEaw= Y (~1)Mo* Ndp(9}L)w € B, (3.5.2)
0<|A|

is said to be its graded Euler-Lagrange operator. We agree to call a pair
(8%"[F;Y], L) the Grassmann-graded Lagrangian system and S*, [F; Y| the
field system algebra.

The following is a corollary of Theorem 3.4.2.

Theorem 3.5.1. Every dg-closed graded form ¢ € S&™<"[F;Y] falls into
the sum

¢ = hoo + dgé, €€ SYmHE; Y], (3.5.3)
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where o is a closed m-form on'Y. Any d-closed (i.e., variationally trivial)
Grassmann-graded Lagrangian L € SU"[F;Y] is the sum

L = hoo + dgé, € e Sy E; Y, (3.5.4)
where o is a closed n-form on'Y.
Proof. The complex (3.4.15) possesses the same cohomology as the short
variational complex
0-R— 0% 4,000, 1, 0on 0 p (3.5.5)

of the differential graded algebra OZ . The monomorphism (3.4.8) and the
body epimorphism (3.4.9) yield the corresponding cochain morphisms of
the complexes (3.4.15) and (3.5.5). Therefore, cohomology of the complex
(3.4.15) is the image of the cohomology of O . O

Corollary 3.5.1. Any variationally trivial odd Lagrangian is dy-exact.

The exactness of the complex (3.4.16) at the term SL"[F;Y] results in
the following [59].

Theorem 3.5.2. Given a graded Lagrangian L, there is the decomposition

dL = 0L —dyZyp, Eec SV FY), (3.5.6)

Er=L+ Y 05 , AFY" "y, (3.5.7)
s=0

Fieet = 9 L — dyFY " o k=12,

where local graded functions o obey the relations
o4 =0, ag’ku’“_l)'”ul =0.

The form Zp (3.5.7) provides a global Lepage equivalent of a graded
Lagrangian L. In particular, one can locally choose Zj, (3.5.7) where all
functions o vanish.

Given a Grassmann-graded Lagrangian system (SX [F;Y], L), by its in-
finitesimal transformations are meant contact graded derivations of the real
graded commutative ring 8% [F;Y]. They constitute a S [F;Y]-module
98Y [F; Y] which is a real Lie superalgebra with respect to the Lie super-
bracket (3.2.4).

Theorem 3.5.3. The derivation module 0S8 [F;Y] is isomorphic to the
SO F;Y]-dual (SL[F;Y])* of the module of graded one-forms S [F;Y].
It follows that the differential bigraded algebra SX[F;Y] is minimal differ-
ential calculus over the real graded commutative ring SO [F;Y].
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The proof of this theorem is a repetition of that of Theorem 1.7.5.

Let 9]¢, ¥ € 08L[F;Y], ¢ € SL[F;Y], denote the corresponding in-
terior product. Extended to the differential bigraded algebra S¥ [F;Y], it
obeys the rule

I no) = (0]¢) Ao+ (=) A (9]0),  ¢,0 € SIIF;Y].

Restricted to a coordinate chart (1.7.3) of J*Y, the algebra SX [F';Y]
is a free SY [F;Y]-module generated by one-forms da?, 91‘3. Due to the
isomorphism stated in Theorem 3.5.3, any graded derivation ¥ € 9S%, [F; Y]
takes the local form

9 =020+ 9404+ Y 9R04, (3.5.8)
0<|A|
where
Oh]dys = 0563
up to permutations of multi-indices A and X.
Every graded derivation ¢ (3.5.8) yields the graded Lie derivative
Ly(¢ A o) =Lo(¢) Ao+ (=1)1¥p ALy (o),
of the differential bigraded algebra S [F;Y]. A graded derivation 9 (3.5.8)

is called contact if the Lie derivative Ly preserves the ideal of contact graded
forms of the differential bigraded algebra Si [F;Y].

Lemma 3.5.1. With respect to the local generating basis (s*) for the dif-
ferential bigraded algebra S [F;Y], any its contact graded derivation takes
the form

¥ =vg 4+ vy = v dy + [v204 + Z dp (v — sﬁv“)aﬁ], (3.5.9)
|A]>0

where vy and vy denotes the horizontal and vertical parts of 9.
The proof is similar to that of the formula (2.2.1). A glance at the

expression (3.5.9) shows that a contact graded derivation ¢ as an infinite
order jet prolongation of its restriction

v =0\ + 0294 (3.5.10)

to the graded commutative ring S°[F; Y]. We call v (3.5.10) the generalized
graded vector field. Tt is readily justified the following (see Lemma 2.2.5).
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Lemma 3.5.2. Any vertical contact graded derivation

9 =004+ > dyv?o} (3.5.11)
|A]>0
satisfies the relations
V]dgp = —du(V]¢), (3.5.12)
Ly(du¢) = du(Ly¢) (3.5.13)

for all ¢ € SX[F;Y].

Then the forthcoming assertions are the straightforward generalizations
of Theorem 2.2.1, Lemma 2.2.3 and Theorem 2.2.2.

A corollary of the decomposition (3.5.6) is the first variational formula
for a graded Lagrangian [13; 59).

Theorem 3.5.4. The Lie derivative of a graded Lagrangian along any con-
tact graded derivation (3.5.9) obeys the first variational formula

LyL =vy|0L+du(ho(¥]EL)) + dv (vy |w)L, (3.5.14)
where 2y, is the Lepage equivalent (3.5.7) of L.

A contact graded derivation 9 (3.5.9) is called a variational symmetry
(strictly speaking, a variational supersymmetry) of a graded Lagrangian L
if the Lie derivative Ly L is dg-exact, i.e.,

LyL = dyo. (3.5.15)

Lemma 3.5.3. A glance at the expression (3.5.14) shows the following.

(i) A contact graded derivation ¥ is a variational symmetry only if it is
projected onto X .

(ii) Any projectable contact graded derivation is a variational symme-
try of a variationally trivial graded Lagrangian. It follows that, if ¥ is a
variational symmetry of a graded Lagrangian L, it also is a variational sym-
metry of a Lagrangian L + Lo, where Lo is a variationally trivial graded
Lagrangian.

(i1i) A contact graded derivations ¥ is a variational symmetry if and
only if its vertical part vy (8.5.9) is well.

(iv) It is a variational symmetry if and only if the graded density vy |6L
18 dy-exact.
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Variational symmetries of a graded Lagrangian L constitute a real vector
subspace Gy, of the graded derivation module 0S [F; Y]. By virtue of item
(ii) of Lemma 3.5.3, the Lie superbracket

Liy.91 = [Lg, Ly]

of variational symmetries is a variational symmetry and, therefore, their
vector space Gy, is a real Lie superalgebra.

A corollary of the first variational formula (3.5.14) is the first Noether
theorem for graded Lagrangians.

Theorem 3.5.5. If a contact graded derivation ¥ (3.5.9) is a variational
symmetry (3.5.15) of a graded Lagrangian L, the first variational formula
(8.5.14) restricted to KerdL leads to the weak conservation law

0~ dy(ho(9]|2L) — o). (3.5.16)
A vertical contact graded derivation ¥ (3.5.11) is said to be nilpotent if
LyLog) = > (vE05(vi)0% + (3.5.17)

0<|2[,0<[A

(~1F oRutapah)e = 0
for any horizontal graded form ¢ € S%*.

Lemma 3.5.4. A wvertical contact graded derivation (3.5.11) is nilpotent
only if it is odd and if and only if the equality

Lg(v?) = Z vEoE () =0

o<z
holds for all vA.
Proof. There is the relation
dy o v = v} ody, (3.5.18)
similar to that (2.2.9). Then the result follows from the equality (3.5.17)
where one puts ¢ = s? and ¢ = sﬁsg. O

For the sake of brevity, the common symbol v further stands for a gener-
alized graded vector field v, the contact graded derivation ¥ determined by
v, and the Lie derivative Ly. We agree to call all these operators, simply,
a graded derivation of a field system algebra.

Remark 3.5.1. For the sake of convenience, right derivations

v =0 4v? (3.5.19)
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also are considered. They act on graded functions and differential forms ¢
on the right by the rules

—

V(@) = dg[v +d(g| V),
v(@Ad) = (D00 A +dA (),
Oral =8 = 563
One associates to any graded right derivation v (3.5.19) the left one
ol = (—1)PIAlAH,,, (3.5.20)
=DM e(f), f e SLIFYL

3.6 Appendix. Cohomology of the Grassmann-graded vari-
ational bicomplex

The proof of Theorem 3.4.2 follows the scheme of the proof of Theorem
2.1.1 [59; 144]. It falls into the three steps.
(I) We start with showing that the complexes (3.4.15) — (3.4.16) are
locally exact.
Lemma 3.6.1. If
Y =R""* - R,
the complex (3.4.15) is acyclic.

Proof. Referring to [9] for the proof, we summarize a few formulas. Any
horizontal graded form ¢ € S&* admits the decomposition

1
Y )
p=do+¢, o= /7 > saohe, (3.6.1)

0 0<|A|

where ¢ is an exterior form on R"**. Let ¢ € S%™<" be dy-closed. Then
its component ¢ (3.6.1) is an exact exterior form on R™*t* and ¢ = dgé&,
where ¢ is given by the following expressions. Let us introduce the operator

D¢ = /‘MZM(M(S%.. SN o) (3.6.2)

0<k
8ﬁ1"‘“k¢(x“, Asy, dzt).
The relation

(DY, d,)é = 8"
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holds, and it leads to the desired expression
(n—m—1)!
= = D"P0, ], 3.6.3
¢ ,§<n—m+k> A (3.6:3)
Py =1, P, =d,, - -d, D" ... DT,

Now let ¢ € 82" be a graded density such that d¢ = 0. Then its component
#o (3.6.1) is an exact n-form on R"** and ¢ = dg¢, where ¢ is given by
the expression

E= S S (C1)Flsddndt g, (3.6.4)

[A[>0 S+E=A

Since elements of SZ, are polynomials in s%, the sum in the expression
(3.6.3) is finite. However, this expression contains a dp-exact summand
which prevents its extension to OF . In this respect, we also quote the
homotopy operator (5.107) in [123] which leads to the expression

1

- / 1(6)(2# As, da “)d; (3.6.5)
Ap+1
=2 2 T T ey Y

O<|A] 1

an | SRR S g =, 1)

=1
o) (n+ A=
where Al = A, !--- A, !, and A, denotes the number of occurrences of the
index g in A [123]. The graded forms (3.6.4) and (3.6.5) differ in a dg-exact
graded form. O

Lemma 3.6.2. If Y = R"*% — R" the complex (3.4.16) is exact.

Proof. The fact that a dg-closed graded (1, m)-form ¢ € SL™<" is dg-
exact is derived from Lemma 3.6.1 as follows. We write

o=> ohn6R, (3.6.6)

where d)ﬁ € 8% are horizontal graded m-forms. Let us introduce addi-
tional variables 5} of the same Grassmann parity as sf Then one can
associate to each graded (1,m)-form ¢ (3.6.6) a unique horizontal graded

m-form

6=> ohsn, (3.6.7)
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whose coefficients are linear in the variables 34, and wvice versa. Let us
consider the modified total differential

. A
dH:dH+dZL'>\/\ ng‘FAaA’
0<|A]

acting on graded forms (3.6.7), where 52 is the dual of dgj\‘_ Comparing
the equality

dysy = dmksf_H\
and the last equality (2.2.8), one can easily justify that
drd = du.

Let a graded (1, m)-form ¢ (3.6.6) be dg-closed. Then the associated hori-
zontal graded m-form ¢ (3.6.7) is dg-closed and, by virtue of Lemma 3.6.1,
it is dg-exact, i.e., ¢ = dg&, where € is a horizontal graded (m — 1)-form
given by the expression (3.6.3) depending on additional variables Eﬁ A
glance at this expression shows that, since ¢ is linear in the variables Eﬁ

so is
£=> &St
It follows that ¢ = dg& where
E=) EAnes.

It remains to prove the exactness of the complex (3.4.16) at the last term
E;,. If

o(0) = Y (—1)MeA A fda (04 ]0)] =
0<|A|
> (=)Mo A fdaolw =0, oS,
0<[A]

a direct computation gives

o =dpt, =) > C)PIod Adsottrw,. (3.6.8)

O<|A| Z4+E=A
<[A[Z+ O

Remark 3.6.1. The proof of Lemma 3.6.2 fails to be extended to com-
plexes of higher contact forms because the products 64 A 08 and s sZ

obey different commutation rules.
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(IT) Let us now prove Theorem 3.4.2 for the differential bigraded algebra
Qx [F;Y]. Similarly to SX [F;Y], the sheaf QF [F;Y] and the differential
bigraded algebra QF [F;Y] are decomposed into the Grassmann-graded
variational bicomplexes. We consider their subcomplexes

0— R — Q% [F;Y] %0 Q0 F;Y]--- (3.6.9)
QU F Y] By, Ey=o(QL[F;Y)),

0— QL[F Y] 2L QLR Y] - (3.6.10)
%Dg"[F;Y] ~5E; — 0,

0—R— QL[F;Y] ¥ QUIF; Y] (3.6.11)
&, QUr Py Y] ST (Ey),

0 — QL[F;Y] dn oLF;Y] - (3.6.12)
UL QUMF;Y] < T(Er) — 0.

By virtue of Lemmas 3.6.1 and 3.6.2, the complexes (3.6.9) — (3.6.10) are
acyclic. The terms Q%*[F; Y] of the complexes (3.6.9) — (3.6.10) are sheaves
of Q% -modules. Since J*Y admits the partition of unity just by elements
of QY , these sheaves are fine and, consequently, acyclic. By virtue of
abstract de Rham Theorem 10.7.4, cohomology of the complex (3.6.11)
equals the cohomology of J*Y with coeflicients in the constant sheaf R
and, consequently, the de Rham cohomology of Y in accordance with the
isomorphisms (1.5.5). Similarly, the complex (3.6.12) is proved to be exact.

(III) It remains to prove that cohomology of the complexes (3.4.15) —
(3.4.16) equals that of the complexes (3.6.11) — (3.6.12). The proof of this
fact straightforwardly follows the proof of Theorem 2.1.1, and it is a slight
modification of the proof of [59], Theorem 4.1, where graded exterior forms
on the infinite order jet manifold J*°Y of an affine bundle are treated as
those on X.



Chapter 4

Lagrangian BRST theory

Quantization of Lagrangian field theory essentially depends on its degener-
acy characterized by a set of non-trivial reducible Noether identities [9;
15; 63]. However, any Euler-Lagrange operator satisfies Noether iden-
tities which therefore must be separated into the trivial and non-trivial
ones. These Noether identities can obey first-stage Noether identi-
ties, which in turn are subject to the second-stage ones, and so on.
Thus, there is a hierarchy of Noether and higher-stage Noether identi-
ties which also are separated into the trivial and non-trivial ones. In
accordance with general analysis of Noether identities of differential op-
erators (see Section 4.5), if certain conditions hold, one can associate to
a Grassmann-graded Lagrangian system the exact antifield Koszul-Tate
complex possessing the boundary operator whose nilpotentness is equiv-
alent to all non-trivial Noether and higher-stage Noether identities [14;
15].

It should be noted that the notion of higher-stage Noether identities
has come from that of reducible constraints. The Koszul-Tate complex of
Noether identities has been invented similarly to that of constraints under
the condition that Noether identities are locally separated into indepen-
dent and dependent ones [9; 44]. This condition is relevant for constraints,
defined by a finite set of functions which the inverse mapping theorem is
applied to. However, Noether identities unlike constraints are differential
equations. They are given by an infinite set of functions on a Fréchet ma-
nifold of infinite order jets where the inverse mapping theorem fails to be
valid. Therefore, the regularity condition for the Koszul-Tate complex of
constraints is replaced with homology regularity Condition 4.1.1) in order
to construct the Koszul-Tate complex of Noether identities.

The inverse second Noether theorem formulated in homology terms as-

129
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sociates to this Koszul-Tate complex the cochain sequence of ghosts with
the ascent operator, called the gauge operator, whose components are non-
trivial gauge and higher-stage gauge symmetries of Lagrangian field theory
(see Section 4.2).

The gauge operator unlike the Koszul-Tate one is not nilpotent, unless
gauge symmetries are Abelian. This is the cause why an intrinsic definition
of non-trivial gauge and higher-stage gauge symmetries meets difficulties.
Another problem is that gauge symmetries need not form an algebra [48;
61; 63]. Therefore, we replace the notion of the algebra of gauge symmetries
with some conditions on the gauge operator. Gauge symmetries are said to
be algebraically closed if the gauge operator admits a nilpotent extension,
called the BRST operator (see Section 4.3).

If the BRST operator exists, the cochain sequence of ghosts is brought
into the BRST complex. The Koszul-Tate and BRST complexes provide
the BRST extension of original Lagrangian field theory by ghosts and an-
tifields (see Section 4.4). This BRST extension is a first step towards
quantization of classical field theory in terms of functional integrals [9;
63].

4.1 Noether identities. The Koszul-Tate complex

Let (SL[F;Y],L) be a Grassmann-graded Lagrangian system. Describing
its Noether identities, we follow the general analysis of Noether identities
of differential operators on fibre bundles in Section 4.5.

Without a lose of generality, let a Lagrangian L be even. Its FEuler—
Lagrange operator dL (3.5.2) is assumed to be at least of order 1 in order
to guarantee that transition functions of Y do not vanish on-shell. This
Euler-Lagrange operator 6L € E; C SL"[F;Y] takes its values into the
graded vector bundle

VF=V*'F@QAT*X — F, (4.1.1)
F

where V*F' is the vertical cotangent bundle of F' — X. It however is not a
vector bundle over Y. Therefore, we restrict our consideration to the case
of a pull-back composite bundle F' (3.4.1) that is

F=YxF'-Y =X, (4.1.2)
X

where F'' — X is a vector bundle. Let us introduce the following notation.
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Notation 4.1.1. Given the vertical tangent bundle VE of a fibre bundle
FE — X, by its density-dual bundle is meant the fibre bundle

VE=V*EQAT*X. (4.1.3)
E
If F — X is a vector bundle, we have
VE=ExE, FE=FEaArTX, (4.1.4)
X X

where E is called the density-dual of E. Let
E=E'g@E'
X
be a graded vector bundle over X. Its graded density-dual is defined to be
—1

E=FE aE.
X

In these terms, we treat the composite bundle F' (3.4.1) as a graded vector
bundle over Y possessing only odd part. The density-dual VF (4.1.3) of
the vertical tangent bundle VF of F — X is VF (4.1.1). If F (3.4.1) is the
pull-back bundle (4.1.2), then

VF=(F oVY)o AT X)® F' (4.1.5)
Y Y Y
is a graded vector bundle over Y. Given a graded vector bundle
E=E'9E'
Y
over Y, we consider the composite bundle
E—-E"—-X
and the differential bigraded algebra (3.4.7):
PLIE;Y] = SLIE; EY). (4.1.6)

Lemma 4.1.1. One can associate to any Grassmann-graded Lagrangian
system (S5 [F;Y], L) the chain complex (4.1.8) whose one-boundaries van-
tsh on-shell.

Proof. Let us consider the density-dual VF (4.1.5) of the vertical tan-
gent bundle VF — F, and let us enlarge the original field system algebra

SE[F;Y] to the differential bigraded algebra PX [V F;Y] (4.1.6) with the
local generating basis

(s7,54), [54] = ([A] + 1)mod 2.
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Following the terminology of Lagrangian BRST theory [9; 63], we agree
to call its elements 54 the antifields of antifield number Ant[ss] = 1. The

differential bigraded algebra P% [V F; Y] is endowed with the nilpotent right
graded derivation

5 =0 €4, (4.1.7)
where £4 are the variational derivatives (3.5.2). Then we have the chain
complex

0—Imd < POPVE; Y], < PO [VE; Y], (4.1.8)
of graded densities of antifield number < 2. Its one-boundaries 0@, ® €
PU"VF; Y]y, by very definition, vanish on-shell. O

Any one-cycle
=) M50 e PYVE; Y] (4.1.9)
0<IA|

of the complex (4.1.8) is a differential operator on the bundle VF such
that it is linear on fibres of VF — F and its kernel contains the graded
Euler-Lagrange operator 6L (3.5.2), i.e.,

3 =0, > oMM dpEaw = 0. (4.1.10)
0<|A|

In accordance with Definition 4.5.1, the one-cycles (4.1.9) define the
Noether identities (4.1.10) of the Euler-Lagrange operator §L, which we
agree to call Noether identities of the Grassmann-graded Lagrangian sys-
tem (S3[F;Y],L).

In particular, one-chains ® (4.1.9) are necessarily Noether identities if
they are boundaries. Therefore, these Noether identities are called trivial.
They are of the form

o= Y TWNERGgERE, aw,
0<IALIZ|

TAN(BE) — _ (1) AIBIp(BE)(AN)

Accordingly, non-trivial Noether identities modulo the trivial ones are as-

sociated to elements of the first homology H;(9) of the complex (4.1.8). A
Lagrangian L is called degenerate if there are non-trivial Noether identities.
Non-trivial Noether identities can obey first-stage Noether identities.

In order to describe them, let us assume that the module Hy(0) is finitely
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generated. Namely, there exists a graded projective C*°(X)-module Cy C

H;(0) of finite rank possessing a local basis {A,w}:

Aw= > AMSaw, AP e SL[F;Y, (4.1.11)
0<|A|

such that any element ® € H;(9) factorizes as

o= ) @FdzAw,  OF e SYIF;Y, (4.1.12)
0<|=|

through elements (4.1.11) of Cy. Thus, all non-trivial Noether identities
(4.1.10) result from the Noether identities

SA, = Y AMMAAEN =0, (4.1.13)
0</A|

called the complete Noether identities. Clearly, the factorization (4.1.12)
is independent of specification of a local basis {A,w}. Note that, being
representatives of Hy(9), the graded densities A,w (4.1.11) are not é-exact.

A Lagrangian system whose non-trivial Noether identities are finitely
generated is called finitely degenerate. Hereafter, degenerate Lagrangian
systems only of this type are considered.

Lemma 4.1.2. If the homology Hy(d) of the complex (4.1.8) is finitely
generated in the above mentioned sense, this complex can be extended to the
one-exact chain complex (4.1.16) with a boundary operator whose nilpotency
conditions are equivalent to the complete Noether identities (4.1.13).

Proof. By virtue of Serre-Swan Theorem 3.3.2, the graded module C(g)
is isomorphic to a module of sections of the density-dual E of some graded
vector bundle Ey — X. Let us enlarge P2 [VF;Y] to the differential bi-
graded algebra

P. {0} = PLVE @ Ey;Y] (4.1.14)
possessing the local generating basis (sA,EA,ET) where ¢, are Noether an-
tifields of Grassmann parity

[e] = ([A;] + 1)mod 2

and antifield number Ant[é,] = 2. The differential bigraded algebra (4.1.14)
is provided with the odd right graded derivation

o =0+ 0 "A, (4.1.15)
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which is nilpotent if and only if the complete Noether identities (4.1.13)
hold. Then &g (4.1.15) is a boundary operator of the chain complex

0—Tm 8 < PR [VE; v]; 2 P2 (0}, 2P {01, (4.1.16)

of graded densities of antifield number < 3. Let H,(dp) denote its homology.
We have

Ho(d0) = Ho(0) = 0.

Furthermore, any one-cycle ® up to a boundary takes the form (4.1.12)
and, therefore, it is a dp-boundary

o = Z O ZEd=A,w = & Z O =z, w
0<|=| 0<[z|

Hence, Hi(d9) = 0, i.e., the complex (4.1.16) is one-exact. O

Let us consider the second homology Hz(dp) of the complex (4.1.16).
Its two-chains read

C=G+H= Y Glenw+ » HANED5 5050 (4.1.17)
0<IA] 0<[ALZ
Its two-cycles define the first-stage Noether identities
50® =0, > GPrdpAw = —5H. (4.1.18)
0<|[A]

Conversely, let the equality (4.1.18) hold. Then it is a cycle condition of
the two-chain (4.1.17).

Remark 4.1.1. Note that this definition of first-stage Noether identities is
independent on specification of a generating module C(q). Given a different
one, there exists a chain isomorphism between the corresponding complexes
(4.1.16).

The first-stage Noether identities (4.1.18) are trivial either if a two-cycle
® (4.1.17) is a dp-boundary or its summand G vanishes on-shell. There-
fore, non-trivial first-stage Noether identities fails to exhaust the second
homology Hz(dp) the complex (4.1.16) in general.

Lemma 4.1.3. Non-trivial first-stage Noether identities modulo the trivial
ones are identified with elements of the homology Ha(do) if and only if any

S-cycle ¢ € 52’0"{0}2 is a dg-boundary.
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Proof. It suffices to show that, if the summand G of a two-cycle ®
(4.1.17) is d-exact, then ® is a boundary. If G = 6V, let us write

O =5+ (0 —6)V + H. (4.1.19)
Hence, the cycle condition (4.1.18) reads
50® = 5((8 — 60)W + H) = 0.
Since any d-cycle ¢ € foo;n{O}g, by assumption, is dp-exact, then
(6 —60)¥ + H
is a dp-boundary. Consequently, ® (4.1.19) is Jp-exact. Conversely, let
(S ﬁﬁ;”{o}z be a d-cycle, i.e.,
5@ = 20AMNBEDg, 55cpw = 20 NEN5, 4 dpEpw = 0.
It follows that
PANBF5 o — 0
for all indices (A4, A). Omitting a d-boundary term, we obtain
PANBIg. . GANCE A
Hence, ® takes the form
P = G'ANIEGA 5y gw.
Then there exists a three-chain
U = @ANEEe 50 40
such that
U =0+0=2>0+G"ANE, €50 (4.1.20)

Owing to the equality 6® = 0, we have §oo = 0. Thus, ¢ in the expression
(4.1.20) is d-exact dp-cycle. By assumption, it is dgp-exact, i.e., o = dy1b.
Consequently, a d-cycle ® is a dp-boundary

d = 5o W — Sy -

Remark 4.1.2. It is easily justified that a two-cycle ® (4.1.17) is Jp-exact
if and only if ® up to a d-boundary takes the form

o= Y GUEICONIGA A w.
0<|AL S|
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A degenerate Lagrangian system is called reducible (resp. irreducible)
if it admits (resp. does not admit) non-trivial first stage Noether identities.
If the condition of Lemma 4.1.3 is satisfied, let us assume that non-trivial
first-stage Noether identities are finitely generated as follows. There exists
a graded projective C*°(X)-module C(1y C Hz(do) of finite rank possessing
a local basis {A,, w}:
Arw= > AT w+ hyw, (4.1.21)
0<[A|
such that any element ® € Hy(dg) factorizes as
o= O"EdzAnw,  OE e SYIF;Y, (4.1.22)
0<[Z]
through elements (4.1.21) of C(yy. Thus, all non-trivial first-stage Noether
identities (4.1.18) result from the equalities
> ATRAAAA + Shy, =0, (4.1.23)
0<[A|
called the complete first-stage Noether identities. Note that, by virtue of
the condition of Lemma 4.1.3, the first summands of the graded densities
A, ,w (4.1.21) are not é-exact.
A degenerate Lagrangian system is called finitely reducible if admits
finitely generated non-trivial first-stage Noether identities.

Lemma 4.1.4. The one-exact complex (4.1.16) of a finitely reducible La-
grangian system is extended to the two-exact one (4.1.25) with a boundary
operator whose nilpotency conditions are equivalent to the complete Noether
identities (4.1.13) and the complete first-stage Noether identities (4.1.23).

Proof. By virtue of Serre-Swan Theorem 3.3.2, the graded module C(y)
is isomorphic to a module of sections of the density-dual E; of some graded
vector bundle 7 — X. Let us enlarge the differential bigraded algebra
P {0} (4.1.14) to the differential bigraded algebra

Pl = PLIVF©E© EyY]
possessing the local generating basis {s*,54,¢,,¢,, } where ¢, are first
stage Noether antifields of Grassmann parity
[En] = ([An] + 1)mod 2

and antifield number Ant[¢,,] = 3. This differential bigraded algebra is
provided with the odd right graded derivation

81 =00+ 0 A, (4.1.24)
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which is nilpotent if and only if the complete Noether identities (4.1.13) and
the complete first-stage Noether identities (4.5.16) hold. Then ¢; (4.1.24)
is a boundary operator of the chain complex

—0,n

0—Imd & POR[VE, Y]y 2P0 [0}, 2P0 (11, 2P0 1}y (4.1.25)
of graded densities of antifield number < 4. Let H,(d1) denote its homology.
It is readily observed that

Hy(61) = Ho(9), Hy(61) = H1(do) = 0.
By virtue of the expression (4.1.22), any two-cycle of the complex (4.1.25)
is a boundary

o= ) O"FdzAw=25 [ Y OFem,w
o<|=| 0<|E|
It follows that Ha(d1) =0, i.e., the complex (4.1.25) is two-exact. O

If the third homology H3(d1) of the complex (4.1.25) is not trivial, its
elements correspond to second-stage Noether identities which the complete
first-stage ones satisfy, and so on. Iterating the arguments, one comes to
the following.

A degenerate Grassmann-graded Lagrangian system (SX [F;Y], L) is
called N-stage reducible if it admits finitely generated non-trivial N-stage
Noether identities, but no non-trivial (N +1)-stage ones. It is characterized
as follows [14].

e There are graded vector bundles FEy, ..., Ex over X, and the differ-
ential bigraded algebra PX [VF;Y] is enlarged to the differential bigraded
algebra

PN} :P;O[VF@E)@.@EN;Y] (4.1.26)
with the local generating basis
(5%,84,CryCrysee s Cry)
where ¢,, are Noether k-stage antifields of antifield number Ant[¢,, | = k+2.

e The differential bigraded algebra (4.1.26) is provided with the nilpo-
tent right graded derivation

Skr=0n =0+ 3 0AME+ Y 9rA,, (4.1.27)
0<|A| 1<k<N
Apw= Y ARy wt (4.1.28)
0<[A|

=)_ _ —0,n
E (h$£k72’2)(A,H)CErk,2SEA + )Cl) S Poo {k — 1}k+1,
o<z IE|
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of antifield number -1. The index k = —1 here stands for 4. The nilpotent
derivation dxr (4.1.27) is called the Koszul-Tate operator.

e With this graded derivation, the module fﬁ;”{N }<n+s of densities
of antifield number < (N + 3) is decomposed into the exact Koszul-Tate
chain complex

0—Imd < PONVE; Y], S Po {0ty &P (1) (4.1.29)
s 5 ;
ELPUN — Dyvr B P (N S5 P (N v
which satisfies the following homology regularity condition.

Condition 4.1.1. Any ;< n-cycle
b € Pt {k}ays C P {k+ irs
is a di4+1-boundary.
Remark 4.1.3. The exactness of the complex (4.1.29) means that any

Sp<n-cycle ¢ € PL"{k}ryis, is a dx42-boundary, but not necessary a 0y 1-
one.

e The nilpotentness 6% = 0 of the Koszul-Tate operator (4.1.27) is
equivalent to the complete non-trivial Noether identities (4.1.13) and the
complete non-trivial (k < N)-stage Noether identities

DoAmRdy | Y ARYey, | = (4.1.30)

0<|A] 0<|%]
5y § —2,2)(AE)= =
_5 hq(v:;k 2:5)( )CErk_QSEA
0<%, |E]

This item means the following.

Assertion 4.1.1. Any di-cocycle @ € PL"{k}r o is a k-stage Noether
identity, and vice versa.

Proof. Any (k + 2)-chain ® € P%"{k};. 2 takes the form

O=G+H= Y G""epw+ (4.1.31)
0<[A|

Z (HAS 185 4o+ . w.
0<E,0<E
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If it is a dg-cycle, then

Z Gm,AdA Z A:2717262r;€,1 + (4.1.32)

0<|A| o<z

5 Z H(A’E)(rkfl’z)gEAEZrk,l =0
0<%,0<E
are the k-stage Noether identities. Conversely, let the condition (4.1.32)
hold. Then it can be extended to a cycle condition as follows. It is brought
into the form

S | Y G hean + Y, HAI e Ygaaey, | =

0<|A| 0<X%,0<E
— Z Grk’AdAhrk + Z H(A’E)(Tk_l’E)EEAdEATk71.
0<|A| 0<3,0<E

A glance at the expression (4.1.28) shows that the term in the right-hand
side of this equality belongs to PY"{k — 2},41. It is a J_o-cycle and,
consequently, a dx_1-boundary d;_1 ¥ in accordance with Condition 4.1.1.
Then the equality (4.1.32) is a ¢x, _,-dependent part of the cycle condition

o Z GT"”AEAT,C + Z H(Ava)("'k—hz)gEAEEm_l -0 | =0,
0<|A| 0<%,0<E

but 6, ¥ does not make a contribution to this condition. O

Assertion 4.1.2. Any trivial k-stage Noether identity is a dx-boundary
® € POk} iio.

Proof. The k-stage Noether identities (4.1.32) are trivial either if a dy-
cycle @ (4.1.31) is a dp-boundary or its summand G vanishes on-shell. Let
us show that, if the summand G of ® (4.1.31) is d-exact, then ® is a -
boundary. If G = 6, one can write

® =0,V + (6 — 6%)V + H. (4.1.33)
Hence, the dx-cycle condition reads
§k® = 6,_1((6 — 6,)¥ + H) = 0.
By virtue of Condition 4.1.1, any d;_1-cycle ¢ € ﬁg;n{k —1}g42 i Op-exact.
Then
(6 — 8V + H
is a dg-boundary. Consequently, ® (4.1.31) is J-exact. |
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Assertion 4.1.3. All non-trivial k-stage Noether identity (4.1.32), by as-
sumption, factorize as
o= ) oWEFdzA,w,  OF e S [FY],
0<IE|

through the complete ones (4.1.30).

It may happen that a Grassmann-graded Lagrangian field system pos-
sesses non-trivial Noether identities of any stage. However, we restrict our
consideration to N-reducible Lagrangian systems for a finite integer N. In
this case, the Koszul-Tate operator (4.1.27) and the gauge operator (4.2.8)
below contain finite terms.

4.2 Second Noether theorems in a general setting

Different variants of the second Noether theorem have been suggested in
order to relate reducible Noether identities and gauge symmetries [9; 12; 13;
49]. The inverse second Noether theorem (Theorem 4.2.1), that we formu-
late in homology terms, associates to the Koszul-Tate complex (4.1.29) of
non-trivial Noether identities the cochain sequence (4.2.7) with the ascent
operator u (4.2.8) whose components are non-trivial gauge and higher-stage
gauge symmetries of Lagrangian system. Let us start with the following
notation.

Notation 4.2.1. Given the differential bigraded algebra P. {N} (4.1.26),
we consider the differential bigraded algebra

PLINY = PLIF G Ey®- -0 En: Y], (4.2.1)
Y Y Y
possessing the local generating basis
(s4,¢", ¢, e, ("] = ([¢r,,] + 1)mod 2,
and the differential bigraded algebra
Pi{N}=PiVFOE® - OEN®E ® - O En;Y] (4.2.2)
Y Y Y Y Y
with the local generating basis
(524,54, N Gy Ty )

Their elements ¢ are called k-stage ghosts of ghost number gh[c™] = k+1
and antifield number

Antlc™] = —(k 4+ 1).
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The C*®(X)-module C*) of k-stage ghosts is the density-dual of the mod-
ule Cx41) of (k + 1)-stage antifields. The differential bigraded algebras
P.{N} (4.1.26) and P~ {N} (4.2.1) are subalgebras of P*{N} (4.2.2).
The Koszul-Tate operator dxr (4.1.27) is naturally extended to a graded
derivation of the differential bigraded algebra PL{N}.

Notation 4.2.2. Any graded differential form ¢ € S [F'; Y] and any finite
tuple (f2), 0 < |A| <k, of local graded functions f* € SO [F;Y] obey the
following relations [12]:

Yo dagrw= > (-D)Man(fMpAw+do,  (4.2.3)

0<|A|<K 0<|A|
S EDMan(fre) = > n(f)dae, (4.2.4)
0<|AI<k <A<k
n(f)N = Z (—1)I=+Al (||§)|‘;‘|/1\\||!)!d2f2+/\’ (4.2.5)
0<|E|<k—[A]
nn(H)* =~ (4.2.6)

Theorem 4.2.1. Given the Koszul-Tate complex (4.1.29), the module of
graded densities PL"{N} is decomposed into the cochain sequence

0— S [F;Y] 2 Por{N}t 2o pOniN2 Bao. 0 (4.2.7)
u=u+u(1)+--~+u(N)=
d o d
A r TN_
WA T g T T

graded in ghost number. Its ascent operator u (4.2.8) is an odd graded
derivation of ghost number 1 where u (4.2.13) is a variational symmetry of a
graded Lagrangian L and the graded derivations uy (4.2.16), k=1,..., N,
obey the relations (4.2.15).

Proof. Given the Koszul-Tate operator (4.1.27), let us extend an original
Lagrangian L to the Lagrangian

Lo=L+L =L+ Z FA,,w = L+ 6k Z e W) (4.2.9)
0<k<N 0<k<N

of zero antifield number. It is readily observed that the Koszul-Tate oper-
ator Sk is an exact symmetry of the extended Lagrangian L. € P%"{N}
(4.2.9). Since the graded derivation dkr is vertical, it follows from the first
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variational formula (3.5.14) that

0Leg. > %Am w= (4.2.10)

0s C
A 0<k<nN Tk

ocrr
0<k<N

o

5L
A e A A 4yA A
v:(sg:u—i—w:gc[\n(A E Ec i)

A 0<[A| 1<i<N 0<[A|

-

5L
vt = S =y 4wt = g (A 1) +

0Cr, +

0<[A]

ST ()N

k+1<i<N 0<|A]|

The equality (4.2.10) is split into the set of equalities

<« TA',,
Mé’Aw = UA(‘:AM = CZHO'()7 (4.2.11)
58,4
5(cmFA,) S(cmA,,)
k A, =d , 4.2.12
550 Eat Y 5, | w=duor, ( )

where k =1,..., N. A glance at the equality (4.2.11) shows that, by virtue
of the first variational formula (3.5.14), the odd graded derivation

u=uog, utt = Z An(AMA, (4.2.13)
0<|A|

of P°{0} is a variational symmetry of a graded Lagrangian L. Every equal-
ity (4.2.12) falls into a set of equalities graded by the polynomial degree in
antifields. Let us consider that of them linear in antifields ¢,, ,. We have

5 -
5 |\ Yo by, sea | Eaw +

0<|2[,|Z|
<_

" § : Tk 12 § : T == _
oC k A CET . Ar]; f Czry_ ZW—dHUk~
Cri—1 -
0<|%] 0<IZE|
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This equality is brought into the form

Z<_1)|E‘d5 F Zhg;kﬁ’z)(A’E)EZrk,z Eaw+

0<|=| o<z
Thk—1 Tk—2,2=_ _
U g ATk >%Cg,, ,w = dyoy.
0<|=|

Using the relation (4.2.3), we obtain the equality

Do > hGrr Sy, deEaw + (4.2.14)
0<IEl 0<%
WY T AT, w = dyo,
0<|Z|

The variational derivative of both its sides with respect to ¢,, , leads to
the relation

> dgu 2_ —u"2 = §(a2), (4.2.15)
Ocy;
0<|
an = = 3 (bl Py (¢ 5za),
0<[z|

which the odd graded derivation

T a
u®) = - = Z cEm(ATE-T) WH, k=1,...,N, (4.2.16)
0<|A|

C"'k 1

satisfies. Graded derivations u (4.2.13) and u(*) (4.2.16) are assembled into
the ascent operator u (4.2.8) of the cochain sequence (4.2.7). O

A glance at the expression (4.2.13) shows that the variational symmetry
u is a linear differential operator on the C*°(X)-module C(?) of ghosts
with values into the real space g; of variational symmetries. Following
Definition 2.3.1 extended to Lagrangian theories of odd fields, we call u
(4.2.13) the gauge symmetry of a graded Lagrangian L which is associated
to the complete Noether identities (4.1.13). This association is unique due
to the following direct second Noether theorem extending Theorem 2.3.1.

Theorem 4.2.2. The variational derivative of the equality (4.2.11) with
respect to ghosts ¢ leads to the equality

Sr(utEaw) = Y (~1)Mdx(n(AM) EN) =
0<|A]

Z (=D)Mn(n(Ah) dr€a =0,

0<|A]
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which reproduces the complete Noether identities (4.1.13) by means of the
relation (4.2.6).

Moreover, the gauge symmetry u (4.2.13) is complete in the following
sense. Let
Y CRGREdzAw
0<[E|
be some projective C*°(X)-module of finite rank of non-trivial Noether
identities (4.1.12) parameterized by the corresponding ghosts C®. We have
the equalities

0= > CRGFEd= | Y AMdAEA |w =
el 0<IA|

S D nGR)ECE | AP dpEaw +d(o) =

0<|A] \O<IE|

ST (=DMdy [ AP DT p(GR)ECE | Eaw + dpo =

0<|A] 0<I[Z|

S on(ahrda | Y n(GR)FCE | Eaw + duo =

0<|A] 0<|E|

doutda [ Y n(GR)FCE | Eaw +dpo.

0<[A| (=]
It follows that the graded derivation

= 0
r \E R AN
da Z n(Gg)~Cz | uy DA

0<IZ]
is a variational symmetry of a graded Lagrangian L and, consequently, its
gauge symmetry parameterized by ghosts C'. It factorizes through the
gauge symmetry (4.2.13) by putting ghosts

=) n(GRp)=CE.

U=

Thus, we come to the following definition.
Definition 4.2.1. The odd graded derivation u (4.2.13) is said to be a

complete non-trivial gauge symmetry of a graded Lagrangian L associated
to the complete Noether identities (4.1.13).
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Remark 4.2.1. In contrast with Definitions 2.3.1 and 2.3.2, gauge sym-
metries in Definitions 4.2.2 and 4.2.1 are parameterized by ghosts, but not
gauge parameters. Given a gauge symmetry u (2.3.3) defined as a derivation
of the real ring O [Y" x E], one can associate to it the gauge symmetry

u= Z up™ (zH) ek | Ox + Z wr (@t ylyes | 95, (4.2.17)

0<|A|<m 0<|A[<m
which is an odd graded derivation of the real ring S [E; Y], and vice versa.

Let us note that, being a variational symmetry, a gauge symmetry u
(4.2.13) defines the weak conservation law (3.5.16). Let u be an exact
Lagrangian symmetry. In this case, the associated symmetry current

Ju = —ho(u]ZL) (4.2.18)

is conserved. The peculiarity of gauge conservation laws always is that
the symmetry current (4.2.18) is reduced to a superpotential in accordance
with the following generalization of Theorem 2.4.2.

Theorem 4.2.3. If u (4.2.13) is an exact gauge symmetry of a graded
Lagrangian L, the corresponding conserved symmetry current J, (4.2.18)
takes the form

TJu =W +dgU = (WH +d,U")w,, (4.2.19)
where the term W wvanishes on-shell, i.e., W ~ 0, and U is a horizontal

graded (n — 2)-form.

Proof. The proof follows that of Theorem 2.4.2. Let us note only that, if
u is of N-order in jets of ghosts, the symmetry current 7, (4.2.18) depends
on jets of ghosts whose maximal order N' exceed N in the case of a higher-
order Lagrangian. Therefore, the equalities (2.4.43) are replaced with a set
of equalities

0= JC(L/"‘.U‘l)---.U‘N/7

0= Jéuk,ufk+1)'“/‘N’ o+ dy JV et 1<k< N —N.

Turn now to the relation (4.2.15). For k = 1, it takes the form

Z dsu” 0 u? = 5(a?)
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of a first-stage gauge symmetry condition on-shell which the non-trivial
gauge symmetry u (4.2.13) satisfies. Therefore, one can treat the odd
graded derivation

0

(1) _ 7
u u 607”7

ur= 3" (A,

0<IA|
as a first-stage gauge symmetry associated to the complete first-stage
Noether identities

IR (PN J ) ) ST IE S
0<|A| 0<|%| 0<|Z|,|E]

Iterating the arguments, one comes to the relation (4.2.15) which pro-
vides a k-stage gauge symmetry condition which is associated to the com-
plete k-stage Noether identities (4.1.30).

Theorem 4.2.4. Conversely, given the k-stage gauge symmetry condition
(4.2.15), the variational derivative of the equality (4.2.14) with respect to
ghosts ¢ leads to the equality, reproducing the k-stage Noether identities
(4.1.30) by means of the relations (4.2.6) and (4.2.6).

This is a higher-stage extension of the direct second Noether theorem
to reducible gauge symmetries.
The odd graded derivation u () (4.2.16) is called the k-stage gauge sym-
metry. It is complete as follows. Let
> e GREdzA,,w
U]
be a projective C°° (X )-module of finite rank of non-trivial k-stage Noether
identities (4.1.12) factorizing through the complete ones (4.1.28) and pa-
rameterized by the corresponding ghosts C®+. One can show that it defines
a k-stage gauge symmetry factorizing through (%) (4.2.16) by putting k-
stage ghosts
¢t =Y Gy )L
0<|=]|
Definition 4.2.2. The odd graded derivation u ) (4.2.16) is said to be a
complete non-trivial k-stage gauge symmetry of a Lagrangian L.

In accordance with Definitions 4.2.1 and 4.2.2, components of the ascent
operator u (4.2.8) are complete non-trivial gauge and higher-stage gauge
symmetries. Therefore, we agree to call this operator the gauge operator.
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Remark 4.2.2. With the gauge operator (4.2.8), the extended Lagrangian
L. (4.2.9) takes the form

Le=L+u( Y "¢, ,)w+ L +dyo, (4.2.20)
0<k<N

where L7 is a term of polynomial degree in antifields exceeding 1.

4.3 BRST operator

In contrast with the Koszul-Tate operator (4.1.27), the gauge operator u
(4.2.7) need not be nilpotent. Following the example of Yang—Mills gauge
theory (see Section 5.8), let us study its extension to a nilpotent graded

derivation
- 0
b=u+ y=u+ Z ’y(k) =u+ Z A Ocr—1 (431)
1<k<N+1 1<k<N+1
0 0 0 0
_ A r Y Tk Th41
(u P 8c7“) * Z <u oo T 8CT’“+1>
0<k<N-1

of ghost number 1 by means of antifield-free terms (%) of higher polynomial
degree in ghosts ¢ and their jets ¢}/, 0 < ¢ < k. We call b (4.3.1) the
BRST operator, where k-stage gauge symmetries are extended to k-stage
BRST transformations acting both on (k— 1)-stage and k-stage ghosts [61].
If the BRST operator exists, the cochain sequence (4.2.7) is brought into
the BRST complex

0— POrYN} 2 ponyNyt BLponian2 B
There is following necessary condition of the existence of such a BRST

extension.

Theorem 4.3.1. The gauge operator (4.2.7) admits the nilpotent extension
(4.3.1) only if the gauge symmetry conditions (4.2.15) and the higher-stage
Noether identities (4.1.30) are satisfied off-shell.

Proof. 1t is easily justified that, if the graded derivation b (4.3.1) is
nilpotent, then the right hand sides of the equalities (4.2.15) equal zero,
ie.,

uF VWY =0, 0<kE<N-1, 9 =u (4.3.2)
Using the relations (4.2.3) — (4.2.6), one can show that, in this case, the
right hand sides of the higher-stage Noether identities (4.1.30) also equal
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zero [13]. Tt follows that the summand G,, of each cocycle A,, (4.1.28) is
0r—1-closed. Then its summand h,, also is §x_1-closed and, consequently,
0r_o-closed. Hence it is §;_1-exact by virtue of Condition 4.1.1. Therefore,
A,, contains only the term G, linear in antifields. O

It follows at once from the equalities (4.3.2) that the higher-stage gauge
operator

UHS —u—uw=u® ... o
is nilpotent, and
u(u) = u(u). (4.3.3)

Therefore, the nilpotency condition for the BRST operator b (4.3.1) takes
the form

b(b) = (u+7)(u) + (v + uns +7)(7) = 0. (4.3.4)
Let us denote
7O =o,
) :7((5; +...+7((,’j)+1), k=1,...,N+1,
AR S D D e AR
kit thi=k+1—i \0<|Ay, |
S(N+2) _

where ’y((ik)) are terms of polynomial degree 2 < i < k4 1 in ghosts. Then
the nilpotent property (4.3.4) of b falls into a set of equalities

w* D (B = 0, 0<k<N-1, (4.3.5)
(w0 H®) +uns(15) =0,  0<E<N+1,  (4.3.6)
YT @®) +u(3(? ) + uns (1) + (4.3.7)
> 7<m>(7((flm+1)) =0, i-2<k<N+1,
2<m<i—1

of ghost polynomial degree 1, 2 and 3 < i < N + 3, respectively.

The equalities (4.3.5) are exactly the gauge symmetry conditions (4.3.2)
in Theorem 4.3.1.

The equality (4.3.6) for k = 0 reads

(@) =0, 7 ([dalw)ohu? +da (BN =0, (43.8)
0<|A|
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It takes the form of the Lie antibracket

[, u] = =29V (u) = =2 > dr(y")ul 05 (4.3.9)

0<IA]

of the odd gauge symmetry u. Its right-hand side is a non-linear differential
operator on the module C(9) of ghosts taking values into the real space Gy, of
variational symmetries. Following Remark 2.3.3, we treat it as a generalized
gauge symmetry factorizing through the gauge symmetry . Thus, we come
to the following.

Theorem 4.3.2. The gauge operator (4.2.7) admits the nilpotent extension
(4.3.1) only if the Lie antibracket of the odd gauge symmetry u (4.2.13) is
a generalized gauge symmetry factorizing through u.

The equalities (4.3.6) — (4.3.7) for k = 1 take the form
(u+9E) ™) +uV (M) =0, (4:3.10)
Y @) + (w+ 7)) =0, (4.3.11)

In particular, if a Lagrangian system is irreducible, i.e., u*) = 0 and u = u,
the BRST operator reads
b=u+~vY =udy +~78, = Z ubAeh 94 + Z Yo A’“cﬁc‘i&n.
0<|A| 0<|ALIE]
In this case, the nilpotency conditions (4.3.10) - (4.3.11) are reduced to the
equality

(u++N (M) =o0. (4.3.12)

Furthermore, let a gauge symmetry u be affine in fields s* and their jets.
It follows from the nilpotency condition (4.3.8) that the BRST term ~()
is independent of original fields and their jets. Then the relation (4.3.12)
takes the form of the Jacobi identity

A (D) =0 (4.3.13)

for coefficient functions A’—( ) in the Lie antibracket (4.3.9).

The relations (4.3.9) and (4.3.13) motivate us to think of the equal-
ities (4.3.6) — (4.3.7) in a general case of reducible gauge symmetries as
being sui generis generalized commutation relations and Jacobi identities
of gauge symmetries, respectively [61]. Based on Theorem 4.3.2, we there-
fore say that non-trivial gauge symmetries are algebraically closed (in the
terminology of [63]) if the gauge operator u (4.2.8) admits the nilpotent
BRST extension b (4.3.1).
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Example 4.3.1. A Lagrangian system is called Abelian if its gauge sym-
metry u is Abelian and the higher-stage gauge symmetries are independent
of original fields, i.e., if u(u) = 0. It follows from the relation (4.3.3) that,
in this case, the gauge operator itself is the BRST operator u = b. For
instance, let a Lagrangian L be variationally trivial. Its variational deriva-
tives & = 0 obey irreducible complete Noether identities

SA; =0, A; =5 (4.3.14)

By the formulas (2.3.6) — (2.3.7), the associated irreducible gauge symmetry
is given by the gauge operator

u=_co,. (4.3.15)

Thus, a Lagrangian system with a variationally trivial Lagrangian is
Abelian, and u (4.3.15) is the BRST operator. The topological BF the-
ory exemplifies a reducible Abelian Lagrangian system (see Section 8.3).

4.4 BRST extended Lagrangian field theory

The differential bigraded algebra PX{N} (4.2.2) is a particular field-
antifield theory of the following type [9; 15; 63].
Let us consider a pull-back composite bundle

W=2x2 —7—-X
X

where Z' — X is a vector bundle. Let us regard it as a graded vector
bundle over Z possessing only odd part. The density-dual VW of the
vertical tangent bundle VW of W — X is a graded vector bundle

VW =(Z oV Z)o AT*X) & Z'
zZ zZ Y

over Z (cf. (4.1.5)). Let us consider the differential bigraded algebra

PXIVW; Z] (4.1.6) with the local generating basis
(2%, Za), [Za] = ([2%] + 1)mod 2.

Its elements 2® and Z, are called fields and antifields, respectively.
Graded densities of this differential bigraded algebra are endowed with
the antibracket

0 £0L | _yieaenen I L 0L

!
- 2= 1
{fw, Swh = |55 7D 52, 02%

(4.4.1)
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With this antibracket, one associates to any (even) Lagrangian £w the odd
vertical graded derivations

< ¢ 0
=0y = ——— | 4.4.2
ve =& = g (44.2)
- 9 og
Ve =8 %6, = — —, 4.4.
e =0 "¢ 0Zq 02° (443)
0L 0 0L 0
= Th = (—1)lal+1 — 4.4.4
Ve =vetTp=(-1) 570, T oma, ) A
such that
Je(Lw) = {Lw, L'w}.
Theorem 4.4.1. The following conditions are equivalent.
(i) The antibracket of a Lagrangian Lw is dg-ezact, i.e.,
3¢ og
{Ew,ﬁw} = QE@M = dHU (445)

(ii) The graded derivation v (4.4.2) is a variational symmetry of a La-
grangian £w.

(iii) The graded derivation T (4.4.3) is a variational symmetry of Lw.

(iv) The graded derivation O¢ (4.4.4) is nilpotent.

Proof. By virtue of the first variational formula (3.5.14), conditions (ii)
and (iii) are equivalent to condition (i). The equality (4.4.5) is equivalent
to that the odd density £ “£,w is variationally trivial. Replacing right

variational derivatives £ ¢ with (—1)[4+1€% we obtain

2 Z(—l)[a]gaé'aw =dpyo.

The variational operator acting on this relation results in the equalities

Y (~nltNg (ap L)) =

0<|A|
> (=DM, Ena + n(06Ea) ED)] =0,
0<|A]

Y (~y)ldtiN g, @07 (g0E,) =

0<|A|

> (=D EY) Ena + n(0°Ea)ER] = 0.
0<|A|
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Due to the identity
(600)(L) =0,  n(@sEa)" = (~1)MIPloke,

we obtain
Z (=Dl[(—p)Pllal+Dghag, e\ 4 (—1)lllalghg, eq) = 0,
0<|A|
Z (_1)[a]+1[(_1)([b]-‘rl)([a]-{-l)aAagbgAa + (_1)([b]+1)[a]aé\gng] =0
0<|A]
for all & and £°. This is exactly condition (iv). O

The equality (4.4.5) is called the classical master equation. For in-
stance, any variationally trivial Lagrangian satisfies the master equation.
A solution of the master equation (4.4.5) is called non-trivial if both the
derivations (4.4.2) and (4.4.3) do not vanish.

Being an element of the differential bigraded algebra PL{N} (4.2.2),
an original Lagrangian L obeys the master equation (4.4.5) and yields the
graded derivations vy, = 0 (4.4.2) and Oy = 6 (4.4.3), i.e., it is a trivial
solution of the master equation.

The graded derivations (4.4.2) — (4.4.3) associated to the extended La-
grangian L. (4.2.20) are extensions

Lo L 0
Ve = U s 954 Z;N 5e,, Do
_ 5 oL
Ve O + 054 557

of the gauge and Koszul-Tate operators, respectively. However, the Lagran-
gian L. need not satisfy the master equation. Therefore, let us consider its
extension

Lp=L,+L =L+L{+Ly+--- (4.4.6)
by means of even densities L;, i > 2, of zero antifield number and poly-

nomial degree i in ghosts. The corresponding graded derivations (4.4.2) —
(4.4.3) read

5 L" 6 L
Up = Ve + — asA > 5. (%rk, (4.4.7)
0<k<N
_ _ o oL o oL
=7, 4.4.
Vg = Ue + 54 054 Z ac,, sc (4.4.8)
0<k<N
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The Lagrangian Lg (4.4.6) where L + L; = L, is called a proper extension
of an original Lagrangian L. The following is a corollary of Theorem 4.4.1.

Corollary 4.4.1. A Lagrangian L is extended to a proper solution Lg
(4.4.6) of the master equation only if the gauge operator u (4.2.7) admits
a nilpotent extension.

By virtue of condition (iv) of Theorem 4.4.1, this nilpotent extension is
the derivation 9 = vg + ﬁE (4.4.4), called the KT-BRST operator. With
this operator, the module of densities P%"{N} is split into the KT-BRST
complex

- — PY"{N}y, — PO {N}; — P2"{N}o —  (4.4.9)
PR(NY! — PUMN)? e

Putting all ghosts zero, we obtain a cochain morphism of this complex
onto the Koszul-Tate complex, extended to fi;"{N } and reversed into the
cochain one. Letting all antifields zero, we come to a cochain morphism
of the KT-BRST complex (4.4.9) onto the cochain sequence (4.2.7), where
the gauge operator is extended to the antifield-free part of the KT-BRST
operator.

Theorem 4.4.2. If the gauge operator u (4.2.7) can be extended to the
BRST operator b (4.5.1), then the master equation has a non-trivial proper
solution

Leg=Le+ Y "G ,w= (4.4.10)
1<k<N

L+b Z G, | w4 dyo.
0<k<N

Proof. By virtue of Theorem 4.3.1, if the BRST operator b (4.3.1) exists,
the densities A, (4.1.28) contain only the terms G,, linear in antifields.
It follows that the extended Lagrangian L. (4.2.9) and, consequently, the
Lagrangian Lg (4.4.10) are affine in antifields. In this case, we have

WA =L, wr= 5L
for all indices A and 7y and, consequently,

b =5 4(Lg), b =6"(Lp),
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i.e., b = vg is the graded derivation (4.4.7) defined by the Lagrangian Lg.
Its nilpotency condition takes the form

b(6 A(Lr) =0, b(s™(Lg))=0.
Hence, we obtain
b(Lg) =b(5 A(LE)5a + 6 ™ (LE)T,) =0,

i.e., b is a variational symmetry of Lr. Consequently, L obeys the master
equation. O

For instance, let a gauge symmetry u be Abelian, and let the higher-
stage gauge symmetries be independent of original fields, i.e., u(u) = 0.
Then u=b and Lg = L.

The proper solution Lg (4.4.10) of the master equation is called the
BRST extension of an original Lagrangian L. As was mentioned above, it
is a necessary step towards quantization of classical Lagrangian field theory
in terms of functional integrals.

4.5 Appendix. Noether identities of differential operators

Noether identities of a Lagrangian system in Section 4.1 are particular
Noether identities of differential operators which are described in homology
terms as follows [141].

Let E — X be a vector bundle, and let £ be a E-valued k-order dif-
ferential operator on a fibre bundle Y — X in accordance with Definition
1.6.2. Tt is represented by a section £ (1.6.5) of the pull-back bundle (1.6.4)
endowed with bundle coordinates (2, 4%, x*), 0 < || < k.

Definition 4.5.1. One says that a differential operator £ obeys Noether
identities if there exist an r-order differential operator ® on the pull-back
bundle

Ey=YxE—X (4.5.1)
X

such that its restriction onto F is a linear differential operator and its kernel
contains &, i.e.,

=) x4, > aeheq=o. (4.5.2)
0<IA| 0<[A|
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Any differential operator admits Noether identities, e.g.,
o= Y TAdsE'XK, TN =-Tph (4.5.3)
0<|ALIE]

Therefore, they must be separated into the trivial and non-trivial ones.

Lemma 4.5.1. One can associate to £ a chain complexr whose boundaries
vanish on Ker £.

Proof. Let us consider the composite graded manifold (Y, g, ) modelled
over the vector bundle Ey — Y. Let SO [Ey; Y] be the ring of graded func-
tions on the infinite order jet manifold J*°Y possessing the local generating
basis (y*,€%) of Grassmann parity [e%] = 1 (see Section 3.4). It is provided
with the nilpotent graded derivation

5 =0 o (4.5.4)

whose definition is independent of the choice of a local basis. Then we have
the chain complex

0Imd <28 [By: Y], <82 [Ey:;Y) (4.5.5)
of graded functions of antifield number & < 2. Its one-boundaries 6D,
® € S [Ey;Y]s, by very definition, vanish on Ker €. O

Every one-cycle
=) dlet € SLIEY; Y] (4.5.6)
0<IA]

of the complex (4.5.5) defines a linear differential operator on pull-back
bundle Ey (4.5.1) such that it is linear on E and its kernel contains &, i.e.,

6P =0, D ehdrEt =0. (4.5.7)
0<[A|
In accordance with Definition 4.5.1, the one-cycles (4.5.6) define the
Noether identities (4.5.7) of a differential operator £. These Noether iden-
tities are trivial if a cycle is a boundary, i.e., it takes the form (4.5.3).
Accordingly, non-trivial Noether identities modulo the trivial ones are as-
sociated to elements of the homology H;(J) of the complex (4.5.6).
A differential operator is called degenerate if it obeys non-trivial Noether
identities.
One can say something more if the O% Y-module H;(§) is finitely gener-
ated, i.e., it possesses the following particular structure. There are elements
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A € Hy(0) making up a projective C*°(X)-module C ) of finite rank which,
by virtue of the Serre-Swan theorem 10.9.3, is isomorphic to the module of
sections of some vector bundle Ey — X. Let {A"}:
AT =Y Aleq, Al eoly, (4.5.8)
0<IA]
be local bases for this C°°(X)-module. Then every element ® € H;(J)
factorizes as
o= ) Gid=A",  GT€0LY, (4.5.9)
0<|E|
through elements of C(g), i.e., any Noether identity (4.5.7) is a corollary of
the Noether identities
> Alrdpet =o, (4.5.10)
0<IA]|

called complete Noether identities.

Notation 4.5.1. Given an integer N > 1, let Eq,..., Ex be vector bundles
over X. Let us denote

POINY=8[En 1©---@E G Ey;Y xEy&®--- @ Ep]
X X X X X X
if N is even and
PLANY =SLIEN® @ E1®Ey;Y x Eg@ -+ @ En_1]
X X X X X X
if N is odd.

Lemma 4.5.2. If the homology H1(9) of the complex (4.5.5) is finitely gen-
erated, this complex can be extended to the one-exact complex (4.5.12) with
a boundary operator whose nilpotency conditions are equivalent to complete
Noether identities.

Proof. Let us consider the graded commutative ring PY {0} (see Nota-
tion 4.5.1). It possesses the local generating basis {y¢,e%, "} of Grassmann
parity [¢"] = 0 and antifield number Ant[e"] = 2. This ring is provided
with the nilpotent graded derivation

So = 6+ 8 A (4.5.11)

Its nilpotency conditions are equivalent to the complete Noether identities
(4.5.10). Then the module P {0}<3 of graded functions of antifield number
< 3 is decomposed into the chain complex

0Imd < 8% [By; Y] <2 P2 {0}y <2 PO {0}s. (4.5.12)
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Let H.(dp) denote its homology. We have
Ho(d0) = Ho(6) = 0.

Furthermore, any one-cycle ® up to a boundary takes the form (4.5.9) and,
therefore, it is a dp-boundary

O= ) GTd=A" =06 | Y Gt

0<[x| 0<Iz|
Hence, H;(d9) = 0, i.e., the complex (4.5.12) is one-exact. O

Let us consider the second homology Hz(dp) of the complex (4.5.12).
Its two-chains read

O=G+H= Y Glep+ > Hi eieh. (4.5.13)
0<|A] 0<|ALIX
Its two-cycles define the first-stage Noether identities
5o® =0, > GMAA" 4+ 6H =0. (4.5.14)
0<|A]
Conversely, let the equality (4.5.14) hold. Then it is a cycle condition of
the two-chain (4.5.13). The first-stage Noether identities (4.5.14) are trivial

either if a two-cycle ® (4.5.13) is a boundary or its summand G vanishes
on Ker €.

Lemma 4.5.3. First-stage Noether identities can be identified with non-
trivial elements of the homology Hz(do) if and only if any d-cycle ® €
SY [Ey; Y] is a So-boundary.

Proof. The proof is similar to that of Lemma 4.1.3 [141]. O

A degenerate differential operator is called reducible if there exist non-
trivial first-stage Noether identities.

If the condition of Lemma 4.5.3 is satisfied, let us assume that non-trivial
first-stage Noether identities are finitely generated as follows. There exists
a graded projective C°°(X)-module C(;y C H2(do) of finite rank possessing
a local basis A :

AT — Z AATIETA +pm
(s ?
0<|A|
such that any element ® € Hy(dp) factorizes as

o= ) oFd=A" (4.5.15)

0<IE|



158 Lagrangian BRST theory

through elements of C(1). Thus, all non-trivial first-stage Noether identities
(4.5.14) result from the equalities

> APMNAT 4 6B =0, (4.5.16)
0<|A|

called the complete first-stage Noether identities.

Lemma 4.5.4. If non-trivial first-stage Noether identities are finitely gen-
erated, the one-exact complex (4.5.12) is extended to the two-exact one
(4.5.18) with a boundary operator whose nilpotency conditions are equiva-
lent to complete Noether and first-stage Noether identities.

Proof. By virtue of Serre-Swan Theorem 10.9.3, the module C(y) is iso-
morphic to a module of sections of some vector bundle F; — X. Let us
consider the ring P {1} of graded functions on J>Y possessing the local
generating bases {y¢,c% e",e™} of Grassmann parity [¢"] = 1 and anti-
field number Ant[e™] = 3. It can be provided with the nilpotent graded
derivation

81 =00+ 9 » A" (4.5.17)

Its nilpotency conditions are equivalent to the complete Noether identities
(4.5.10) and the complete first-stage Noether identities (4.5.16). Then the
module P9 {1} <4 of graded functions of antifield number < 4 is decomposed
into the chain complex

0—Imd <= S [By: Y] 2 PL{0}, 2P {1}y & PL{1}s. (4.5.18)
Let H,.(d1) denote its homology. It is readily observed that
Hy (1) = Ho(6) =0, H,(61) = H1(do) = 0.

By virtue of the expression (4.5.15), any two-cycle of the complex (4.5.18)
is a boundary

o= ) OTd=A" =4 [ > BTl

0<IE]| 0<|Z|
It follows that Ha(d1) = 0, i.e., the complex (4.5.18) is two-exact. O

If the third homology H3(d1) of the complex (4.5.18) is not trivial, its
elements correspond to second-stage Noether identities, and so on. Iterating
the arguments, we come to the following.
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A degenerate differential operator £ is called N-stage reducible if it
admits finitely generated non-trivial N-stage Noether identities, but no
non-trivial (N + 1)-stage ones. It is characterized as follows [141].

e There are graded vector bundles Ey, ..., Ex over X, and the graded
commutative ring S [Fy;Y] is enlarged to the graded commutative ring

fgo{N } with the local generating basis
(y',e% e e™, ..., &™)

of Grassmann parity [¢"*] = (k + 1) mod2 and antifield number Ant[e)] =
k4 2.

e The graded commutative ring fZC{N } is provided with the nilpotent
right graded derivation

bkt =0n =080+ . 0 A, (4.5.19)
1<E<N
ATk = N TAME e 4 Y (R eke T + ),
0<A| 0<%,0<E

of antifield number -1.

e With this graded derivation, the module P { N} < x5 of graded func-
tions of antifield number < (N + 3) is decomposed into the exact Koszul-
Tate complex

0Imé < SO [By: V] &% POty & PO {1}5---  (4.5.20)
L PLAN = s S PL{N vge B PN s,
which satisfies the following homology regularity condition.
Condition 4.5.1. Any §i<n—_1-cycle
@ € Po{k}iis C Po{k + 1}rts
is a dp41-boundary.
e The nilpotentness §% = 0 of the Koszul-Tate operator (4.5.19) is

equivalent to the complete non-trivial Noether identities (4.5.10) and the
complete non-trivial (k < N)-stage Noether identities

SOANE Ay | YD AN eS|+ (4.5.21)

0<|A| 0<|%]

EXry ~a Tk—2 _
] E ha* e2ex =0.
0<%.E
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Let us study the following example of reducible Noether identities of
a differential operator which is relevant to topological BF theory (Section
8.3).

Example 4.5.1. Let us consider the fibre bundles
n—1
Y=XxR,  E=ATX, 2<n, (4.5.22)
coordinated by (2, y) and (z*, x*1-#»-1), respectively. We study the FE-

valued differential operator

gﬂl---,un—l — _eﬂﬂl-uun—1y (4.5.23)

s
where € is the Levi-Civita symbol. It defines the first order differential
equation

dgy =0 (4.5.24)

on the fibre bundle Y (4.5.22).
Putting

n—1
By =Rx A TX,
X

let us consider the graded commutative ring 8% [Ey; Y] of graded functions
on J®Y. It possesses the local generating basis (y, e#1-#n-1) of Grassmann
parity [¢#1#n-1] = 1 and antifield number Antle#1#n-1] = 1. With the
nilpotent derivation

9
Ot bn—1
we have the complex (4.5.5). Its one-chains read

_ E ceefn—1
¢ = (bﬂfl Hn— IEA )
0<|A]

g:

5/”‘1--*“71717

and the cycle condition §® = 0 takes the form

A K1 fn—1 __
O EA T =0 (4.5.25)
This equality is satisfied if and only if
AL A 41 -1 A2 Ak A e
q) 1- MI:L 16#11 Hn—1 (I)# ZMnkIG 1HL---Hn—1

It follows that ® factorizes as

¢ = Z sz...ynildEAVQ'”Vn—lw

0<IE|
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through graded functions

Vy...Un—1 __ AVo.oWp—1 Y1 Qpn—1
AVt = A2 S = (4.5.26)
A 12 VUpn—1 ~QX1---Qn—1 __ ViV3...Up—1
0, 0o =+ O 2 E =d, € n-t

which provide the complete Noether identities
d,, EV1vetn-t = (), (4.5.27)
They can be written in the form
dudpy = 0. (4.5.28)

The graded functions (4.5.26) form a basis for a projective C°°(X)-
module of finite rank which is isomorphic to the module of sections of the
vector bundle

n—2
Ey= N TX.

Therefore, let us extend the graded commutative ring S [Ey;Y] to that
Px {0} (see Notation 4.5.1) possessing the local generating basis

(y7 5#1---!%—1 , 5#2---!%—1 },

where et2-Fn-1 are even antifields of antifield number 2. We have the
nilpotent graded derivation

)

A)U‘Q--wu'n—l
85‘”2"'”7»71

So=0+

of PY{0}. Its nilpotency is equivalent to the complete Noether identities
(4.5.27). Then we obtain the one-exact complex (4.5.12).
Iterating the arguments, let us consider the vector bundles

n—k—2

Ey= A TX, k=1,...,n—3,
Encp_s=X xR

and the graded commutative ring P2 {N} (see Notation 4.5.1), possessing
the local generating basis

(y, ettt tn=1 ghebn=1 o 0 ghn=t &)
of Grassmann parity

[gHht2-Hn=1] = kmod 2, [e] = n,
and of antifield number

Antlehrt2bn1] = k4 2] Antle] = n.
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It is provided with the nilpotent graded derivation

) ) -
6KT = (50 + Z 786“7‘%2“'#7171 =+ gd#nilg“ 17 (4529)

1<k<n-3
Hr+2---Pn—1 Hk+1Hk+2--Hn—1
A "t=dy, € n-1)

of antifield number -1. Its nilpotency results from the complete Noether
identities (4.5.27) and the equalities

Ay APRH2Bnt =0 =0,... n—3, (4.5.30)

P42

which are the (k + 1)-stage Noether identities (4.5.21). Then the Koszul-
Tate complex (4.5.20) reads

0Imd < 8 [By: Y], <& PO {0}, & PO (1} -- (4.5.31)
2P0 (= 3}y BT PO (n — 2}, BT PO fn — 2}, .
It obeys Condition 4.5.1 as follows.

Lemma 4.5.5. Any 6i-cycle ® € P2 {k}y3 up to a 6,-boundary takes the
form

_ Aq
@7 Z Z Gﬂk1+2 #n 13+ 7/’% iF2 iu‘n 1 (4532)
(k1+-+ki+3i=k=+3) (0<|A1],...,|As])

dAlAH}lclJrzmldkl - dAiAH;;i+2~~~l‘iL—17 k;j =-1,0,1,...,n— 3,
where k; = —1 stands for e #n-1 and
Aﬂl---#n—l — glllv--ﬂn—l.
It follows that @ is a 6x41-boundary.

Proof. Let us choose some basis element e*+2--#n-1 and denote it, sim-
ply, by €. Let ® contain a summand ¢;¢, linear in €. Then the cycle
condition reads

6 ® = 01(® — p18) + (—DEIGL(d1)e + A =0, A =je.
It follows that ® contains a summand A such that
(=16, () A + 9A = 0.
This equality implies the relation
61 = (—DEF G () (4.5.33)
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because the reduction conditions (4.5.30) involve total derivatives of A, but
not A. Hence,

O =0 + O (ve),

where ® contains no term linear in €. Furthermore, let € be even and ®
have a summand > ¢,.€” polynomial in e. Then the cycle condition leads
to the equalities

(b’r’A = _6k¢r71; r Z 2.

Since ¢; (4.5.33) is dp-exact, then ¢o = 0 and, consequently, ¢,~o = 0.
Thus, a cycle ® up to a §x-boundary contains no term polynomial in c. It

Aq--Ay
® = § § G 1 T T i
Pioq g2 Hn—1iHy, 4o

n—1
(k1+--+ki+3i=k+3) (0<|A1],...,|As])

reads

1 1 i i
Hip42:Hn—1 HPri42-Hn—1
Eh ey ) (4.5.34)

However, the terms polynomial in € may appear under general coordinate
transformations

gHht2:-Hn—1

a Wit W1
irretnt ot (836 ) Oz or

81'/'8 axﬂk+2 o azﬂn—l
of a chain ® (4.5.34). In particular, ® contains the summand
1 1 2 i
r . ; l’/k,1+2“‘yn—1 . /1/,%_*_2..1/"_1
E l/]il+2...l/;llil,...,l/k’i+2...1/n71E € )

ki+-+k;+3i=k+3
which must vanish if ® is a cycle. This takes place only if ® factorizes
through the graded densities AFs+2--Fn=1 (45.29) in accordance with the
expression (4.5.32). O

Following the proof of Lemma 4.5.5, one also can show that any dx-cycle
® € PO {k}ri2 up to a boundary takes the form

d = Z ah dp AFF+2 Bt

Mk42---Hn—1
0<|A|

i.e., the homology Hy2(dy) of the complex (4.5.31) is finitely generated by
the cycles A#k+2--Hn—1,
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Chapter 5

Gauge theory on principal bundles

Classical gauge theory is adequately formulated as Lagrangian field theory
on principal and associated bundles where gauge potentials are identified
with principal connections. The reader is referred, e.g., to [38; 92; 147] for
the standard exposition of geometry of principal bundles. In this Chapter,
we present gauge theory on principal bundles as a particular Lagrangian
field theory on fibre bundles formulated in terms of jet manifolds [112]. The
main ingredient in this formulation is the bundle of principal connections
C = J'P/G whose sections are principal connections on a principal bundle
P with a structure group G. Its first order jet manifold J'C plays the role
of a configuration space of gauge theory.

5.1 Geometry of Lie groups

Let G be a topological group which is not reduced to the unit element 1.
Let V be a topological space. By a continuous action of G on V' on the left
is meant a continuous map

(:GxV -V (5.1.1)
such that
C(g/ga U) = C(g/’ C(ga U))

If there is no danger of confusion, we denote ((g,v) = gv. One says that a
group G acts on V on the right if the map (5.1.1) obeys the relations

¢(g'g,v) = C(g,¢(g,v)).

In this case, we agree to write ((g,v) = vg.

165
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Remark 5.1.1. Strictly speaking, by an action of a group G on V' is meant
a class of morphisms ¢ (5.1.1) which differ from each other in inner auto-
morphisms of G, that is,

¢'(g:v) =C(g"" 99", v)
for some element ¢’ € G.

An action of G on V is called:

e cffective if there is no g # 1 such that {(g,v) = v for all v € V|

o free if, for any two elements v,v € V, there exists an element g € G
such that {(g,v) =’

e transitive if there is no element v € V such that ((g,v) = v for all
g € G.
Unless otherwise stated, an action of a group is assumed to be effective. If
an action ¢ (5.1.1) of G on V is transitive, then V is called the homogeneous
space, homeomorphic to the quotient V= G/H of G with respect to some
subgroup H C G. If an action ( is both free and transitive, then V is
homeomorphic to the group space of G. For instance, this is the case of
action of G on itself by left (( = L) and right (¢ = Rg) multiplications.

Let G be a connected real Lie group of finite dimension dimG > 0. A
vector field £ on G is called left-invariant if

£(9) =TLy(£(1)), g€q,
where T'L, denotes the tangent morphism to the map

Ly:G— gG.
Accordingly, right-invariant vector fields £ on G obey the condition
£(9) = TRy(£(1)),

where T'R,; is the tangent morphism to the map
T,: G — ¢G.

Let g; (resp. g,) denote the Lie algebra of left-invariant (resp. right-
invariant) vector fields on G. They are called the left and right Lie algebras
of G, respectively. Every left-invariant vector field &(g) (resp. a right-
invariant vector field &,(g)) can be associated to the element v = & (1) (resp.
v =&,.(1)) of the tangent space T1G at the unit 1 of G. Accordingly, this
tangent space is provided both with left and right Lie algebra structures.
For instance, given v € T1G, let v;(g) and v,-(g) be the corresponding left-
invariant and right-invariant vector fields on G, respectively. There is the
relation

u(g) = (TLg o TR ") (vr(g)).
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Let {€m = €m(1)} (resp. {em = em(1)}) denote the basis for the left (resp.
right) Lie algebra, and let c¥,,, be the right structure constants:
[Em,En] = c’fnnsk.
The map g — ¢! yields an isomorphism
912 €n —Em = —€m € Gr
of left and right Lie algebras.
The tangent bundle
g : TG — G (5.1.2)

of a Lie group G is trivial because of the isomorphisms

o:TG>q— (9=mc(9),TL; ' (9) € G x g,

or : TG 3 q— (9=mc(q), TR, (q)) € G x g,.

Let ¢ (5.1.1) be a smooth action of a Lie group G on a smooth manifold
V. Let us consider the tangent morphism

TC:TGxTV — TV (5.1.3)

to this action. Given an element g € G, the restriction of T'C (5.1.3) to
(9,0) x TV is the tangent morphism T'(, to the map

CgigxV =V
Therefore, the restriction
T¢q:0(G) x TV — TV (5.1.4)

of the tangent morphism T¢ (5.1.3) to 0(G) x TV (where 0 is the canonical
zero section of TG — @) is called the tangent prolongation of a smooth
action of G on V.

In particular, the above mentioned morphisms

TLg = TLG|(g,0)><TGv TRg = TRG‘(g,O)xTG

are of this type. For instance, the morphism TLg (resp. TR¢g) (5.1.4)
defines the adjoint representation g — Ad, (resp. g — Ad,-1) of a group
G in its right Lie algebra g, (resp. left Lie algebra g;) and the identity
representation in its left (resp. right) one.

Restricting T¢ (5.1.3) to TyG x 0(V'), one obtains a homomorphism of
the right (resp. left) Lie algebra of G to the Lie algebra 7 (V) of vector
field on V if ¢ is a left (resp. right) action. We call this homomorphism a
representation of the Lie algebra of G in V. For instance, a vector field on a
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manifold V associated to a local one-parameter group G of diffeomorphisms
of V' (see Section 1.1.4) is exactly an image of such a homomorphism of the
one-dimensional Lie algebra of G to T (V).

In particular, the adjoint representation Ad, of a Lie group G in its
right Lie algebra g, yields the corresponding adjoint representation

e e —ado(e) =[€, ¢l
ad.,, (e,) = & en, (5.1.5)

of the right Lie algebra g, in itself. Accordingly, the adjoint representation
of the left Lie algebra g; in itself reads

ade'm (En) = _Cfnnqﬁ

k

where c;,,,

are the right structure constants (5.1.5).

Remark 5.1.2. Let G be a matrix group, i.e., a subgroup of the algebra
M (V') of endomorphisms of some finite-dimensional vector space V. Then
its Lie algebras are Lie subalgebras of M (V). In this case, the adjoint
representation Ad, of G reads

Ad,(e) = geg™*, e€Eg. (5.1.6)

Let g* be the vector space, dual of the right Lie algebra g,.. It is called
the Lie coalgebra, and is provided with the dual {¢™} of the basis {e,,} for
g-. The group G and the right Lie algebra g, act ion g* by the coadjoint
representation

(Ady(e"),e) = (7, Adg-1(e)), e* egr, e€g, (517

)=
(adZ (e7),e) = —(e", [ehe]), €' €ar,

adl (") = —ce".

An exterior form ¢ on a Lie group G is said to be left-invariant (resp.
right-invariant) if ¢(1) = L;(¢(g)) (resp. ¢(1) = R} (4(g))). The exterior
differential of a left-invariant (resp right-invariant) form is left-invariant
(resp. right-invariant). In particular, the left-invariant one-forms satisfy
the Maurer—Cartan equation

1
dp(e,€') = —5(15([6,6/]), €,€ €g. (5.1.8)
There is the canonical g;-valued left-invariant one-form

0,:T1G>e— €€y (5.1.9)
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on a Lie group G. The components 6] of its decomposition ; = 0;"¢p,
with respect to the basis for the left Lie algebra g; make up the basis for
the space of left-invariant exterior one-forms on G:

em )0 =0
The Maurer—Cartan equation (5.1.8), written with respect to this basis,
reads

1
M?:?%WAW

5.2 Bundles with structure groups

Principal bundles are particular bundles with a structure group. Since
equivalence classes of these bundles are topological invariants (see Theorem
5.2.5), we consider continuous bundles with a structure topological group.
Let G be a topological group. Let

m:Y - X (5.2.1)
be a locally trivial continuous bundle (see Remark 1.1.1) whose typical fibre
V is provided with a certain left action (5.1.1) of a topological group G (see
Remark 5.1.1). Moreover, let Y (5.2.1) admit an atlas

U= {(Um?/)a), Qaﬂ}7 1/1(1 = Qoz[ﬂ/],@, (522)

whose transition functions g, (1.1.3) factorize as

00s : UaNUs XV —Ua NUs x (Gx V) ESUL MU xV  (5.2.3)

through local continuous G-valued functions
055 :UaNUs — G (5.2.4)

on X. This means that transition morphisms g.s(z) (1.1.6) are elements
of G acting on V. Transition functions (5.2.3) are called G-valued.

Provided with an atlas (5.2.2) with G-valued transition functions, a
locally trivial continuous bundle Y is called the bundle with a structure
group G or, in brief, a G-bundle. Two G-bundles (Y, ¥) and (Y, ¥’) are
called equivalent if their atlases ¥ and ¥’ are equivalent. Atlases ¥ and ¥’
with G-valued transition functions are said to be equivalent if and only if,
given a common cover {U;} of X for the union of these atlases, there exists
a continuous G-valued function g; on each U; such that

Pi(x) = gi(z)i (), xz e U;. (5.2.5)

Remark 5.2.1. It may happen that a bundle Y admits non-equivalent
atlases ¥ and ¥’ with G-valued transition functions. Then the pairs (Y, ¥)
and (Y, U’) are regarded as non-equivalent G-bundles (see Remark 5.10.3).
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Let h(X, G, V) denote the set of equivalence classes of continuous bun-
dles over X with a structure group G and a typical fibre V. In order to char-
acterize this set, let us consider the presheaf G({]U} of continuous G-valued
functions on a topological space X. Let G% be the sheaf of germs of these
functions generated by the canonical presheaf G?U}, and let H'(X;G%) be
the first cohomology of X with coefficients in G% (see Remark 10.7.2). The

group functions Qgﬁ (5.2.4) obey the cocycle condition

05505, = 05,
on overlaps Uy, N Ug N U, (cf. (10.7.12)) and, consequently, they form a
one-cocycle {Qgﬁ} of the presheaf G?U}. This cocycle is a representative of
some element of the first cohomology H'(X;G% ) of X with coefficients in
the sheaf G% (see Remark 10.7.3).

Thus, any atlas of a G-bundle over X defines an element of the cohomol-
ogy set H1(X;G% ). Moreover, it follows at once from the condition (5.2.5)
that equivalent atlases define the same element of H'(X;GS% ). Thus, there
is an injection

(X,G,V)— HY(X;G%) (5.2.6)
of the set of equivalence classes of G-bundles over X with a typical fibre V
to the first cohomology H'(X;G%) of X with coefficients in the sheaf G%.
Moreover, the injection (5.2.6) is a bijection as follows [80].

Theorem 5.2.1. There is one-to-one correspondence between the equiva-
lence classes of G-bundles over X with a typical fibre V' and the elements
of the cohomology set H*(X; G%).

The bijection (5.2.6) holds for G-bundles with any typical fibre V. Two
G-bundles (Y, ¥) and (Y, ¥’) over X with different typical fibres are called
associated if the cocycles of transition functions of their atlases ¥ and ¥’
are representatives of the same element of the cohomology set H'(X; G%).
Then Theorem 5.2.1 can be reformulated as follows.

Theorem 5.2.2. There is one-to-one correspondence between the classes
of associated G-bundles over X and the elements of the cohomology set
HY (X;G%).

Let f : X’ — X be a continuous map. Every continuous G-bundle
Y — X yields the pull-back bundle f*Y — X’ (1.1.8) with the same
structure group G. Therefore, f induces the map

[f]: H(X;G%) — HY(X';G%).
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Theorem 5.2.3. Given a continuous G-bundle Y over a paracompact base
X, let f1 and fo be two continuous maps of X' to X. If these maps are
homotopic, the pull-back G-bundles f{Y and f3Y over X' are equivalent
[80; 147].

Let us return to smooth fibre bundles. Let G, dim G > 0, be a real Lie
group which acts on a smooth manifold V' on the left. A smooth fibre bundle
Y (5.2.1) is called a bundle with a structure group G if it is a continuous
G-bundle possessing a smooth atlas ¥ (5.2.2) whose transition functions
factorize as those (5.2.2) through smooth G-valued functions (5.2.4).

Example 5.2.1. Any vector (resp. affine) bundle of fibre dimension
dimV = m is a bundle with a structure group which is the general lin-
ear group GL(m,R) (resp. the general affine group GA(m,R)).

Let G be the sheaf of germs of smooth G-valued functions on X and
H(X;G%) the first cohomology of a manifold X with coefficients in the
sheaf G§. The following theorem is analogous to Theorem 5.2.2.

Theorem 5.2.4. There is one-to-one correspondence between the classes
of associated smooth G-bundles over X and the elements of the cohomology
set HY(X;G).

Moreover, since a smooth manifold is paracompact, one can show the
following [80].

Theorem 5.2.5. There is a bijection
HY(X;G%) = H'(X;G%), (5.2.7)
where a Lie group G is treated as a topological group.

The bijection (5.2.7) enables one to classify smooth G-bundles as the
continuous ones by means of topological invariants (see Section 8.1).

5.3 Principal bundles

Unless otherwise stated (see Section 8.1), we restrict our consideration to
smooth bundles with a structure Lie group of non-zero dimension.
Given a real Lie group G, let

mp: P — X (5.3.1)
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be a G-bundle whose typical fibre is the group space of GG, which a group
G acts on by left multiplications. It is called a principal bundle with a
structure group G or, simply, a principal bundle if there is no danger of
confusion. Equivalently, a principal G-bundle is defined as a fibre bundle
P (5.3.1) which admits an action of G on P on the right by a fibrewise
morphism

Rop:Gx P ——P, (5.3.2)

Ryp : p — pyg, np(p) =mp(pg), pEP,

which is free and transitive on each fibre of P. As a consequence, the
quotient of P with respect to the action (5.3.2) of G is diffeomorphic to a
base X, ie., P/G = X.

Remark 5.3.1. The definition of a continuous principal bundle is a repe-
tition of that of a smooth one, but all morphisms are continuous.

A principal G-bundle P is equipped with a bundle atlas
Up = {(Uas¥3); ap} (5.3.3)
whose trivialization morphisms
bg imp (Ua) = Ua x G
obey the condition

VE (pg) = gvl(p), g€G.

Due to this property, every trivialization morphism ! determines a unique
local section z, : U, — P such that

(WF 0 z4)(x) =1, z € U,.
The transformation law for z, reads
2(x) = za(x)0ap(T), x €Uy NUg. (5.3.4)
Conversely, the family

{(Uavza)aga,ﬁ} (5.3.5)

of local sections of P which obey the transformation law (5.3.4) uniquely
determines a bundle atlas ¥p of a principal bundle P.

Assertion 5.3.1. It follows that a principal bundle admits a global section
if and only if it is trivial.
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Example 5.3.1. Let H be a closed subgroup of a real Lie group G. Then
H is a Lie group. Let G/H be the quotient of G with respect to an action
of H on G by right multiplications. Then

men :G— G/H (5.3.6)

is a principal H-bundle [147]. If H is a maximal compact subgroup of
G, then G/H is diffeomorphic to R™ and, by virtue of Theorem 1.1.7,
G — G/H is atrivial bundle, i.e., G is diffeomorphic to the product R™ x H.

Remark 5.3.2. The pull-back f*P (1.1.8) of a principal bundle also is a
principal bundle with the same structure group.

Remark 5.3.3. Let P — X and P’ — X' be principal G- and G’-bundles,
respectively. A bundle morphism ® : P — P’ is a morphism of principal
bundles if there exists a Lie group homomorphism ~ : G — G’ such that

®(pg) = 2(p)¥(9)-

In particular, equivalent principal bundles are isomorphic.

Any class of associated smooth bundles on X with a structure Lie group
G contains a principal bundle. In other words, any smooth bundle with a
structure Lie group G is associated with some principal bundle.

Let us consider the tangent morphism

TRep: (G x @) xTP —~TP (5.3.7)
to the right action Rgp (5.3.2) of G on P. Its restriction to
T]_G x TP
X
provides a homomorphism
g ode—& eT(P) (5.3.8)

of the left Lie algebra g; of G to the Lie algebra 7 (P) of vector fields on P.
Vector fields & (5.3.8) are obviously vertical. They are called fundamental
vector fields [92]. Given a basis {e,.} for g;, the corresponding fundamental
vector fields &, = &, form a family of m = dim g; nowhere vanishing and
linearly independent sections of the vertical tangent bundle VP of P — X.
Consequently, this bundle is trivial

VP=Pxyg (5.3.9)

by virtue of Theorem 1.1.11.
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Restricting the tangent morphism TRgp (5.3.7) to
TRep : 0(G) x TP TP, (5.3.10)
b's

we obtain the tangent prolongation of the structure group action Rgp
(5.3.2). If there is no danger of confusion, it is simply called the action
of G on TP. Since the action of G (5.3.2) on P is fibrewise, its action
(5.3.10) is restricted to the vertical tangent bundle V P of P.

Taking the quotient of the tangent bundle TP — P and the vertical
tangent bundle VP of P by G (5.3.10), we obtain the vector bundles

TeP =TP/G, VgP=VP/G (5.3.11)

over X. Sections of TgP — X are G-invariant vector fields on P. Ac-
cordingly, sections of Vo P — X are G-invariant vertical vector fields on
P. Hence, a typical fibre of VP — X is the right Lie algebra g, of G
subject to the adjoint representation of a structure group G. Therefore,
Ve P (5.3.11) is called the Lie algebra bundle.

Given a bundle atlas Up (5.3.3) of P, there is the corresponding atlas

v = {(Uaa¢a)7Aan5} (5.3.12)

of the Lie algebra bundle Vg P, which is provided with bundle coordinates
(Uq; ', x™) with respect to the fibre frames

{em = wgl(x)(gm)L

where {e,,} is a basis for the Lie algebra g,.. These coordinates obey the
transformation rule

o(x™)em = X" Ady-1(em). (5.3.13)

A glance at this transformation rule shows that Vg P is a bundle with a
structure group G. Moreover, it is associated with a principal G-bundle P
(see Example 5.7.1).

Accordingly, the vector bundle TP (5.3.11) is endowed with bundle
coordinates (z*, 2", x™) with respect to the fibre frames {0, en}. Their
transformation rule is

o(xX™)em = X" Ady-1(em) + PH R e, (5.3.14)

For instance, if G is a matrix group (see Remark 5.1.2), this transformation
rule reads

o(X™)em = X0 temo — i, (07)o. (5.3.15)
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Since the second term in the right-hand sides of expressions (5.3.14) —
(5.3.15) depend on derivatives of a G-valued function ¢ on X, the vector
bundle Tg P (5.3.11) fails to be a G-bundle.

The Lie bracket of G-invariant vector fields on P goes to the quotient by
G and defines the Lie bracket of sections of the vector bundle T P — X.
This bracket reads

E=80+&e,,  n=0"0y+nle,y, (5.3.16)
[€,n) = (" 8um™ — 00,0\ + (5.3.17)
(£ = ONE + ey
Putting £&* = 0 and n* = 0 in the formulas (5.3.16) — (5.3.17), we obtain
the Lie bracket

[€,n] = cp&fnler (5.3.18)

of sections of the Lie algebra bundle Vg P. A glance at the expression
(5.3.18) shows that sections of VP form a finite-dimensional Lie C*°(X)-
algebra, called the gauge algebra. Therefore, Vo P also is called the gauge
algebra bundle.

5.4 Principal connections. Gauge fields

In classical gauge theory, gauge fields are conventionally described as prin-
cipal connections on principal bundles. Principal connections on a principal
bundle P (5.3.1) are connections on P which are equivariant with respect
to the right action (5.3.2) of a structure group G on P. In order to describe
them, we follow the definition of connections on a fibre bundle ¥ — X as
global sections of the affine jet bundle J'Y — X (Theorem 1.3.1).

Let J'P be the first order jet manifold of a principal G-bundle P — X
(5.3.1). Then connections on a principal bundle P — X are global sections

A:P—J'P (5.4.1)
of the affine jet bundle J'P — P modelled over the vector bundle
T*XVP=(T'XQg).
P P

In order to define principal connections on P — X, let us consider the jet
prolongation

J'Rg : JH(X x G) % J'p—Jp
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of the morphism Rgp (5.3.2). Restricting this morphism to
J'Re : 0(G) x J'P — J'P,
X
we obtain the jet prolongation of the structure group action Rgp (5.3.2). If

there is no danger of confusion, we call it, simply, the action of G on J'P.
It reads

G 3 g:jop = (1ap)9 = Ju(p9)- (5.4.2)
Taking the quotient of the affine jet bundle J'P by G (5.4.2), we obtain
the affine bundle

C=J'PG—X (5.4.3)
modelled over the vector bundle
C=T"XQVaP — X.

X

Hence, there is the vertical splitting
VC=CgC
X

of the vertical tangent bundle VC of C — X.

Remark 5.4.1. A glance at the expression (5.4.2) shows that the fibre
bundle J'P — C is a principal bundle with the structure group G. It is
canonically isomorphic to the pull-back

J'P=Po=CxP —C. (5.4.4)
X

Taking the quotient with respect to the action of a structure group
G, one can reduce the canonical imbedding (1.2.5) (where Y = P) to the
bundle monomorphism

Ao :C —T*XQTaP,
b's X
Ao s dxt @ (0, + X)) em)- (5.4.5)
It follows that, given atlases ¥ p (5.3.3) of P and ¥ (5.3.12) of T P, the bun-

dle of principal connections C is provided with bundle coordinates (z*, ay)

possessing the transformation rule

m m m 61"/
o(a; )em = (ay' Ady-1(em) + Ry em)@. (5.4.6)
If G is a matrix group, this transformation rule reads
_ _ ox¥
o(a;)em = (a0 (em)o— u(e o) (5.4.7)

Ox'r’
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A glance at this expression shows that the bundle of principal connections
C as like as the vector bundle TgP (5.3.11) fails to be a bundle with a
structure group G.

As was mentioned above, a connection A (5.4.1) on a principal bundle
P — X is called a principal connection if it is equivariant under the action
(5.4.2) of a structure group G, i.e.,

Alpg) = Alp)g 9@, (5.4.8)
There is obvious one-to-one correspondence between the principal connec-
tions on a principal G-bundle P and global sections
A: X - C (5.4.9)
of the factor bundle C' — X (5.4.3), called the bundle of principal connec-
tions.

Assertion 5.4.1. Since the bundle of principal connections C — X is
affine, principal connections on a principal bundle always exist.

Due to the bundle monomorphism (5.4.5), any principal connection A
(5.4.9) is represented by a T P-valued form

A =dz* @ 0\ + Aley). (5.4.10)

Taking the quotient with respect to the action of a structure group G, one

can reduce the exact sequence (1.1.19) (where Y = P) to the exact sequence

0—VoP —TgP —TX —0. (5.4.11)

A principal connection A (5.4.10) defines a splitting of this exact sequence.

Remark 5.4.2. A principal connection A (5.4.1) on a principal bundle
P — X can be represented by the vertical-valued form A (1.3.9) on P
which is a g;-valued form due to the trivialization (5.3.9). It is the familiar
gi-valued connection form on a principal bundle P [92]. Given a local
bundle splitting (Uy, z4) of P, this form reads

A =0, — Asdx* @ ¢y), (5.4.12)
where 6; is the canonical g;-valued one-form (5.1.9) on G and A% are local
functions on P such that

A (pg)eg = AA(P)Ady-1 (e,).

The pull-back z% A of the connection form A (5.4.12) onto U, is the well-
known local connection one-form

Aq = —Alda’ @ e, = Alda ® <, (5.4.13)
where Af = A5 02, are local functions on X. It is readily observed that the
coefficients A$ of this form are exactly the coefficients of the form (5.4.10).
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In classical gauge theory, coefficients of the local connection one-form
(5.4.13) are treated as gauge potentials. We use this term in order to refer
to sections A (5.4.9) of the bundle C' — X of principal connections.

There are both pull-back and push-forward operations of principal con-
nections [92].

Theorem 5.4.1. Let P be a principal fibre bundle and f*P (1.1.8) the
pull-back principal bundle with the same structure group. Let fp be the
canonical morphism (1.1.9) of f*P to P. If A is a principal connection
on P, then the pull-back connection f*A (1.3.12) on f*P is a principal
connection.

Theorem 5.4.2. Let P’ — X and P — X be principle bundles with struc-
ture groups G' and G, respectively. Let ® : P’ — P be a principal bundle
morphism over X with the corresponding homomorphism G' — G (see Re-
mark 5.3.3). For every principal connection A" on P’, there exists a unique
principal connection A on P such that T® sends the horizontal subspaces
of TP" A’ onto the horizontal subspaces of TP with respect to A.

Let P — X be a principal G-bundle. The Frolicher—Nijenhuis bracket
(1.1.40) on the space O*(P)®7 (P) of tangent-valued forms on P is compat-
ible with the right action Rgp (5.3.2). Therefore, it induces the Frolicher—
Nijenhuis bracket on the space

0" (X)®@TeP(X)
of T P-valued forms on X, where T P(X) is the vector space of sections
of the vector bundle TP — X. Note that, as it follows from the exact
sequence (5.4.11), there is an epimorphism
TeP(X) - T(X).
Let
Ae O'X)®TeP(X)
be a principal connection (5.4.10). The associated Nijenhuis differential is
da: 0" (X)®@TgP(X) — O™ (X)® Vg P(X),
dagp =[A,dlpn, ¢ € O0O"(X)RTeP(X). (5.4.14)
The strength of a principal connection A (5.4.10) is defined as the Vg P-

valued two-form

Py = %dAA _ %[AyA]FN € 0%(X) @ Vg P(X). (5.4.15)
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Its coordinated expression
1
Fa= 5F/{’deA ANdaxt ® e,
FY, = [0x + Aep, 0, + Aley" = (5.4.16)
ONA, — 0, AN + cp AR AL,
results from the bracket (5.3.17).

Remark 5.4.3. However, it should be emphasized that the strength F4
(5.4.15) is not the standard curvature (1.3.23) of a principal connection
because A (5.4.10) is not a tangent-valued form. The curvature of a princi-
pal connection A (5.4.1) on P is the V P-valued two-form R (1.3.23) on P,
which can be brought into the g;-valued form [92] owing to the canonical
isomorphism (5.3.9).

Regarding principal connections A as gauge potentials in classical gauge
theory, one calls their strength F4 (5.4.16) the strength of a gauge field.

Remark 5.4.4. Given a principal connection A (5.4.9), let ®¢ be a vertical
principal automorphism of the bundle of principal connections C. The
connection A’ = ®¢ o A is called conjugate to a principal connection A.
The strength forms (5.4.15) of conjugate principal connections A and A’
coincide with each other, i.e., F)q = Far.

5.5 Canonical principal connection

Since gauge potentials are represented by sections of the bundle of principal
connections C' — X (5.4.3), classical gauge theory is formulated as field
theory on C. In order to introduce vector fields and connections on C, one
can use the canonical connection on the pull-back principal bundle Po — C
(5.4.4).

Given a principal G-bundle P — X and its jet manifold J'P, let us
consider the canonical morphism 61y (1.2.5) where Y = P. By virtue of
Remark 1.1.2, this morphism defines the morphism

0:J'PxTP — VP.
P
Taking its quotient with respect to G, we obtain the morphism
CxTeP L VsP, (5.5.1)
X

0(0\) = —alep, 0(ep) = ep.
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This means that the exact sequence (5.4.11) admits the canonical splitting
over C [50].

In view of this fact, let us consider the pull-back principal G-bundle Px
(5.4.4). Since

Va(C x P)=C xVgP, Te(Cx P)=TC x TP, (5.5.2)
X X X X

the exact sequence (5.4.11) for the principal bundle P reads

0—CxVgP 7TC’ xTqP —TC — 0. (5.5.3)

X X
It is readily observed that the morphism (5.5.1) yields the horizontal split-
ting (1.3.3):
TCngP —>C><TGp —>C><VGP,
X X b'e

of the exact sequence (5.5.3) and, consequently, it defines the principal

connection

A:TC — TC x TGP,
X

A =da* @ (0) + alep) + dal ® 07, (5.5.4)
Aec 0N C)aTq(C x P)(X),
on the principal bundle
Pe = C’)>§ P —C. (5.5.5)
It follows that the principal bundle Po admits the canonical principal con-

nection (5.5.4).
Following the expression (5.4.15), let us define the strength

Fa= %dAA = %[A, A € 0*(C) ® Ve P(X),

1
Fa = (daj, \dat + §c;qa§azdx>‘ Adzt) @ e, (5.5.6)

of the canonical principal connection A (5.5.4). It is called the canonical
strength because, given a principal connection A (5.4.9) on a principal
bundle P — X, the pull-back

A'Fy = Fy (5.5.7)
is the strength (5.4.16) of A.
With the Vg P-valued two-form F 4 (5.5.6) on C, let us define the Vg P-
valued horizontal two-form
1
F =ho(Fa) = §f§ﬂdﬁ Adat @ e,

T __ T T T . P_q
Ap T a)\;L a’p,)\ + CpqO,)\aH, (558)
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on J'C. 1t is called the strength form. For each principal connection A
(5.4.9) on P, the pull-back

JYA*F = Fy (5.5.9)

is the strength (5.4.16) of A.
The strength form (5.5.8) yields an affine surjection

Fj2:J'C —C “(AT*X © Ve P) (5.5.10)
X

over C of the affine jet bundle J'C' — C to the vector (and, consequently,
affine) bundle

Cx(AT*X ® VgP) — C.
X

By virtue of Theorem 1.1.10, its kernel C'y = Ker F/2 is an affine subbundle
of J'C' — C. Thus, we have the canonical splitting of the affine jet bundle

JIC=CrpC=Cs @(C}x{iT*X@VGP), (5.5.11)

s 1 T 1 s
Axp = 5('7:/\u + S;u) = §<a/\u + a:M - C;qaia:i) + (5.5.12)

(T r D _q
Q(GM auA+cpqa)\aM).

The corresponding canonical projections are pry = F/2 (5.5.10) and
pr, =8/2:J'C — Oy (5.5.13)

The jet manifold J'C plays a role of the configuration space of classical
gauge theory on principal bundles. Its splitting (5.5.11) exemplifies the
splitting (2.4.65), but it is not related to a Lagrangian.

5.6 Gauge transformations

In classical gauge theory, gauge transformations are defined as principal
automorphisms of a principal bundle P. In accordance with Remark 5.3.3,
an automorphism ®p of a principal G-bundle P is called principal if it is
equivariant under the right action (5.3.2) of a structure group G on P, i.e.,

Pp(pg) = ®p(p)g, g€G, peP (5.6.1)

In particular, every vertical principal automorphism of a principal bun-
dle P is represented as

®p(p) =pf(p), PEP, (5.6.2)
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where f is a G-valued equivariant function on P, i.e.,

flpg) =g "f(p)g, g€G. (5.6.3)

There is one-to-one correspondence between the equivariant functions f
(5.6.3) and the global sections s of the associated group bundle

mpa 1 PY — X (5.6.4)

whose fibres are groups isomorphic to G and whose typical fibre is the
group G which acts on itself by the adjoint representation. This one-to-one
correspondence is defined by the relation

s(rp(p))p=pf(p), pEP, (5.6.5)

(see Example 5.7.2). The group of vertical principal automorphisms of a
principal G-bundle is called the gauge group. It is isomorphic to the group
PE(X) of global sections of the group bundle (5.6.4). Its unit element is
the canonical global section 1 of P — X whose values are unit elements
of fibres of PC.

Remark 5.6.1. Note that transition functions of atlases of a principle
bundle P also are represented by local sections of the associated group
bundle P (5.6.4).

Remark 5.6.2. Though PY — X is not a vector bundle, one can define
an appropriate Sobolev completion P& (X) of the gauge group P%(X) if G
is a matrix group [112; 116] such that P (X) is a Lie group. Its Lie algebra
is the corresponding Sobolev completion G(X) of the gauge algebra G(X)
of global sections of the Lie algebra bundle Vo P — X.

In order to describe gauge symmetries of gauge theory on a principal
bundle P, let us restrict our consideration to (local) one-parameter groups
of principal automorphisms of P. Their infinitesimal generators are G-
invariant projectable vector fields £ on P, and wvice versa. We call £ the
principal vector fields or the infinitesimal gauge transformations. They
are represented by sections ¢ (5.3.16) of the vector bundle TP (5.3.11).
Principal vector fields constitute a real Lie algebra T P(X) with respect
to the Lie bracket (5.3.17). Vertical principal vector fields are the sections

§=E"p (5.6.6)

of the gauge algebra bundle VoP — X (5.3.11). They form a finite-
dimensional Lie C*°(X)-algebra G(X) = Vg P(X) (5.3.18) that has been
called the gauge algebra.
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Any (local) one-parameter group of principal automorphism ®p (5.6.1)
of a principal bundle P admits the jet prolongation J'®p (1.2.7) to
a one-parameter group of G-equivariant automorphism of the jet mani-
fold J'P which, in turn, yields a one-parameter group of principal au-
tomorphisms ®¢ of the bundle of principal connections C' (5.4.3) [89;
112]. Its infinitesimal generator is a vector field on C, called the princi-
pal vector field on C' and regarded as an infinitesimal gauge transformation
of C. Thus, any principal vector field £ (5.3.16) on P yields a principal
vector field ug on C, which can be defined as follows.

Using the morphism (5.5.1), we obtain the morphism

£lo:C ~ Va P,
which is a section of of the Lie algebra bundle

Vg(CXP) — C
X

in accordance with the first formula (5.5.2). Then the equation
ug] Fa = da(£]0)

uniquely determines a desired vector field ug on C. A direct computation
leads to

ug = §"0, + (08" + c;qaﬂfq — a,0,8") 0} (5.6.7)

In particular, if £ is a vertical principal field (5.6.6), we obtain the vertical
vector field

ue = (0,8" + ¢ ab )0, (5.6.8)

pgp

Remark 5.6.3. The jet prolongation (1.2.8) of the vector field ug (5.6.7)
onto J*C reads

Thug = ug + (O3uE" + ChyalOrE" + chyal £ — (5.6.9)

apOnu€” — a5, 0,E" — ap, rE ).
Example 5.6.1. Let A (5.4.10) be a principal connection on P. For any
vector field 7 on X, this connection yields a section
T]A =720\ + A5 e,
of the vector bundle T¢ P — X. It, in turn, defines a principal vector field
(5.6.7) on the bundle of principal connection C' which reads
T4 =720\ + (Ou(A,TY) + cppab AlTY — a,0,77)0F,  (5.6.10)

pPqT R
G=r P=A
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It is readily justified that the monomorphism
TeP(X) 2§ —ue € T(C) (5.6.11)
obeys the equality
ey = [ug, uyl, (5.6.12)

i.e., it is a monomorphism of the real Lie algebra T P(X) to the real Lie
algebra 7 (C). In particular, the image of the gauge algebra G(X) in 7 (C)
also is a real Lie algebra, but not the C*°(X)-one because

upe # fug,  f€CT(X).

Remark 5.6.4. A glance at the expression (5.6.7) shows that the
monomorphism (5.6.11) is a linear first order differential operator which
sends sections of the pull-back bundle

C x TgP —C
X
onto sections of the tangent bundle TC' — C. Refereing to Definition 2.3.1,

we therefore can treat principal vector fields (5.6.7) as infinitesimal gauge
transformations depending on gauge parameters £ € T P(X).

5.7 Geometry of associated bundles. Matter fields

Given a principal G-bundle P (5.3.1), any associated G-bundle over X with
a typical fibre V is equivalent to the following one.
Let us consider the quotient

Y = (PxV)/G (5.7.1)

of the product P x V by identification of elements (p,v) and (pg, g~ 'v) for
all g € G. Let [p] denote the restriction of the canonical surjection

PxV — (PxV)/G (5.7.2)
to the subset {p} x V so that
[p](v) = [pgl (g~ "v).
Then the map
Y 3 [pl(V) = 7p(p) € X

makes the quotient Y (5.7.1) into a fibre bundle over X. This is a smooth
G-bundle with the typical fibre V' which is associated with the principal
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G-bundle P. For short, we call it the P-associated bundle. In classical
gauge theory, sections of a P-associated bundle describe matter fields.

Remark 5.7.1. The tangent morphism to the morphism (5.7.2) and the
jet prolongation of the morphism (5.7.2) lead to the bundle isomorphisms
TY = (TP x TV)/G, (5.7.3)
JY = (J'P xV)/G. (5.7.4)

The peculiarity of the P-associated bundle Y (5.7.1) is the following.

(i) Every bundle atlas Up = {(Ua, 20)} (5.3.5) of P defines a unique
associated bundle atlas

U = {(Uas Ya(@) = [za()] 1)} (5.7.5)
of the quotient Y (5.7.1).
Example 5.7.1. Because of the splitting (5.3.9), the Lie algebra bundle
V(;P = (P X gl)/G,
by definition, is of the form (5.7.1). Therefore, it is a P-associated bundle.

Example 5.7.2. The group bundle P (5.6.4) is defined as the quotient
P¢ =(Px@)/G, (5.7.6)

where the group G which acts on itself by the adjoint representation. There
is the following fibre-to-fibre action of the group bundle P on any P-
associated bundle Y (5.7.1):

PExYy —Y,
X X

((p.9)/G.(p;0)/G) = (p,gv)/G,  g€G,  weV.
For instance, the action of P% on P in the formula (5.6.5) is of this type.
(ii) Any principal automorphism ®p (5.6.1) of P yields a unique prin-
cipal automorphism
Dy : (p,v)/G — (Pp(p),v)/G, p € P, v eV, (5.7.7)
of the P-associated bundle Y (5.7.1). For the sake of brevity, we agree to
write

By : (P x V)/G — (@p(P) x V)/G.

Accordingly, any (local) one-parameter group of principal automorphisms
of P induces a (local) one-parameter group of automorphisms of the P-
associated bundle Y (5.7.1). Passing to infinitesimal generators of these
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groups, we obtain that any principal vector field £ (5.3.16) yields a vector
field v¢ on Y regarded as an infinitesimal gauge transformation of Y. Owing
to the bundle isomorphism (5.7.3), we have

ve : X — (£(P) x TV)/G C TY,
ve = 0N + 7T} 0;, (5.7.8)
where {I,,} is a representation of the Lie algebra g, of G in V.

(iii) Any principal connection on P — X defines a unique connection
on the P-associated fibre bundle Y (5.7.1) as follows. Given a principal
connection A (5.4.8) on P and the corresponding horizontal distribution
HP C TP, the tangent map to the canonical morphism (5.7.2) defines the
horizontal splitting of the tangent bundle TY of Y (5.7.1) and the corre-
sponding connection on Y — X [92]. Owing to the bundle isomorphism
(5.7.4), we have

A:(PxV)/G— (A(P)x V)G c J'Y,
A =da* ® (0x + ART}0;), (5.7.9)

where {I,} is a representation of the Lie algebra g, of G in V [94]. The
connection A (5.7.9) on Y is called the associated principal connection or,
simply, a principal connection on Y — X. The curvature (1.3.24) of this
connection takes the form

1 i
R= §F§H1pdaf Adz" @ 0;. (5.7.10)

Example 5.7.3. A principal connection A on P yields the associated con-
nection (5.7.9) on the associated Lie algebra bundle VP which reads

A =da* @ (0x — it ARE%er,). (5.7.11)

q

Remark 5.7.2. If an associated principal connection A is linear, one can
define its strength

1
= §F§’prdﬁ A dat, (5.7.12)

where I, are matrices of a representation of the Lie algebra g, in fibres of
Y with respect to the fibre bases {e;(z)}. They coincide with the matrices
of a representation of g, in the typical fibre V' of Y with respect to its fixed
basis {e;} (see the relation (1.1.10). It follows that G-valued transition
functions act on I, by the adjoint representation. Note that, because of
the canonical splitting (1.1.17), one can identify e;(z) = 0;. Therefore, the
strength form (5.7.12) can be represented as a E <§> E*-valued two-form on

X.

Fy
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In view of the above mentioned properties, the P-associated bundle Y
(5.7.1) is called canonically associated to a principal bundle P. Unless
otherwise stated, only canonically associated bundles are considered, and
we simply call Y (5.7.1) an associated bundle.

Remark 5.7.3. Since the bundle of principal connection C' is not P-
associated, connections on C' are introduced in a different way. For this
purpose, let us consider a symmetric world connection K* (1.3.40) on the
cotangent bundle 7*X — X of X and a principal connection A on P — X.
The latter defines the associated connection A (5.7.11) on the Lie algebra
bundle Vg P — X. Let us consider the tensor product connection I' (1.3.38)
on the bundle

T*X®VeP — X
X

induced by K (1.3.39) and A (5.7.11). Given the coordinates (z*,aJ,,a3,,)
on the jet manifold

JHT*X @ Vg P),
X
we obtain
T'=da’ @ [0x + (—K\" @, — ch,al AR )OM)]. (5.7.13)

Given the bundle morphism
Dy 09(1; ?GZ—AL ET*X<;X()VGP
(1.1.21), the commutative diagram

1 I DA 71 s
JC —>J(TX()§?VGP)

FAT T T

c P4 TmxXevep
X

defines a section
ay, ol = 0hAj, —cp(al — AZ)AI;\ — K)\"u(a;, — A})
of the affine jet bundle J'C' — C, i.e., the connection
Tg=da @ [0x + (0rA], — c),(al — AL AR — (5.7.14)
K\ (e, — A7)0
on the bundle of principal connections C' — X. A glance at the expression
(5.7.14) shows that I' 4 is an affine connection on the affine bundle C — X,
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while the corresponding linear connection (1.3.46) is I'. Moreover, it is
easily seen that A is an integral section of the connection I'y (5.7.14).
The connection (5.7.14) is not a unique one defined by a symmetric world
connection K and a principal connection A. The strength F4 of A can be
seen as a soldering form

Fa = Fy,da* @ o (5.7.15)
on C. Then there is another connection
W=Ta—Fa (5.7.16)

on C' — X. Let us assume that a vector field 7 on X is an integral section
of a symmetric world connection K (see Remark 1.3.4). Then it is readily
observed that the horizontal lift IV,7 of 7 by means of the connection I,
(5.7.16) coincides with the vector field 74 (5.6.10) on the fibre bundle C.

5.8 Yang—Mills gauge theory

Let us consider first order Lagrangian gauge theory on a principal bundle P.
Its configuration space is the first order jet manifold J'C of the bundle of
principal connections C' (5.4.3), endowed with bundle coordinates (z*, aj;')
possessing transition functions (5.4.6). Given a first order Lagrangian

L=Lw:J'C—AT*X (5.8.1)
on J!C, the corresponding Euler-Lagrange operator (2.1.12) reads
EL =& Nw = (O — dr\OM)LO;, Aw. (5.8.2)

Its kernel defines the Euler-Lagrange equation

EH = (OF — dyOM)L = 0. (5.8.3)

5.8.1 Gauge field Lagrangian

Let us assume that a gauge theory Lagrangian L (5.8.1) on J'C is invariant
under vertical gauge transformations (or, in short, gauge invariant). This
means that vertical principal vector fields (5.6.8):

ue = (0,&" + ¢ ab E1)0, (5.8.4)

pq T H

are exact symmetries of L, that is,

Ly, L=0, (5.8.5)
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where

J1u§ = ug + (Oau€" + cpgah,ONET + c;qaiufq)aﬁ‘“
(see the formula (5.6.9)). Then it follows from Remark 5.6.4 that vertical
principal vector fields ue (5.8.4) are gauge symmetries of L whose gauge
parameters are sections £ (5.6.6) of the Lie algebra bundle Vg P. In this
case, the first variational formula (2.4.29) for the Lie derivative (5.8.5) takes

the form

0= (98" + cpgah§NEN + dr[(0uE" + cpyal, HOML))]. (5.8.6)
It leads to the gauge invariance conditions (2.4.43) — (2.4.46) which read
U\ A —
oL+ 0L =0, (5.8.7)
EN 4+ dAOM L+ ¢4,abdh L =0, (5.8.8)
Cpg(an &l + d,\(aﬂar)"‘/j)) = 0. (5.8.9)

One can regard the equalities (5.8.7) — (5.8.9) as the conditions of a
Lagrangian L to be gauge invariant. They are brought into the form

MM+ ML = 0. (5.8.10)
L + cp ab ot L =0, (5.8.11)
o (ab oL+ ab DM L) = 0. (5.8.12)

Let us utilize the coordinates (afj, 73 ,,S%,) (5.5.12) which correspond to
the canonical splitting (5.5.11) of the affine jet bundle J'C' — C. With
respect to these coordinates, the equation (5.8.10) reads

oL
= 0. (5.8.13)
aS;
Then the equation (5.8.11) takes the form
oL
— =0. 5.8.14
aaz ( )

A glance at the equalities (5.8.13) and (5.8.14) shows that a gauge invariant
Lagrangian factorizes through the strength F (5.5.8) of a gauge field. Then
the equation (5.8.12, written as
oL
P e
a7 MR

shows that the gauge symmetry u¢ of a Lagrangian L is exact. The following

:07

thus has been proved.

Theorem 5.8.1. A gauge theory Lagrangian (5.8.1) possesses the exact
gauge symmetry ue (5.8.4) only if it factorizes through the strength F
(5.5.8).
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A corollary of this result is the well-known Utiyama theorem [23].

Theorem 5.8.2. There is a unique gauge invariant quadratic first order
Lagrangian (with the accuracy to variationally trivial ones). It is the con-
ventional Yang—Mills Lagrangian

1 1
Lyyv = Zag]g’\“gﬂ FraFiglw, g = det(guy), (5.8.15)
where a® is a G-invariant bilinear form on the Lie algebra g, and g is a

world metric on X.

The Euler-Lagrange operator of the Yang—Mills Lagrangian Ly is
Eym =EFO* Nw = (8]'dy) + C?pai)(afqg”ag)‘ﬁfgﬁ 1910}, Aw.  (5.8.16)
Its kernel defines the Yang—Mills equations
El = (87 dx + epya})(ageg"* g Fo s/ lgl) = 0. (5.8.17)

We call a Lagrangian system (S* [C], Lyn) the Yang—Mills gauge the-
ory.

Remark 5.8.1. In classical gauge theory, there are Lagrangians, e.g., the
Chern—Simons one (see Section 8.2) which do not factorize through the
strength of a gauge field, and whose gauge symmetry ue (5.8.4) is varia-
tional, but not exact.

5.8.2 Conservation laws

Since the gauge symmetry ue of the Yang—Mills Lagrangian (5.8.15) is exact,
the first variational formula (5.8.6) leads to the weak conservation law

0 = d(—ughoM Lynr) (5.8.18)
of the Noether current
jg\ = —(0u€" + cpal, q)(afqg“ag)‘ﬁfgﬁ lgD). (5.8.19)

In accordance with Theorem 2.4.2, the Noether current (5.8.19) is brought
into the superpotential form (2.4.50) which reads

T = EEN +d, (€70 Lyw), (5.8.20)
U™ =& ag" g’ Fl\/1gl- (5.8.21)

Let us study energy-momentum conservation laws in Yang—Mills gauge
theory. If a background world metric g is specified, one can find a particular
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vector field 7 on X and its lift 47 (2.4.39) onto C' which is an exact sym-
metry of the Yang-Mills Lagrangian (5.8.15). Then the energy-momentum
current (2.4.40) along such a symmetry is conserved. We here obtain the
energy-momentum conservation law as a gauge conservation law in the case
of an arbitrary world metric g and any vector field 7 on X.

Given an arbitrary vector field 7 on X, let A be a principal connection
on P and 74 (5.6.10) the lift of 7 onto the bundle of principal connections
C. Let us consider the energy-momentum current along the vector field 74
(5.6.10) [112; 135].

Since the Yang—Mills Lagrangian (5.8.15) depends on a background
world metric g, the vector field 74 (5.6.10) is not its exact symmetry in
general. Following the procedure in Section 2.4.6, let us consider the total
Lagrangian

1 G A\
L= 1%a° “oPr FRyFi A lolw, o = det(ou), (5.8.22)
on the total configuration space

JHC X VTX)
X

2
where the tensor bundle VT X is provided with the holonomic fibre coor-

dinates (o#¥). Given a vector field 7 on X, there exists its canonical lift
(1.1.26):

7 =10+ (0,70 + 0,7%6"*) D,

2
onto the tensor bundle VT*X. It is the infinitesimal generator of a local

2
one-parameter group of general covariant transformations of VT*X (see
Section 6.1). Thus, we have the lift

Ta =70+ (0 (ALTY) + Cpg@h ALT" — a0, 77)0) +  (5.8.23)
(8,7%0"" 4+ 80,7767 *) D
of a vector field 7 on X onto the product

CxYT*X.
X

Its is readily observed that the vector field 74 (5.8.23) is an exact sym-
metry of the total Lagrangian (5.8.22). One the shell (5.8.17), we then
obtain the weak transformation law (2.4.75). This reads

0~ (9,7%9"" + 9,77 g"™ — Oxg*PT™)Dap L — dr T2, (5.8.24)
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where
A A :
TA = O Lywlr"a,

A
a:;a/ﬂ'y] — T EYM

— 0, (ATTY) — T aP AT+ (5.8.25)

Pa—H

is the energy-momentum current along the vector field 74 (5.6.10).
The weak identity (5.8.24) can be written in the form

0=~ ot ty/lgl — 74,33V gl — drT2, (5.8.26)
where {,”,} are the Christoffel symbols (1.3.44) of a world metric g and
t5/lgl = 20" 0apLym = (F, 0" — 65)Lym
is the metric energy-momentum tensor of a gauge field. In particular, let a
principal connection B be a solution of the Yang—Mills equations (5.8.17).
Let us consider the lift (5.6.10) of a vector field 7 on X onto C' by means

of the principal connection A = B. In this case, the energy-momentum
current (5.8.25) reads

Jh o B =1"(t)oB)\/lqgl. (5.8.27)

Then the weak identity (5.8.26) on a solution B takes the form of the
familiar covariant conservation law

V() 0 B)Vgl) =0, (5.8.28)

where V is the covariant derivative with respect to the Levi—Civita connec-
tion {71} of the background metric g.

Note that, considering a different lift y7 of a vector field 7 on X to a
principal vector field on C, we obtain an energy-momentum current along
7 which differs from J3 (5.8.27) in a Noether current (5.8.20). Since such
a current is reduced to a superpotential, one can always bring the energy-
momentum transformation law (5.8.24) into the covariant conservation law

(5.8.28).

5.8.3 BRST extension

The gauge invariance conditions (5.8.7) — (5.8.9) lead to the Noether iden-
tities which the Euler—Lagrange operator Eyn (5.8.16) of the Yang—Mills
Lagrangian (5.8.15) satisfies (see Remark 2.4.6). These Noether identities
are associated to the gauge symmetry ue (5.8.4). By virtue of the formula
(2.3.7), they read

P alEN 4 d,EF =0, (5.8.29)

rq“up

Lemma 5.8.1. The Noether identities (5.8.29) are non-trivial.
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Proof. Following the procedure in Section 4.1, let us consider the density
dual

VC = V*C@gKT*X = (T*X%VGP)*%@?\T*X (5.8.30)
of the vertical tangent bundle VC of C — X, and let us enlarge the differ-
ential graded algebra S% [C] to the differential bigraded algebra (4.1.6):

PLIVC; 0] =85 [VC; O,

possessing the local generating basis (aj,,@l’) where @' are odd antifields.
Providing this differential bigraded algebra with the nilpotent right graded
derivation

)
)= aarcr
let us consider the chain complex (4. 1 8). Its one-chains
A, = alal +dyay (5.8.31)

are J-cycles which define the Noether identities (5.8.29). Clearly, they are
not §-boundaries. Therefore, the Noether identities (5.8.29) are non-trividll

Lemma 5.8.2. The Noether identities (5.8.29) are complete.

Proof. The second order Euler-Lagrange operator Eym (5.8.16) takes its
values into the space of sections of the vector bundle
(T*X @ VgP)* @ AT*X — X.
X X
Let @ be a first order differential operator on this vector bundle such that
P o 5YM =0.
This condition holds only if the highest derivative term of the composition

dlo 5\2/1\/[ of the first order derivative term ®! of ® and the second order
derivative term 5\2(1\/[ of &y vanishes. This is the case only of

= A} =d,a". O

The graded densities A,w (5.8.31) constitute a local basis for a C*°(X)-
module C g isomorphic to the module Vo P(X) of sections of the density
dual Vg P of the Lie algebra bundle Vg P — X. Let us enlarge the differ-
ential bigraded algebra P* [V C;C] to the differential bigraded algebra

P. {0} =8L[VC;C xVaP)

possessing the local generating basis (a/, 1o A cr) where ¢, are even Noether
antifields.

Lemma 5.8.3. The Noether identities (5.8.29) are irreducible.
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Proof. Providing the differential bigraded algebra P._{0} with the nilpo-
tent odd graded derivation

—

60 =0+ %A'N
let us consider the chain complex (4.1.16). Let us assume that ® (4.1.17)
is a two-cycle of this complex, i.e., the relation (4.1.18) holds. It is readily
observed that ® obeys this relation only if its first term G is d-exact, i.e.,

the first-stage Noether identities (4.1.18) are trivial. O

It follows from Lemmas 5.8.1 — 5.8.3 that Yang—Mills gauge theory is
an irreducible degenerate Lagrangian theory characterized by the complete
Noether identities (5.8.29).

Following inverse second Noether Theorem 4.2.1, let us consider the
differential bigraded algebra

P{0} = S5 [VC @ VaP: C x VaP) (5.8.32)

with the local generating basis (aj,,a', ", ¢,) where ¢, are odd ghosts. The

gauge operator u (4.2.8) associated to the Noether identities (5.8.29) reads

u=u= (cl’; + c;qaﬁcq)aﬂ. (5.8.33)
It is an odd gauge symmetry of the Yang—Mills Lagrangian Lyy; which can
be obtained from the gauge symmetry u¢ (5.8.4) by replacement of gauge
parameters {" with odd ghosts ¢” (see Remark 4.2.1).

Since the gauge symmetries ue form a Lie algebra (5.6.12), the gauge
operator u (5.8.33) admits the nilpotent BRST extension
0

0 1
b= (c +c aPc? — —c! P
“w
aj, c

PR

which is the well-known BRST operator in Yang Mills gauge theory [63].
Then, by virtue of Theorem 4.4.2, the Yang—Mills Lagrangian Ly is ex-
tended to a proper solution of the master equation

1
_ r oD 4\l D7
Lg=Lvym+ (Cu + Cpeay,C Yakw 2cpqc cle,w.

5.8.4 Matter field Lagrangian

Let P be a principal bundle, and let Y (5.7.1) be a P-associated bundle
coordinated by (z#,y%). Treating sections of Y as matter fields, let us con-
sider a Lagrangian system of gauge and matter fields. Its total Lagrangian
Lot is defined on the configuration space

JHC x V) =JC x J'Y. (5.8.34)
X X
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This Lagrangian is the sum
Liot = Ly + Ly (5.8.35)

where Ly is the pull-back of the Yang-Mills Lagrangian (5.8.15) onto
the total configuration space (5.8.34) and L,, is a matter field Lagrangian
describing matter fields in the presence of a gauge field.

Let us assume that the total Lagrangian (5.8.34) is gauge invariant
and, consequently, that a matter field Lagrangian L., is separately gauge
invariant. We also assume that L,, depends on gauge fields, but not their
derivatives, i.e., Ly, is defined on the pull-back bundle

C x J'Y, (5.8.36)
b'e
coordinated by (2, a%,y’,y%). Infinitesimal gauge transformations of this
bundle are given by vector fields
Ve = e + J've = (08" + ¢ ab £ + EPTL0; + dA(EP1))D).  (5.8.37)
The gauge invariance condition reads
Ly, iLm = [(0," + ¢ ab 600 Lo + EPLE + dpu (6P 10! Lin)Jw = 0.
This condition leads to the equality (2.4.45):
OF Lo + IO Loy =0,
which results in the following.
Assertion 5.8.1. It follows that a gauge invariant matter field Lagrangian
factorizes as
Lo :CxJY Z0x(T*X@VY) - AT*X
X X X
through the covariant differential
D = (y, — a;I})da" ® 0 (5.8.38)
relative to some principal connection on ¥ — X.
Remark 5.8.2. If a matter field Lagrangian L., factorizes through the
covariant differential D (5.8.38), it can be regarded as a function of formal

variables y* and k% = Dﬁ\. The infinitesimal gauge transformations (5.8.37)
of these variables read

, !
195 = 5”];,81 + fpaj(]';))kii
ok}
It is independent of derivatives J,&P of gauge parameters . Therefore,
the gauge invariance condition (2.4.45) is trivially satisfied.
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As a consequence, the Euler-Lagrange equation of the total Lagrangian
(5.8.35) of gauge and matter fields takes the form

§iLm — drxO0} Ly = 0, (5.8.39)
(0 dy + cﬁpaf\)(agqg““g’\ﬁfgﬁ lg|) — O LIl =0. (5.8.40)

The equation (5.8.39) is an equation of motion of matter fields in the pres-
ence of a gauge fields. A glance at the equation (5.8.40) shows that matter
sources of a gauge field are components

JH = O Lo !
of the Noether current (2.4.34):
Jh=Jre = —(’)ﬁ‘[lmvé,
of matter fields.

5.9 Yang—Mills supergauge theory

Yang—Mills gauge theory on X = R" is straightforwardly extended to Yang—
Mills supergauge theory by replacement of a Lie algebra g, with a Lie
superlagebra. Yang—Mills supergauge theory exemplifies Lagrangian theory
of even and odd fields.

Let
g=godm
be a finite-dimensional real Lie superalgebra with the basis {e,}, r =
1,...,m, and real structure constants ¢;;. They obey the relations
gy = =D, ] =[]+ 1)

(,1)[i][b]czjcib + (,1)[a][i]c7a"jcii + (,1)[17][«1]62],817:@ =0,

where [r] denotes the Grassmann parity of . Given the universal envelop-
ing algebra g of g, we assume that there exists an even quadratic Casimir
element h'e;e; of § such that the matrix h% is non-degenerate. Yang-
Mills supergauge theory on X = R"™ associated to this Lie superalgebra is

described by the differential bigraded algebra (4.1.6):
PLIF; Y] =S85L[F;Y],
where

F=gT*X, Y =go®T*X.
X X
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It possesses the generating basis (a}) of Grassmann parity [a}] = [r]. First
jets of its elements admit the splitting
T 1 T T
a’)\/_t = 5( Al + S)\p.) = (591)

1 o
ro_.r roi g Loor T or i ]
i(a’\“ ay\ + cijazal,) + 2 (a}, + ap\ — ciyaral,)

(cf. (5.5.12)). Given a constant metric g on R™, the graded Yang-Mills
Lagrangian reads

1 Vi .
Lym = Zhijg’\ugﬁ FrpFlw-
Its variational derivatives £} obey the irreducible complete Noether iden-
tities
cadE} + daE) = 0.
Therefore, let us enlarge the differential bigraded algebra P [F;Y] to
the differential bigraded algebra

PL{0} =SLIFOF ® Ey® Eo; Y],
X

>3 =D

53]
X
X

F=g"TXAT*
X X

Ey=Xxg  Bo=g xAT*X.
b'e
Its generating basis (a},&i‘, ¢”,¢) contains gauge fields af, their antifields
@) of Grassmann parity
[@] = ([r] + 1)mod 2,

the ghosts ¢" of Grassmann parity

[¢"] = ([r] + 1)mod 2,

and the Noether antifields ¢, of Grassmann parity [¢,] = [r]. Then the
gauge operator (4.2.8) reads
D
u=(c — Cji&a&)@'

It admits the nilpotent BRST extension

0 1 ; ;0
(=l i
dal, 2( L)feie C]acr'

The corresponding proper solution (4.4.10) of the master equation takes

b = (c} - ¢j;ca})

the form

. 1 L
Lg = Lym + (¢ — c;icjag)a;\w - 5(—1)[40%020]@(,0.
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5.10 Reduced structure. Higgs fields

Gauge theory deals with the three types of classical fields. These are gauge
potentials, matter fields and Higgs fields. Higgs fields are responsible for
spontaneous symmetry breaking. Spontaneous symmetry breaking is a
quantum phenomenon, but it is characterized by a classical background
Higgs field. Therefore, it also is described in classical field theory. In clas-
sical gauge theory on a principal bundle P — X, spontaneous symmetry
breaking is characterized by the reduction of a structure Lie group G of
this principal bundle to a closed subgroup H of exact symmetries [83; 89;
120; 131; 155].

5.10.1 Reduction of a structure group

Let H and G be Lie groups and ¢ : H — G a Lie group homomorphism. If
Py — X is a principal H-bundle, there always exists a principal G-bundle
Ps — X together with the principal bundle morphism

®: Py ?PG (5.10.1)

over X (see Remark 5.3.3). It is the Py-associated bundle
PG = (PH X G)/H

with the typical fibre G on which H acts on the left by the rule h(g) = ¢(h)g,
while G acts on Pg as

G349 :(p,g)/H — (p,gg')/H.

Conversely, if P — X is a principal G-bundle, a problem is to find a
principal H-bundle Py — X together with a principal bundle morphism
(5.10.1). If H — G is a closed subgroup, we have the structure group
reduction. If H — G is a group epimorphism (a group extension (10.4.10)),
one says that Pg lifts to Py.

Here, we restrict our consideration to the reduction problem (see Lemma
7.2.1 for an example of bundle lift). In this case, the bundle monomorphism
(5.10.1) is called a reduced H-structure [64; 93].

Remark 5.10.1. Note that, in [64; 93], the reduced structures on the
principle bundle LX of linear frames in the tangent bundle TX of X only
are considered, and a class of isomorphisms of such reduced structures is
restricted to holonomic automorphisms of LX), i.e., the canonical lifts onto
LX of diffeomorphisms of the base X (see Section 6.1).
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Let P (5.3.1) be a principal G-bundle, and let H, dimH > 0, be a closed
(and, consequently, Lie) subgroup of G. Then we have the composite bundle

P— P/H — X, (5.10.2)
where
Py =P ™2 P/H (5.10.3)

is a principal bundle with a structure group H and
Y =P/HZ5X (5.10.4)

is a P-associated bundle with the typical fibre G/H on which the structure
group G acts on the left (see Example 5.3.1).

One says that a structure Lie group G of a principal bundle P is reduced
to its closed subgroup H if the following equivalent conditions hold.

e A principal bundle P admits a bundle atlas ¥p (5.3.3) with H-valued
transition functions g.g.

e There exists a principal reduced subbundle Py of P with a structure
group H.

Remark 5.10.2. It is easily justified that these conditions are equivalent.
If Py C P is a reduced subbundle, its atlas (5.3.5) given by local sections
zq of Pp — X is a desired atlas of P. Conversely, let (5.3.5):

\I/P = {(Uaa Za), Qoéﬂ}a

be an atlas of P with H-valued transition functions p,3. For any x € U, C
X, let us define a submanifold z,(z)H C P,. These submanifolds form a
desired H-subbundle of P because

za(2)H = zg(x)Hopa(z)
on the overlaps U, N Ug.
Theorem 5.10.1. There is one-to-one correspondence
P" = 155 (h(X)) (5.10.5)

between the reduced principal H-subbundles i, : P — P of P and the global
sections h of the quotient bundle P/H — X (5.10.4) [92].

Corollary 5.10.1. A glance at the formula (5.10.5) shows that the reduced
principal H-bundle P" is the restriction h*Ps (1.4.4) of the principal H-
bundle Py, (5.10.3) to h(X) C X.
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In classical field theory, global sections of a quotient bundle P/H — X
are interpreted as Higgs fields [131; 143].

In general, there is topological obstruction to reduction of a structure
group of a principal bundle to its subgroup.

Assertion 5.10.1. In accordance with Theorem 1.1.4, the structure group
G of a principal bundle P is always reducible to its closed subgroup H, if
the quotient G/H is diffeomorphic to a Euclidean space R™.

In particular, this is the case of a maximal compact subgroup H of a Lie
group G (see Example 5.3.1). Then the following is a corollary of Assertion
5.10.1 [147].

Assertion 5.10.2. A structure group G of a principal bundle is always
reducible to its maximal compact subgroup H.

As a consequence, there is a bijection between the cohomology sets
HYX;G¥) = HY(X; HY) (5.10.6)
if H is a maximal compact subgroup of G.

Example 5.10.1. For instance, this is the case of G = GL(n,C), H = U(n)
and G = GL(n,R), H = O(n).

Example 5.10.2. Any affine bundle admits an atlas with linear transi-
tion functions. In accordance with Theorem 5.10.1, its structure group
GA(m,R) (see Example 5.2.1) is always reducible to the linear subgroup
GL(m,R) because

GA(m,R)/GL(m,R) =R™.

5.10.2 Reduced subbundles

Different principal H-subbundles P" and PM of a principal G-bundle P are
not isomorphic to each other in general.

Theorem 5.10.2. Let a structure Lie group G of a principal bundle be
reducible to its closed subgroup H.

(i) Every vertical principal automorphism ® of P sends a reduced prin-
cipal H-subbundle P" of P onto an isomorphic principal H-subbundle P

(i) Conversely, let two reduced subbundles P" and P of a principal
bundle P — X be isomorphic to each other, and let ® : Ph — PM be their
isomorphism over X. Then ® is extended to a vertical principal automor-
phism of P.
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Proof. (i) Let
V" = {(Ua, 25), ol g} (5.10.7)

be an atlas of a reduced principal subbundle P", where 2"

~ are local sec-

tions of P — X and Qgﬁ are the transition functions. Given a vertical

automorphism @ of P, let us provide the subbundle P" = ®(P") with the
atlas

U = {(Ua, 21, o5} (5.10.8)
given by the local sections 22/ = d oz of Ph — X. Then it is readily
observed that

os(@) = ols(x),  weUsNUp. (5.10.9)

(ii) Any isomorphism (®,1d X) of reduced principal subbundles P" and
P" of P defines an H -equivariant G-valued function f on P given by the
relation

pf(p) =®(p), peP

Its prolongation to a G-equivariant function on P is defined as

flpg) =g 'fp)g. peP', geG.

In accordance with the relation (5.6.2), this function provides a vertical
principal automorphism of P whose restriction to P coincides with ®. O

Theorem 5.10.3. If the quotient G/H is homeomorphic to a Fuclidean
space R™  all principal H-subbundles of a principal G-bundle P are iso-
morphic to each other [147].

Remark 5.10.3. A principal G-bundle P provided with the atlas W"
(5.10.7) can be regarded as a P"-associated bundle with a structure group
H acting on its typical fibre G on the left. Endowed with the atlas U"
(5.10.8), it is a P"-associated H-bundle. The H-bundles (P, ¥") and
(P, \Ifh') fail to be equivalent because their atlases ¥ and U"" are not
equivalent. Indeed, the union of these atlases is the atlas

¥ = {(UOH Z27 22 )7 Qgﬁa Qgﬁa Qaa = f(za)}
possessing transition functions
2 = 2h000s  Oaa(®) = f(2a(2)), (5.10.10)

between the bundle charts (Uy, 2") and (Uy, 2"') of ¥ and ¥"', respec-
tively. However, the transition functions o,, are not H-valued. At the
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same time, a glance at the equalities (5.10.9) shows that transition functions
of both the atlases form the same cocycle. Consequently, the H-bundles
(P, ¥") and (P, ¥"") are associated. Due to the isomorphism ® : P" — P
one can write

P=(P"x@)/H = (P" x GQ)/H,

(px g)/H = (2(p) x [~ (p)g)/H.
For any p € H, we have

(pp9)/H = (2(p)p, f~(p)g)/H = (2(p), pf " (p)g)/H =
(@(p), f ()P 9)/H.,
where

o= f)pf (p). (5.10.11)
It follows that (P, \I/h,) can be regarded as a P"-associated bundle with the
same typical fibre G as that of (P, "), but the action g — p’g (5.10.11) of
a structure group H on the typical fibre of (P, ¥"') is not equivalent to its
action g — pg on the typical fibre of (P, ¥") (see Remark 5.1.1).

5.10.3 Reducible principal connections

There are the following properties of principal connections compatible with
a reduced structure [92].

Theorem 5.10.4. Since principal connections are equivariant, every prin-
cipal connection Ay, on a reduced principal H-subbundle P" of a principal
G-bundle P gives rise to a principal connection on P.

Theorem 5.10.5. A principal connection A on a principal G-bundle P is
reducible to a principal connection on a reduced principal H-subbundle P
of P if and only if the corresponding global section h of the P-associated
fibre bundle P/H — X is an integral section of the associated principal
connection A on P/H — X.

Theorem 5.10.6. Let the Lie algebra g; of G be the direct sum
g=hdm (5.10.12)

of the Lie algebra b, of H and a subspace m such that Adg(m) Cm, g € H
(e.g., H is a Cartan subgroup of G). Let A be a g;-valued connection form
(5.4.12) on P. Then, the pull-back of the b;-valued component of A onto
a reduced principal H-subbundle P" is a b;-valued connection form of a
principal connection Ay, on P".



5.10. Reduced structure. Higgs fields 203

The following is a corollary of Theorem 5.4.1.

Theorem 5.10.7. Given the composite bundle (5.10.2), let Ay, be a prin-
cipal connection on the principal H-bundle P — % (5.10.83). Then, for any
reduced principal H-bundle ip, : P" — P, the pull-back connection i Ay
(1.4.18) is a principal connection on P".

5.10.4 Associated bundles. Matter and Higgs fields

In accordance with Theorem 5.10.1, there is a bijection between the set
of reduced principal H-subbundles P" of P and the set of Higgs fields h.
Given such a subbundle P", let

Yh = (P xV)/H (5.10.13)

be the associated vector bundle with a typical fibre V' which admits a rep-
resentation of the group H of exact symmetries. Its sections s, describe
matter fields in the presence of the Higgs fields h and some principal con-
nection A, on P". In general, the fibre bundle Y" (5.10.13) fails to be
associated with another principal H-subbundles P of P. Tt follows that,
in this case, a V-valued matter field can be represented only by a pair with
a certain Higgs field. The goal is to describe the totality of these pairs
(sn, h) for all Higgs fields h € ¥(X).

Remark 5.10.4. If reduced principal H-subbundles P" and PM of a prin-
cipal G-bundle are isomorphic in accordance with Theorem 5.10.2, then the
Ph-associated bundle Y (5.10.13) is associated as

Yh = (®(p) x V)/H (5.10.14)

to P¥'. If a typical fibre V' admits an action of the whole group G, the
Ph-associated bundle Y (5.10.13) also is P-associated as

Yh=(P"xV)/H=(PxV)/G.

In order to describe matter fields in the presence of different Higgs fields,
let us consider the composite bundle (5.10.2) and the composite bundle

y 25y X X (5.10.15)
where Y — Y is a Ps-associated bundle

Y =(PxV)/H (5.10.16)
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with a structure group H. Given a global section h of the fibre bundle
¥ — X (5.104) and the corresponding reduced principal H subbundle
Ph = h* P, the P"-associated fibre bundle (5.10.13) is the restriction

Yh=hY = (h*P xV)/H (5.10.17)

of the fibre bundle Y — ¥ to h(X) C . By virtue of Theorem 1.4.2, every
global section sj, of the fibre bundle Y (5.10.17) is a global section of the
composite bundle (5.10.15) projected onto the section h = myx o s of the
fibre bundle ¥ — X. Conversely, every global section s of the composite
bundle Y — X (5.10.15) projected onto a section h = myy o s of the fibre
bundle ¥ — X takes its values into the subbundle Y"Y (5.10.17). Hence,
there is one-to-one correspondence between the sections of the fibre bundle
Y" (5.10.13) and the sections of the composite bundle (5.10.15) which cover
h.

Thus, it is the composite bundle Y — X (5.10.15) whose sections de-
scribe the above mentioned totality of pairs (sp,h) of matter fields and
Higgs fields in classical gauge theory with spontaneous symmetry breaking
[112; 143].

Lemma 5.10.1. The composite bundle Y — X (5.10.15) is a P-associated
bundle with a structure group G. Its typical fibre is the H-bundle

W= (GxV)/H (5.10.18)
associated with the principal H-bundle G — G/H (5.3.6).

Proof. One can consider a principal bundle P — X as the P-associated
bundle

P=(Px@G)/G,
(rg'.9) =, 9'9), peP, g4 €qG,

whose typical fibre is the group space of G which a group G acts on by left
multiplications. Then the quotient (5.10.16) can be represented as

Y=(Px(GxV)/H)/G,
(pg', (gp,v)) = (pd', (9, pv)) = (p, g’ (g, pv)) = (p, (¢'g, pv)).

It follows that Y (5.10.16) is a P-associated bundle with the typical fibre
W (5.10.18) which the structure group G acts on by the law

g :(GxV)/H— (JGxV)/H. (5.10.19)

This is a familiar induced representation of G [107). O
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Given an atlas {(Uy, z,)} (5.3.5) of the principal H-bundle G — G/H,
the induced representation (5.10.19) reads

g :(o,v) = (24(0),v)/H — (¢',0") = (¢’ za(0),v)/H = (5.10.20)
(20(mGH(9'2a(0)))p, 0)/H = (20(mcr(9'24(0))), p'v) [ H,
p = zl;l(ﬂGH(g'za(a)))g’za(o) €H, occU, wau(gz.0))e€U.

An example of induced representations is the well-known non-linear real-
ization [30; 86] (see Section 5.11).

Lemma 5.10.2. Given a global section h of the quotient bundle ¥ — X
(5.10.4), any atlas of a Px-associated bundle Y — X defines an atlas of
a P-associated bundle Y — X with H-valued transition functions. The
converse need not be true.

Proof. Any atlas Uyy of a Ps-associated bundle Y — X is defined by
an atlas

Upy = {(Usi, 2.), 0ur} (5.10.21)

of the principal H-bundle Ps (5.10.3). Given a section h of ¥ — X, we
have an atlas

" = {(7px(Us.), 2 0 h), 0 © b} (5.10.22)

of the reduced principal H-bundle P" which also is an atlas of P with
H-valued transition functions (see Remark 5.10.2). O

Given an atlas ¥ p of P, the quotient bundle ¥ — X (5.10.4) is endowed
with an associated atlas (5.7.5). With this atlas and an atlas Uyy of
Y — X, the composite bundle Y — X (5.10.15) is endowed with adapted

A

bundle coordinates (z*, 0™, y") where (¢™) are fibre coordinates on ¥ — X

and (y*) are those on Y — 3.

Lemma 5.10.3. Any principal automorphism of a principal G-bundle
P — X also is a principal automorphism of a principal H-bundle P — X
and, consequently, it yields an automorphism of the Ps-associated bundle
Y (5.10.15).

Proof. A principal automorphism of P — X is G-equivariant and, con-
sequently, H-equivariant, i.e., it is a principal automorphism of P — . [

The converse is not true. For instance, a vertical principal automor-
phism of P — ¥ is never a principal automorphism of P — X.
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By virtue of Lemma 5.10.3, every G-principal vector field £ (5.3.16) on

P — X also is an H-principal vector field
Ea = 0N+ (") T O + VE (2, 0¥ )eq (5.10.23)

on P — ¥ where {J,} is a representation of the Lie algebra g, of G in G/H
and {e, = ¥,(eq)} is a basis for the Lie algebra b, of H. Given different
principal vector fields € and 7 (5.3.16), the Lie algebra bracket (5.3.17)
leads to the relation marrtya

EP T Oy — P T3 O 0F + g2 = Ve . (5.10.24)
Both the G-principal vector field £ (5.3.16) and the H-principal vector field
&m (5.10.23) yield the infinitesimal gauge transformation ve (5.7.8) of the
composite bundle Y seen as a P- and Px-associated bundle. It reads

ve = EAO\ + &P (") ) Oy + D (2, 0*) %0, (5.10.25)
where {I,} is a representation of the Lie algebra b, in V.

Because the principal vector field £y (5.10.23) is never vertical with
respect to the fibration P — X, one also considers vertical principal vector
fields

C _ Ca(xu’o_k)ea
seen as sections of the Lie algebra bundle Vg P — 3. These vector fields
yield vertical infinitesimal gauge transformations

ve = ¢z, o) I, (5.10.26)
of the Ps-associated bundle Y — 3.

Though Y (5.10.16) is a P-associated bundle, a principal connection
on P fails to be reducible to a connection on an arbitrary principal H-
subbundle P" of P (see Theorem 5.10.5). Therefore, it can not define
a connection on the corresponding subbundle Y" (5.10.13) of Y — X in
general. At the same time, all H-subbundles Y" of Y — X can be provided
with associated principal connections as follows.

Lemma 5.10.4. Given a principal connection

As, = dz* @ Oy + ASey) +do™ @ (O + A% eq) (5.10.27)
on the principal H-bundle P — 3, let
Ayy = da* @ (O + AS(z", o™)IL0;) + (5.10.28)

do™ @ (O, + A% (zH, ™)L 0;)
be an associated principal connection on Y — Y. Then, for any H-
subbundle Y" — X of the composite bundle Y — X, the pull-back con-
nection (1.4.18):
Ap = h* Ays = dz* @[0x+ (A2 (x#, h¥)ONR™ + AS (z#, KN TL0;], (5.10.29)
is a connection on Y associated with the pull-back principal connection
h*As, on the reduced principal H-subbundle P" in Theorem 5.10.7.
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5.10.5 Matter field Lagrangian

Lemmas 5.10.1 — 5.10.4 lead to the following feature of formulating Lagran-
gian gauge theory with spontaneous symmetry breaking.

Let P — X be a principal bundle whose structure group G is reducible
to a closed subgroup H. Let Y be the Pg-associated bundle (5.10.16). The
total configuration space of gauge theory of principal connections on P in
the presence of matter and Higgs fields is

Jic x J'Y (5.10.30)

where C is the bundle of principal connections on P (5.4.3) and J'Y is the
first order jet manifold of Y — X. A total Lagrangian on the configuration
space (5.10.30) is a sum

Ltot = LYM + Lm + La‘ (51031)

of the Yang-Mills Lagrangian Ly (5.8.15), a matter field Lagrangian Ly,
and a Higgs field Lagrangian L,. In the case of a background Higgs field h,
one considers the pull-back Lagrangian h* L. on the configuration space

Jic % JY"h, (5.10.32)

The total Lagrangian Ly is required to be invariant with respect to vertical
principal automorphisms of P — X and P — Y. It follows that a matter
field Lagrangian L,, and a Higgs field Lagrangian L, must be separately
gauge invariant. This means that

Lty L =0, Ly L =0, (5.10.33)

ve = EPT) O + VELL0;, e = (IO, (5.10.34)
and

LJl’UELO':O? ’ngng;nam.

Unless a Higgs field is specified, we restrict our consideration to a matter
field Lagrangian Ly,.

In order to satisfy the conditions (5.10.33), let us consider some principal
connection Ay (5.10.27) on the principal H-bundle P — ¥ and the associ-
ated connection Ayy (5.10.28) on Y — 3. Let a matter field Lagrangian
L., factorize as

Ly JY 2T X oy — AT*X
Y

through the vertical covariant differential D (1.4.17) which reads
D = dz* @ (y — (A% 0% + A0, (5.10.35)
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In this case, L~m can be regarded as a function Lm(yi, kﬁ\) of formal variables
y' and k% = D%. Let

v =" ()0 + V' (£)0;
be a vertical infinitesimal gauge transformation of ¥ — X generalizing the
infinitesimal gauge transformations (5.10.34). The corresponding infinites-
imal gauge transformation of variables (y*, k%) reads

i g 0

v =0"'0; + 0;v kf\a—kg\
It is independent of derivatives of gauge parameters £. Therefore, the gauge
invariance condition (2.4.45) is trivially satisfied (see Remark 5.8.2). Thus,
we come to the following.

Assertion 5.10.3. In gauge theory with spontaneous symmetry breaking
on a principal bundle P whose structure group G is reducible to a closed
subgroup H, a matter field Lagrangian is gauge invariant only if it factorizes
through the vertical covariant differential of some H-principal connection
on P — P/H (cf. Assertion 5.8.1).

For instance, let the Lie algebra g; of a group G admit the decomposition
(5.10.12). In this case, every principal connection A (5.4.10) on a princi-
pal G-bundle P — X induces a principal connection A;, on any reduced
principal subbundle P" of P (see Theorem 5.10.12) and, consequently, on
a Ph-associated bundle Y = h*Y. By virtue of Theorem 5.10.4, it gives
rise to a principal connection on P such that h is an integral section of the
associated connection

Ay = da* @ (0x + AN O)
on the P-associated bundle ¥ — X.
Written with respect to a bundle atlas ¥" (5.10.7) of P with H-valued

transition functions, the Higgs field h takes its values into the center of the
homogeneous space G/H and the connection A reads

Ap = dz* @ (0 + ASeq). (5.10.36)
We have
A=A, +0 =de*® 0\ + Ale,) + O8da? @ ey, (5.10.37)

where {g, = 1" (e,)} is a basis for the Lie algebra b, and {e, = ¥"(ep)} is
that for m,.. Written with respect to an arbitrary atlas of P, the decompo-
sition (5.10.37) reads

A=4,+06, 0=0%dr*®e,
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and obeys the relation
ey = Vin™,

where D) are covariant derivatives (1.3.19) relative to the associated prin-
cipal connection A on ¥ — X.
Based on this fact, let consider the covariant differential

D = D{'da* ® Oy, = (o} — AL T )da™ & O,

relative to the associated principal connection A on ¥ — X. It can be
regarded as a VX¥-valued one-form on the jet manifold J'Y of ¥ — X.
Since the decomposition (5.10.37) holds for any section h of ¥ — X, there
exists a Vg P-valued one-form

0 =0%dr* ®e,
on J'Y which obeys the equation
erJ" = DY (5.10.38)
Then we obtain the Vg P-valued one-form
Ay =da* @ (0x + (A} — O%)ey)

on J1Y whose pull-back onto each J'h(X) C J'X is the connection Ay,
(5.10.36) written with respect to the atlas ¥" (5.10.22). The decomposi-
tion (5.10.37) holds and, consequently, the equation (5.10.38) possesses a
solution for each principal connection A. Therefore, there exists a Vg P-
valued one-form

Ap = dr* @ (0y + (a§ — OR)ey) (5.10.39)

on the product
J'Ex J'C
X

such that, for any principal connection A and any Higgs field h, the restric-
tion of Ay (5.10.39) to

J'h(X) x A(X) c J'E x J'C

X
is the connection Ay, (5.10.36) written with respect to the atlas ¥ (5.10.22).
Let us now assume that, whenever A is a principal connection on a

principal G-bundle P — X, there exists a principal connection Ay, (5.10.27)
on a principal H-bundle P — ¥ such that the pull-back connection A, =



210 Gauge theory on principal bundles

h*Ays (5.10.29) on Y coincides with A, (5.10.36) for any h € %(X). In
this case, there exists VxY-valued one-form

D =da* @ (v — (A%a0 + AN, (5.10.40)
on the configuration space (5.10.30) whose components are defined as fol-
lows. Given a point

(xA,a;,agwam,aT,yi,yi) € J1C§J1Y, (5.10.41)

let h be a section of ¥ — X whose first jet jlh at z € X is (6™, 0"), ie.,
h(x) =0o™, R (x) = oy

Let the bundle of principal connections C' and the Lie algebra bundle Vg P
be provided with the atlases associated with the atlas ¥" (5.10.22). Then
we write

Ay = Ap, AL oVt + AL = af — ©5. (5.10.42)

These equations for functions A%, and A$ at the point (5.10.41) have a
solution because ©f are affine functions in the jet coordinates o}".

Given solutions of the equations (5.10.42) at all points of the configu-
ration space (5.10.30), we require that a matter field Lagrangian factorizes

as
Lo J'Ox J'Y BT X @Y — AT*X (5.10.43)
X Y

through the form D (5.10.40), called the universal covariant differential.

It should be emphasized that the universal covariant differential D
(5.10.40) and, consequently, a Lagrangian L,, depends on the local transi-
tion functions

P, 0 h = 0,00a (5.10.44)

where ¢, and v, are trivialization morphisms of the atlases Up (5.3.5) of
P — X and Upy (5.10.21) of P — ¥. One can not exclude the functions
(5.10.44) from a matter field Lagrangian L,, because the configuration space
(5.10.30) is necessarily characterized by both these atlases. Therefore, let
us treat them as additional variables. These are not dynamic variables
because any local function (5.10.44) cab be brought into the identity map
by an appropriate choice of atlases ¥p and W¥py, but they provide the
gauge invariance of the matter field Lagrangian (5.10.43) both with respect
to vertical automorphisms of P — X and P — X.
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As a generalization of Remark 5.6.1, the transition functions (5.10.44)
can be represented by local sections of the following composite bundle. Let
us consider the pull-back of the principal G-bundle P — X onto ¥ and the
product

(X x P) x Ps.
X

This is a principal bundle over ¥ with the structure group G x H. Let us
consider the associated bundle

P,=((PxP)x@G)/(GxH), (5.10.45)
((pg x pp) x g') = (0 x p) < pg'g™").
Transition functions g (5.10.44) are sections of the composite bundle
P,—-¥—X.

Hence, the total configuration space of the matter field Lagrangian L.,
(5.10.43) is
JLC x(J'Y x P,). (5.10.46)
X b

Vertical automorphisms of P — X and P — ¥ yield automorphisms (5.7.7)
of the bundle P, (5.10.45) and the gauge transformations of the configura-
tion space (5.10.46).

In Section 7.3, we apply this scheme of spontaneous symmetry breaking
to describing Dirac fermion fields in gauge gravitation theory.

5.11 Appendix. Non-linear realization of Lie algebras

The well-known non-linear realization of a Lie group G possessing a Cartan
subgroup H exemplifies the induced representation (5.10.20) [30; 86]. In
fact, it is a representation of the Lie algebra of G around its origin as
follows.

The Lie algebra g, of a Lie group G containing a Cartan subgroup H is
split into the sum

g:br‘i’f

of the Lie algebra b, of H and its supplement f obeying the commutation
relations

Ffch, bl CH
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In this case, there exists an open neighbourhood U of the unit 1 € G such
that any element g € U is uniquely brought into the form

9= eXp(F) exp([), Fe fa Ie b
Let Ug be an open neighbourhood of the unit of G such that U3 C U,
and let Uy be an open neighbourhood of the H-invariant center og of the
quotient G/H which consists of elements
o = gog = exp(F)oy, g €Uc.

Then there is a local section

s(goo) = exp(F)
of G — G/H over Uy. With this local section, one can define the induced
representation (5.10.20) of elements g € Ug C G on Uy x V given by the
expressions
gexp(F) = exp(F") exp(I'), (5.11.1)
g : (exp(F)og,v) — (exp(F')oq,exp(I')v).
The corresponding representation of the Lie algebra g, of G takes the fol-

lowing form. Let {F,}, {I,} be the bases for f and b, respectively. Their
elements obey the commutation relations

Lo, Iy = ¢ty Iy, [FauFgl=clsls,  [Fa, L) = ¢y Fp.
Then the relation (5.11.1) leads to the formulas
Fo:F - F =F,+ Zz% |Fa, F),F),...,F]— (5.11.2)
Iy Z T,
Zz% il,; - [Fo, FI, Fl,.... . F, (5.11.3)
) r_
I, F—F =2 ];l%_l ;- Har FLF, . FY, (5.11.4)
I'=1,, (5.11.5)
where coefficients [,,, n = 1,.. ., are obtained from the recursion relation

(n+1)! ; (n+1-—4)0
Let Up be an open subset of the origin of the vector space f such that the
series (5.11.2) — (5.11.5) converge for all F' € Up, F,, € f and I, € b,. Then
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the above mentioned non-linear realization of the Lie algebra g, in Up x V
reads

F,: (F,v) — (F',I'v),

I, : (F,v) — (F', I'v),
where F' and I’ are given by the expressions (5.11.2) — (5.11.4). In physical
models, the coefficients 0 of F' = ¢“F,, are treated as Goldstone fields.

Non-linear realizations of many groups especially in application to grav-
itation theory have been studied [82; 91; 104].
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Chapter 6

Gravitation theory on natural bundles

Gravitation theory (without matter fields) can be formulated as gauge the-
ory on natural bundles T over an oriented four-dimensional manifold X
[140; 142]. It is metric-affine gravitation theory whose dynamic variables
are linear world connections and pseudo-Riemannian world metrics on X.
Its Lagrangians are invariant under general covariant transformations. In-
finitesimal generators of local one-parameter groups of these transforma-
tions are the functorial lift (i.e., the Lie algebra monomorphism) of vector
fields on X onto a natural bundle. They are infinitesimal gauge transfor-
mations whose gauge parameters are vector fields on X.

Throughout Chapters 6 and 7, by X is meant an oriented simply con-
nected four-dimensional manifold, called a world manifold.

6.1 Natural bundles

Let 7 : Y — X be a smooth fibre bundle coordinated by (z*,y%). Any
automorphism (@, f) of Y, by definition, is projected as

Tod=for

onto a diffecomorphism f of its base X. The converse is not true. A diffeo-
morphism of X need not give rise to an automorphism of Y, unless Y — X
is a trivial bundle.

Given a one-parameter group (®;, f;) of automorphisms of Y, its in-
finitesimal generator is a projectable vector field

u = uMa")O\ + u'(zH, y))0;
on Y. This vector field is projected as

Tor=Tmou

215
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onto a vector field 7 = u*dy on X. Its flow is the one-parameter group (f;)
of diffeomorphisms of X which are projections of autmorphisms (®,, f;) of
Y. Conversely, let

T =720\ (6.1.1)

be a vector field on X. There is a problem of constructing its lift to a
projectable vector field

u =710+ u'0;

on Y projected onto 7. Such a lift always exists, but it need not be canon-
ical. Given a connection I' on Y, any vector field 7 (6.1.1) gives rise to the
horizontal vector field I'r (1.3.6) on Y. This horizontal lift 7 — I't yields
a monomorphism of the C°°(X)-module 7 (X) of vector fields on X to the
C*(Y)-module of vector fields on Y, but this monomorphisms is not a Lie
algebra morphism, unless I is a flat connection.

In this Chapter, we address the category of natural bundles T — X
which admit the functorial lift 7 onto T of any vector field 7 (6.1.1) on X
such that 7 — 7 is a monomorphism

7(X)—-17(T), [F7]=I[r7,

of the real Lie algebra 7 (X) of vector fields on X to the real Lie algebra
T(Y) of vector fields on T [94; 153]. One treats the functorial lift 7 as
an infinitesimal general covariant transformation or, strictly speaking, an
infinitesimal generator of a local one-parameter group of general covariant
transformations of 7.

Remark 6.1.1. It should be emphasized that, in general, there exist diffeo-
morphisms of X which do not belong to any one-parameter group of diffeo-
morphisms of X. In a general setting, one therefore considers a monomor-
phism f — fvof the group of diffeomorphisms of X to the group of bundle
automorphisms of a natural bundle 7' — X. Automorphisms f are called
general covariant transformations of T'. No vertical automorphism of T, un-
less it is the identity morphism, is a general covariant transformation. The
group of automorphisms of a natural bundle is a semi-direct product of its
subgroup of vertical automorphisms and the subgroup of general covariant
transformations.

Natural bundles are exemplified by tensor bundles (1.1.14). For in-
stance, the tangent and cotangent bundles TX and T*X of X are natural
bundles. Given a vector field 7 (6.1.1) on X, its functorial (or canonical)
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lift onto the tensor bundle T' (1.1.14) is given by the formula (1.1.26). Let
us introduce the collective index A for the tensor bundle coordinates

A e

y" =
In this notation, the functorial lift 7 (1.1.26) reads
T = T>‘8A +uA§857a8A. (6.1.2)

The expression (6.1.2) is a general form of the functorial lift of a vector
field 7 on X onto a natural bundle 7', when this lift depends only on first
derivatives of components of 7. In particular, let us recall the functorial lift
(1.1.28) and (1.1.29) of T onto the tangent bundle TX and the cotangent
bundle T* X:

- www O
T:T’J’aﬂ+ay7— X @, (613)
- L. 0
T =7"0, — 07" %, 789&5’ (6.1.4)

respectively.

Remark 6.1.2. Any diffeomorphism f of X gives rise to the tangent au-
tomorphisms f: T f of TX which is a general covariant transformation of
TX as a natural bundle. Accordingly, the general covariant transformation
of the cotangent bundle T* X over a diffeomorphism f of its base X reads

. Oz,
T, = ——I,.
12 ax/y v

Tensor bundles over a world manifold X have the structure group
GLy= GL"(4,R). (6.1.5)
The associated principal bundle is the fibre bundle
mrx  LX — X

of oriented linear frames in the tangent spaces to a world manifold X. It is
called the linear frame bundle. Its (local) sections are termed frame fields.

Given holonomic frames {0, } in the tangent bundle T'X associated with
the holonomic atlas ¥p (1.1.13), every element {H,} of the linear frame
bundle LX takes the form

H, = H!'0,,
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where H} is a matrix of the natural representation of the group GL, in R*.
These matrices constitute the bundle coordinates

ozx'*
A o A
(I 7H(l;l)’ Hauf 8:1;A Ha’
on LX associated to its holonomic atlas
Up = {(UuzL = {au})} (6.1.6)

given by the local frame fields z, = {0,,}. With respect to these coordinates,
the right action (5.3.2) of GL4 on LX reads

Ryp : H! — Hf'gb,, g € GLy.

The linear frame bundle LX is equipped with the canonical R*-valued
one-form

Orx = Hedx" @ t,, (6.1.7)

where {t,} is a fixed basis for R* and H{ is the inverse matrix of H/.

The linear frame bundle LX — X belongs to the category of natural
bundles. Any diffeomorphism f of X gives rise to the principal automor-
phism

Fo@HY) = (f (), 0, HY) (6.1.8)

of LX which is its general covariant transformation (or a holonomic au-
tomorphism). For instance, the associated automorphism of TX is the
tangent morphism 7'f to f.

Given a (local) one-parameter group of diffeomorphisms of X and its
infinitesimal generator 7, their lift (6.1.8) results in the functorial lift

T=1"0,+0,7H} i (6.1.9)
of a vector field 7 (6.1.1) on X onto LX defined by the condition
Lz0;x = 0.

Every L X-associated bundle Y — X admits a lift of any diffeomorphism
f of its base to the principal automorphism fy (5.7.7) of Y associated with
the principal automorphism f (6.1.8) of the liner frame bundle LX. Thus,
all bundles associated with the linear frame bundle LX are natural bundles.
However, there are natural bundles which are not associated with LX.

Remark 6.1.3. In a more general setting, higher order natural bundles
and gauge natural bundles are considered [37; 41; 94]. Note that the linear
frame bundle LX over a manifold X is the set of first order jets of local
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diffeomorphisms of the vector space R™ to X, n = dim X, at the origin of
R™. Accordingly, one considers r-order frame bundles L" X of r-order jets
of local diffeomorphisms of R™ to X. Furthermore, given a principal bundle
P — X with a structure group G, the r-order jet bundle J'P — X of its
sections fails to be a principal bundle. However, the product
W'P=L"X xJP

is a principal bundle with the structure group W, G which is a semidirect
product of the group G), of invertible r-order jets of maps R"™ to itself
at its origin (e.g., GL = GL(n,R)) and the group TG of r-order jets of
morphisms R™ — G at the origin of R®. Moreover, if Y — X is a P-
associated bundle, the jet bundle J"Y — X is a vector bundle associated
with the principal bundle W” P. Tt exemplifies gauge natural bundles which
can be described as fibre bundles associated with principal bundles W7 P.
Natural bundles are gauge natural bundles for a trivial group G = 1. The
bundle of principal connections C' (5.4.3) is a first order gauge natural
bundle. This fact motivates somebody to develop generalized gauge theory
on gauge natural bundles [41].

6.2 Linear world connections

Since the tangent bundle TX is associated with the linear frame bundle
LX, every world connection (1.3.39):

[ = da* @ (9\ +Ta\1,i70,), (6.2.1)

on a world manifold X is associated with a principal connection on LX.
We agree to call ' (6.2.1) the linear world connection in order to distinct
it from an affine world connection in Section 6.7.

Being principal connections on the linear frame bundle L X, linear world
connections are represented by sections of the quotient bundle

Cw = J'LX/GLy, (6.2.2)

called the bundle of world connections. With respect to the holonomic atlas
U7 (6.1.6), the bundle of world connections Cw (6.2.2) is provided with
the coordinates
oz’ 0z oxzP 9%z’ | Ozt
A v /v
k a)y a = -k )
(2%, kx"a) A 927 oze 0t 5 pnow | 9
so that, for any section I" of Cyw — X,

k)\ya ol'= FAya
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are components of the linear world connection I' (6.2.1).
Though the bundle of world connections Cywy — X (6.2.2) is not LX-
associated, it is a natural bundle. It admits the lift
fo: J'LX/GLy — J'f(J'LX)/GLy4

of any diffeomorphism f of its base X and, consequently, the functorial lift

To =10, +[0b7ky" 3 — Op7" k) — OuT"ku " 5 + 0,p7°] (6.2.3)

9
s
of any vector field 7 on X [112].

The first order jet manifold J*Cyw of the bundle of world connections
admits the canonical splitting (5.5.11). In order to obtain its coordinate ex-

pression, let us consider the strength (5.7.12) of the linear world connection
I (6.2.1). It reads

1 1
Fr=3 sulalptda? A dat = 5Rwagda:A A dat,
where

(I*)%s = Hy Hj
are generators of the group GLy4 (6.1.5) in fibres of TX with respect to the
holonomic frames, and

R,\HO‘,@ = 6)\F#a5 - 8#1—‘)\ag + I‘)\"/BI‘HQW - F,ﬂgI‘AD‘V (6.2.4)

are components if the curvature (1.3.41) of a linear world connection T
Accordingly, the above mentioned canonical splitting (5.5.11) of J1Cyw can
be written in the form

o 1 « «
ks = 5 (Rap + Snp) = (6.2.5)
1 [e% o o «@
3k = kn®p + k" gku®y — kT k%) +
1 (0% o o «@
3 (kA + kur®p — ka7 gk %y + kT k%)
It is readily observed that, if I' is a section of Cyww — X, then
RoppoJ'T = Ry, %p.

Because of the canonical vertical splitting (1.1.43) of the vertical tangent
bundle VT X of T X, the curvature form (1.3.41) of a linear world connection
T" can be represented by the tangent-valued two-form

1
R= §R,\#aﬁdcﬁdw’\ A dxt @ Dy (6.2.6)
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on T'X. Due to this representation, the Ricci tensor
1
R. = ERMAﬁdx# ® dx” (6.2.7)
of a linear world connection I' is defined.
Owing to the above mentioned vertical splitting (1.1.43) of VT'X, the
torsion form 7" (1.3.42) of I' can be written as the tangent-valued two-form
1
T=3 LU ada? A drt @ 0, (6.2.8)
T,"x=Tu"x —T\",,
on X. The soldering torsion form
T =T, i*dz" ® 0, (6.2.9)

on T'X is also defined. Then one can show the following.

e Given a linear world connection I' (6.2.1) and its soldering torsion
form T (6.2.9), the sum I' + ¢T, ¢ € R, is a linear world connection.

e Every linear world connection I'" defines a unique symmetric world

connection
I"="- %T. (6.2.10)
o If I" and I are linear world connections, then
'+ (1-o)r’

is so for any c € R.

A world manifold X is said to be flat if it admits a flat linear world
connection I'. By virtue of Theorem 1.3.4, there exists an atlas of local
constant trivializations of TX such that

FZd.ﬁA@@A

relative to this atlas. As a consequence, the curvature form R (6.2.6) of this
connection equals zero. However, such an atlas is not holonomic in general.
Relative to this atlas, the canonical soldering form (1.1.39) on T'X reads

0, = Hidx"d,,
and the torsion form T' (1.3.42) of I" defined as the Nijenhuis differential
drf; (1.3.30) need not vanish.
A world manifold X is called parallelizable if the tangent bundle TX —
X is trivial. By virtue of Theorem 1.3.4, a parallelizable world manifold

is flat. Conversely, a flat world manifold is parallelizable if it is simply
connected (see Theorem 8.1.6).
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Every linear world connection I" (6.2.1) yields the horizontal lift
D7 = 729y + T2 i%0p) (6.2.11)

of a vector field 7 on X onto the tangent bundle T X. A vector field 7 on X
is said to be parallel relative to a connection I' if it is an integral section of

T'. Tts integral curve is called the autoparallel of a linear world connection
T.

Remark 6.2.1. By virtue of Theorem 1.3.2, any vector field on X is an
integral section of some linear world connection. If 7(z) # 0 at a point
x € X, there exists a coordinate system (g*) on some neighbourhood U of
x such that 7¢(x) =const. on U. Then 7 on U is an integral section of the
local symmetric linear world connection

I (v)=d¢®08, xel, (6.2.12)

on U. In particular, the functorial lift 7 (6.1.3) can be obtained at each
point € X as the horizontal lift of 7 by means of the local symmetric
connection (6.2.12).

The horizontal lift of a vector field 7 on X onto the linear frame bundle
LX by means of a world connection K reads

I'r =7 (aA + T\ H fIJV) . (6.2.13)

It is called standard if the morphism
ulfpx : LX — R*
is constant on LX. It is readily observed that every standard horizontal

vector field on LX takes the form

0
u, = H]® (aA + FA"aHz?aHu> (6.2.14)

where v = v%t, € R*. A glance at this expression shows that a standard
horizontal vector field is not projectable.
Since T'X is an LX-associated fibre bundle, we have the canonical mor-
phism
LX xR* - TX,
(HE v?*) — &t = HEO.
The tangent map to this morphism sends every standard horizontal vector

field (6.2.14) on LX to the horizontal vector field
u =30y + T\ ai®d,) (6.2.15)
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on the tangent bundle TX. Such a vector field on T'X is called holonomic
[112]. Given holonomic coordinates (z*,#*,%*,#") on the double tangent
bundle TT'X, the holonomic vector field (6.2.15) defines the second order
dynamic equation

i =T\ i ™ (6.2.16)
on X which is called the geodesic equation with respect to a linear world
connection I'.  Solutions of the geodesic equation (6.2.16), called the

geodesics of T', are the projection of integral curves of the vector field
(6.2.15) in TX onto X. Moreover, one can show the following [92].

Theorem 6.2.1. The projection of an integral curve of any standard hor-
izontal vector field (6.2.14) on LX onto X is a geodesic in X. Conversely,
any geodesic in X is of this type.

It is readily observed that, if linear world connections I and I differ
from each other only in the torsion, they define the same holonomic vector
field (6.2.15) and the same geodesic equation (6.2.16).

Let 7 be an integral vector field of a linear world connection T, i.e.,

V,T=0.
Consequently, it obeys the equation
T VET =0.
Then one can show that any autoparallel of a linear world connection I" is its

geodesic and, conversely, a geodesic of I" is an autoparallel of its symmetric
part (6.2.10).

6.3 Lorentz reduced structure. Gravitational field

Gravitation theory on a world manifold X is classical field theory with
spontaneous symmetry breaking described by different reduced structures
of the linear frame bundle LX as follows [83; 142].

The geometric formulation of the equivalence principle states the exis-
tence of an atlas of the tangent bundle TX — X and associated bundles
with transition functions taking their values into the Lorentz group [83]. In
other words, the structure group GLy4 (6.1.5) of the linear frame bundle LX
over a world manifold X must be reducible to the Lorentz group SO(1, 3).
At the same time, the existence of Dirac fermion fields implies that GL, is
reducible to the proper Lorentz group

L =50°{1,3),
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which is the connected component of the unit of SO(1,3). If a structure
group of LX is reducible to the proper Lorentz group, it also is reducible to
its maximal compact subgroup SO(3) that defines a space-time structure
of a world manifold X (see Section 6.4).

In this and next Chapters, we deal with the following reduced Lorentz
and proper Lorentz structures.

e By a Lorentz structure is meant a reduced principal SO(1,3)-
subbundle LIX, called the Lorentz subbundle, of the linear frame bundle
LX.

e A proper Lorentz structure is defined as a reduced L-subbundle L" X,
called proper Lorentz subbundle, of the linear frame bundle LX.

Lemma 6.3.1. There is one-to-ne correspondence between the reduced
Lorentz and proper Lorentz structures.

Proof. The Lorentz group SO(1,3) is isomorphic to the group product
SO(1,3) = Zs x L.

Since a world manifold X is simply connected, any principal Zs-bundle is
trivial by virtue of Theorem 8.1.6. Therefore, any principal Lorentz bundle
Pso(1,3) is isomorphic to the product

Pso,3) = Z2 X Pp,
X
where Py, is a principal L-bundle. (|

One can show that different proper Lorentz subbundles L' X and LM X
of the frame bundle LX are isomorphic as principal L-bundles [77]. This
means that there exists a vertical automorphism of the frame bundle LX
which sends L"X onto L" X (see Theorem 5.10.2). By virtue of Lemma
6.3.1, the similar property of Lorentz subbundles also is true.

Remark 6.3.1. There is the well-known topological obstruction to the
existence of a Lorentz structure on a world manifold X. All non-compact
manifolds and compact manifolds whose Euler characteristic equals zero
admit a reduced SO(1,3)-structure [34]. In gravitational models, some
conditions of causality should be also satisfied [74]. A compact space-time
does not possess this property. At the same time, a non-compact world
manifold X has a Dirac spinor structure if and only if it is parallelizable [51;
165].
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By virtue of Theorem 5.10.1, there is one-to-one correspondence between
the principal L-subbundles L"X of the frame bundle LX and the global
sections h of the quotient fibre bundle

S = LX/L, (6.3.1)

called the tetrad bundle. This is an LX-associated fibre bundle with the
typical fibre GLs/L. Its global sections are called the tetrad fields. The
fibre bundle (6.3.1) is the two-fold covering

(: X7 — ¥pr
of the metric bundle
Spr = LX/SO(1,3), (6.3.2)

whose typical fibre is Gly/SO(1,3) and whose global sections are pseudo-
Riemannian world metrics g on X. In particular, every tetrad field h defines
uniquely a pseudo-Riemannian metric g = (oh. For the sake of convenience,
one usually identifies the metric bundle (6.3.2) with an open subbundle of
the tensor bundle

2
Spr C VTX. (6.3.3)

Therefore, the metric bundle ¥pg (6.3.2) can be equipped with the bundle
coordinates (z*,o").

In General Relativity, a pseudo-Riemannian world metric (or a tetrad
field) describes a gravitational field. Therefore, the existence of a reduced
Lorentz structure is part and parcel of gravitation theory.

Every tetrad field h defines an associated Lorentz bundle atlas

o= {(UL’ZLh = {ha})} (6'3'4)

of the linear frame bundle LX such that the corresponding local sections z"

of LX take their values into the Lorentz subbundle L" X and the transition
functions of ¥" (6.3.4) between the frames {h,} are L-valued. The frames
(6.3.4):

{he = W(2)8,}, RE=Hloz' — zeU, (6.3.5)

are called the tetrad frames. Certainly, a Lorentz bundle atlas ¥" is not
unique.
Given a Lorentz bundle atlas ¥", the pull-back

h=h"®t, =20, x = h§(x)dz* @ t, (6.3.6)
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of the canonical form @ x (6.1.7) by a local section z" is called the (local)
tetrad form. The tetrad form (6.3.6) determines the tetrad coframes

{h® = hi,(z)dz"}, zelU, (6.3.7)

in the cotangent bundle T*X. They are the dual of the tetrad frames
(6.3.5). The coefficients h}, and hf, of the tetrad frames (6.3.5) and coframes
(6.3.7) are called the tetrad functions. They are transition functions be-
tween the holonomic atlas U (6.1.6) and the Lorentz atlas ¥" (6.3.4) of
the linear frame bundle LX.

With respect to the Lorentz atlas W" (6.3.4), a tetrad field h can be
represented by the R%-valued tetrad form (6.3.6). Relative to this atlas,
the corresponding pseudo-Riemannian world metric ¢ = ¢ o h takes the
well-known form

g= W(h 0y h) = nabha ® hbv Juv = hzhfﬁﬁab, (638)

where 7 is the Minkowski metric in R* written with respect to its fixed
basis {t,}. It is readily observed that the tetrad coframes {h*} (6.3.7)
and the tetrad frames {h,} (6.3.5) are orthornormal relative to the pseudo-
Riemannian metric (6.3.8), namely:

gwhzhg = ﬁab’ guuhghz = Nab-

Therefore, their components h°, hy and h?, h;, i = 1,2, 3, are called time-
like and spatial, respectively.

A principal connection on a proper Lorentz subbundle L" X of the frame
bundle LX is called the Lorentz connection. By virtue of Theorem 5.10.4,
this connection is extended to a principal connection I' on the linear frame
bundle LX. It also is called the Lorentz connection. The associated linear
world connection on the tangent bundle T X with respect to a Lorentz atlas
U" reads

1 o
[ =da* ® (0 + §A,\“b1ab°dhﬁ:c”hcay) (6.3.9)

where
Tap®a = Mbady — Naady (6.3.10)

are generators of the right Lie algebra gr, of the proper Lorentz group L
in the Minkowski space R*. Written relative to a holonomic atlas, the
connection I' (6.3.9) possesses the components

Tafy, = hEONRY + nrahy hE AP, (6.3.11)
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Its holonomy group is a subgroup of the Lorentz group L. Conversely, let
T be a linear world connection whose (abstract) holonomy group K is a
subgroup of the Lorentz group. Since a base X is simply connected, this
holonomy group coincides with restricted holonomy group (see Theorem
8.1.2). Consequently, it is connected and, therefore, is a subgroup of the
proper Lorentz group L. By virtue of Theorem 8.1.4, this linear world con-
nection I' defines a proper Lorentz subbundle of the frame bundle LX, and
it is reducible to a Lorentz connection on this subbundle. Thus, we come
to the following.

Assertion 6.3.1. A linear world connection is a Lorentz connection if and
only if its holonomy group is a subgroup of the proper Lorentz group L.

Given a pseudo-Riemannian metric g, every linear world connection I
(6.2.1) admits the decomposition

Tpva = {wa} + Suwa + %Cﬂm (6.3.12)
in the Christoffel symbols {,,o} (1.3.44), the non-metricity tensor
Cuva = Chav = Vi9va = Ougva + Tuva + Cuaw (6.3.13)
and the contorsion
Syva = —Spav = %(Ty,m +Tvap + Tuva + Cavp — Coap), (6.3.14)
where T},,o = —Tu.,, are coefficients of the torsion form (6.2.8) of I'.

A linear world connection I' is called a metric connection for a pseudo-
Riemannian world metric g if g is its integral section, i.e., the metricity
condition

Vgva =0 (6.3.15)
holds. A metric connection reads
1
Tyva = {ual} + §(TVW +Tvop + Thva)- (6.3.16)

For instance, the Levi-Civita connection is a torsion-free metric connection
I where I')po = {wa }-

By virtue of Theorem 5.10.5, a metric connection I' for a pseudo-
Riemmanian world metric g = ( o h is reducible to a Lorentz connection on
the proper Lorentz subbundle L"X, i.e., it is a Lorentz connection. Con-
versely, every Lorentz connection obeys the metricity condition (6.3.15) for
some pseudo-Riemannian metric g (which is not necessarily unique [154]).
Thus, the following is true.

Assertion 6.3.2. A Lorentz connection is a metric connection, and vice
versa.
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Though a linear world connection is not a Lorentz connection in general,
any world connection I' defines a Lorentz connection I';, on each principal
L-subbundle L"X of the frame bundle as follows.

Since the Lorentz group is a Cartan subgroup of the general linear group
G Ly, the Lie algebra of the general linear group G L4 is the direct sum

9Gr, = gL om

of the Lie algebra gj, of the Lorentz group and a subspace m such that
(gL, m] C m.

Then this is the case of Theorem 5.10.6. Therefore, let consider the local
connection one-form (5.4.13) of a connection I' with respect to a Lorentz
atlas U" of LX given by the tetrad forms h?. It reads

ZLh*f = —F,\badl‘A ® 1%,

F)\ba = _hza)\hg + F)\MthhZ,

where {ef} is the basis for the Lie algebra ggr,. Then, the Lorentz part of
this form is precisely the local connection one-form (5.4.13) of the connec-
tion T'j, on L"X. We have

- 1
2Ty, = —iAA“bdxA @ I, (6.3.17)

a 1 a a 1%
AN = S (0" hiy = 0"y (Oahf; — hEDA,).

Then combining this expression and the expression (6.3.9) gives the con-
nection

1 U A
= d:z:’\®(3,\+Z(nkbhzfnk“hZ)(akhgthF,\“V)Iadehﬁz”hcay) (6.3.18)
with respect to a Lorentz atlas ¥" and this connection
a”u

1
T = de* @ [0y + 5(1&5" — 10" gah2)(ONRY — hYTAM,)i%05]  (6.3.19)

relative to a holonomic atlas. If T' is a Lorentz connection (6.3.11) extended
from L"X, then obviously I';, =T.

6.4 Space-time structure

If the structure group GL4 (6.1.5) of the linear frame bundle LX is reducible
to the proper Lorentz group L, it is always reducible to the maximal com-
pact subgroup SO(3) of L in accordance with Assertion 5.10.2. By virtue
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of Assertion 5.10.2, the structure group GL4 of LX also is reducible to
its maximal compact subgroup SO(4). Thus, there is the commutative
diagram

GLy — SO(4)
l l (6.4.1)
I — S0@)

of the reduction of structure groups of the linear frame bundle LX in grav-
itation theory [132]. This reduction diagram results in the following.

e By virtue of Theorem 5.10.1, there is one-to-one correspondence be-
tween the reduced principal SO(4)-subbundles L9" X of the linear frame
bundle LX and the global sections of the quotient bundle

LX/S0O(4) — X.
Its global sections are Riemannian world metrics g™ on X. Thus, a Rie-
mannian metric on a world manifold always exists. In fact, its existence
results from paracompactness of a world manifold, but the converse also is
true. One can show that a smooth manifold is paracompact if it admits a
Riemannian structure [92].

e As was mentioned above, a reduction of the structure group of the
linear frame bundle LX to the proper Lorentz group means the existence
of a reduced Lorentz subbundle L"X C LX associated with a tetrad field
h or a pseudo-Riemannian metric g = (o h on X.

e Since the structure group L of this reduced Lorentz bundle L"X
is reducible to the group SO(3) there exists a reduced principal SO(3)-
subbundle

LhX c L"X C LX, (6.4.2)

called the spatial structure. The corresponding global section of the quo-
tient fibre bundle

L"X/SO(3) — X
with the typical fibre R? is a one-codimensional spatial distribution F ¢ TX
on X. Its annihilator AnnF is a one-dimensional codistribution F* C T*X.
Given the spatial structure L} X (6.4.2), let us consider a Lorentz bundle
atlas WP (6.3.4) given by local sections z, of LX taking their values into the
reduced SO(3)-subbundle LA X. Tts transition functions are SO(3)-valued.
Thus, the following is stated.

Assertion 6.4.1. In gravitation theory on a world manifold X, one can
always choose an atlas of the tangent bundle T X and associated bundles
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with SO(3)-valued transition functions. This bundle atlas, called the spatial
bundle atlas, however need not be holonomic.

Given a spatial bundle atlas U!, its SO(3)-valued transition functions
preserve the time-like component

h® = B da? (6.4.3)

of local tetrad forms (6.3.6) which, therefore, is globally defined. We agree
to call it the time-like tetrad form. Accordingly, the dual time-like vector
field

ho = hhd, (6.4.4)

also is globally defined. In this case, the spatial distribution F is spanned
by spatial components h;, i = 1,2, 3, of the tetrad frames (6.3.5), while the
time-like tetrad form (6.4.3) spans the tetrad codistribution F*, i.e.,

h°|F = 0. (6.4.5)

Then the tangent bundle T X of a world manifold X admits the space-time
decomposition

TX =FaT'X, (6.4.6)

where T°X — X is the one-dimensional fibre bundle spanned by the time-
like vector field hgy (6.4.4).

Since the diagram (6.4.1) is commutative, the reduced spatial subbundle
LA X (6.4.2) of a reduced Lorentz bundle L"X is a reduced subbundle of
some reduced SO(4)-bundle L9" X too, ie.,

"X > LhX c 19" X. (6.4.7)

Let g = (oh and g* be the corresponding pseudo-Riemannian and Rieman-
nian world metrics on X. Written with respect to a spatial bundle atlas
Uk they read

g="nah* ®@h",  gu = hihin®, (6.4.8)
gt =nght @0’ g, = hghlng,
where 7 is the Euclidean metric in R*. The space-time decomposition
(6.4.6) is orthonormal with respect to both of the metrics (6.4.8) and (6.4.9).

The world metrics (6.4.8) and (6.4.9) satisfy the following well-known
theorem [74].
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Theorem 6.4.1. For any pseudo-Riemannian metric g on a world mani-
fold X, there exist a normalized time-like one-form h° and a Riemannian
metric g% such that

g=2n" @ n° — gt (6.4.10)

Conversely, let a world manifold X admit a nowhere vanishing one-form
o (or, equivalently, a nowhere vanishing vector field). Then any Rieman-
nian world metric g% on X yields the pseudo-Riemannian world metric ¢
(6.4.10) where

0 o

9™(0,0)

The following is a corollary of this theorem.

Corollary 6.4.1. A world manifold X admits a pseudo-Riemannian metric
if and only if there exists a nowhere vanishing one-form (or a vector field)
on X.

Note that the condition (6.4.7) gives something more.

Theorem 6.4.2. There is one-to-one correspondence between the reduced
SO(3)-subbundles of the linear frame bundle LX and the triples (g, F, g™*) of
a pseudo-Riemannian metric g, a spatial distribution F defined by the con-
dition (6.4.5) and a Riemannian metric g% which obey the relation (6.4.10).

Proof. Given the triple (6.4.7) of the reduced subbundles, let us suppose
that there exists a different reduced SO(3)-subbundle L{*X both of the
reduced Lorentz subbundle L'X and the SO(4)-one L9" X. By virtue of
Theorem 5.10.3, the reduced SO(3)-subbundles L2 X and L{* X of the prin-
cipal Lorentz bundle L"X are isomorphic because L/SO(3) = R3. Conse-
quently, there exists an automorphism of L" X which sends L X onto L{* X
(see Theorem 5.10.2). However, no automorphism of the reduced Lorentz
bundle L"X extended to an automorphism of LX preserves the reduced
SO(4)-bundle L9" X . 0

A spatial distribution F and a Riemannian metric ¢gf* in the triple
(9,F,g"?) in Theorem 6.4.2 are called g-compatible.

Remark 6.4.1. A g-compatible Riemannian metric g% in a triple (g, F, %)
defines a g-compatible distance function d(z,z’) on a world manifold X.
Such a function brings X into a metric space whose locally Euclidean topol-
ogy is equivalent to a manifold topology on X. Given a gravitational field
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g, the g-compatible Riemannian metrics and the corresponding distance
functions are different for different spatial distributions F and F’. It fol-
lows that physical observers associated with different spatial distributions
F and F’ perceive a world manifold X as different Riemannian spaces. The
well-known relativistic changes of sizes of moving bodies exemplify this phe-
nomenon [132]. Note that there are attempts of deriving a world topology
directly from a pseudo-Riemannian structure of a world manifold (path
topology, etc.) [74]. However, they are rather extraordinary in general.

From the physical viewpoint, it is natural to assume that a pseudo-
Riemannian metric g on X admits an integrable g-compatible spatial dis-
tribution F given by the condition (6.4.5). Then F defines a spatial foliation
F of a world manifold X whose leaves are spatial three-dimensional sub-
spaces of X. In this case, the time-like vector field hy (6.4.4) is transversal
to the spatial foliation F, and the one-dimensional subbundle T7°X spanned
by hg is the normal bundle to F which splits the exact sequence (1.1.31).

By virtue of Theorem 1.1.14, a spatial distribution F is integrable if and
only if the one-form h° (6.4.3) is closed. In this case, a spatial distribution
F. Because a world manifold X is simply connected, its first de Rham
cohomology is trivial and, therefore, a closed one-form h° is exact, i.e.,
h® = df. Consequently, a spatial distribution F is simple, i.e., its leaves are
fibres of a fibred manifold X — f(X). Since the function f has no critical
points where df = 0, the foliation F obeys the notion of stable causality by
Hawking [74]. No curve transversal to leaves of such a foliation intersects
each leave more than once. It follows that a world manifold X admitting
this foliation is non-compact.

These speculations motivate us restrict our consideration to gravitation
theory on a non-compact world manifold. This restriction is essential for
describing Dirac spinor fields because, as was mentioned in Remark 6.3.1, a
non-compact world manifold X admits a Dirac spinor structure if and only
if it is parallelizable.

6.5 Gauge gravitation theory

At present, Yang—Mills gauge theory on principal bundles (see Section 5.8)
provides a universal description of the fundamental electroweak and strong
interactions. Gauge gravitation theory from the very beginning aims to
extend this description to gravity.

The first gauge model of gravity was suggested by Utiyama [158] in 1956
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just two years after birth of the gauge theory itself. Utiyama was first who
generalized the original gauge model of Yang and Mills for SU(2) to an
arbitrary symmetry Lie group and, in particular, to the Lorentz group in
order to describe gravity. However, he met the problem of treating general
covariant transformations and a pseudo-Riemannian metric (a tetrad field)
which had no partner in Yang—Mills gauge theory. To eliminate this draw-
back, representing tetrad fields as gauge fields of the translation group was
attempted (see [76; 83; 122] for a review). Since the Poincaré group comes
from the Wigner—Inénii contraction of the de Sitter groups SO(2,3) and
SO(1,4) and it is a subgroup of the conformal group, gauge theories on
fibre bundles Y — X with these structure groups were also considered [84;
156]. In a different way, gravitation theory was formulated as the gauge
theory with a reduced Lorentz structure where a metric (tetrad) grav-
itational field was treated as the corresponding Higgs field [83; 140;
142].

Studying gauge gravitation theory, one believes reasonable to require
that it incorporates Einstein’s General Relativity and, in particular, ad-
mits general covariant transformations. Therefore, we formulate gauge
gravitation theory as Lagrangian field theory on natural bundles over a
world manifold X. It is metric-affine gravitation theory whose Lagrangian
Lyia is invariant under general covariant transformations. In the absence
of matter fields, its dynamic variables are linear world connections and
pseudo-Riemannian metrics on X.

Linear world connections are represented by sections of the bundle of
world connections Cyw (6.2.2). Pseudo-Riemannian world metrics are de-
scribed by sections of the open subbundle (6.3.3). Therefore, let us consider
the bundle product

Y = ZPR X CW (651)
X

coordinated by (z*, o, k,%3). The configuration space of gauge gravita-
tion theory is the jet manifold
JY = J'Spr x J'Cw, (6.5.2)
X
where J'Cy possesses the canonical splitting (5.5.11) given by the coor-

dinate expression (6.2.5). Let us consider the differential graded algebra
(1.7.9):

SLIY]=0LY (6.5.3)
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possessing the local generating basis (0%, k,%5). A Lagrangian Lya of
gauge gravitation theory is a first order Lagrangian on the configuration
space (6.5.2). Its Euler-Lagrange operator reads

SLna = (Eapda®® + &, dk,"5) Aw. (6.5.4)

The fibre bundle (6.5.1) is a natural bundle admitting the functorial lift

o =110, + (PO, + 02V 9, 77) + (6.5.5)

doB
« 1% v « v « (63 a
((91,7' kﬂ 8 — 857' k# v — (r“)lﬂ' k. g+ 8#37' )7
k. p
of vector fields 7 (6.1.1) on X [112]. Following Definition 2.3.1, one can
treat vector fields 7s¢ (6.5.5) as infinitesimal gauge transformations whose
gauge parameters are vector fields 7 on X.
Therefore, let us consider the pull-back bundle

TXXY:TXXZPRXOVV,
X X X

and let us enlarge the differential graded algebra S [Y] (6.5.3) to the dif-
ferential bigraded algebra

PLITX;Y] (6.5.6)

possessing the local basis (027, k,%3,c*) of even fields (07 k,%5) and
odd ghosts (¢*). Taking the vertical part of vector fields s (6.5.5) and
replacing gauge parameters 7> with ghosts c¢* (see Remark 4.2.1), we obtain
the odd vertical graded derivation

u = u®’ (6.5.7)

0 . -
OoaP " ﬂ@k“ag B

(0P 4 ol — cAafﬁ)W

(ks = S5 = s + iy = Mau®s) o
w8

of the differential bigraded algebra (6.5.6).

In metric-affine gravitation theory, all gravitation Lagrangians Lyra, by
construction, are invariant under general covariant transformations. This
means that infinitesimal gauge transformations 7s,c (6.5.5) are exact sym-
metries of a Lagrangian Lyra (see Remarks 6.5.1 — 6.5.3). By virtue of
Lemma 3.5.3, it follows that the vertical graded derivation u (6.5.7) is a

variational symmetry of Lya and, thus, is its gauge symmetry. Then by
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virtue of the formulas (2.3.6) — (2.3.7), the Euler-Lagrange operator 6 Lyia
(6.5.4) of this Lagrangian obeys the complete Noether identities

—O’S\lﬂgag — 2dH(U“B8A5 - k)\uaﬁgﬂaﬁ — (6.5.8)
dp (k" 505 — k204 — kx®p04)E" o] + dyp€ 3P = 0.

These Noether identities are irreducible. Therefore, the gauge operator
(4.2.8) of gauge gravitation theory is u = u. It admits the nilpotent BRST
extension
b:u+&w51. (6.5.9)
1 HeN
Accordingly, an original gravitation Lagrangian Lya is extended to the
proper solution of the master equation Lg = L. (4.2.9) which reads

Lg = Lya + u“’BEagw + u““gﬁuaﬂw + cﬁc“é)\w,
where 7,3, Euag and ¢y are the corresponding antifields.

Remark 6.5.1. By analogy with Theorem 5.8.1, one can show that, if
a first order Lagrangian Lya on the configuration space (6.5.2) does not
depend on the jet coordinates U/O\"B and it possesses exact gauge symmetries
(6.5.5), it factorizes through the terms R,,%s (6.2.5).

Remark 6.5.2. The Hilbert—Einstein Lagrangian Lyg of General Rela-
tivity depends only on metric variables ¢®?. Tt is a reduced second order
Lagrangian which differs from the first order one Lijp in a variationally
trivial term (see Theorem 2.4.4). The infinitesimal gauge covariant trans-
formations T (6.5.5) are variational (but not exact) symmetries of the
first order Lagrangian Ljp, and the graded derivation u (6.5.7) is so. It
reads

_ Ay 0
u = (a”ﬁcf,‘ + J“”Cf —coy )agaﬁ'
Then the corresponding Noether identities (6.5.8) take the familiar form

vugﬁf = (du + {uﬁx})%‘ =0,

where £f = o1&, and

1
{I—LB)\} = _§UﬁV(duO.V)\ + d)\a-/,u/ - d}/o—p)\) (6510)

are the Christoffel symbols expressed into function o,g of o#*¥ given by the
relations o#*oag = (55.
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Remark 6.5.3. General covariant transformations are sufficient in order
to restart both Einstein’s General Relativity and metric-affine gravitation
theory [140]. However, one also considers the total group of automorphisms
of the linear frame bundle LX [76]. Such an automorphism is the composi-
tion of some general covariant transformation and a vertical automorphism
of LX (see Remark 6.1.1). Subject to associated vertical automorphisms,
the tangent bundle T'X is provided with non-holonomic frames. A prob-
lem is that the most of gravitation Lagrangians, e.g., the Hilbert—Einstein
Lagrangian are not invariant under vertical non-holonomic frame transfor-
mations.

6.6 Energy-momentum conservation law

Since infinitesimal general covariant transformations 7sc (6.5.5) are ex-
act symmetries of a metric-affine gravitation Lagrangian, let us study
the corresponding conservation laws. These are the energy-momentum
conservation laws because the vector fields Tsc are not vertical [52;
135]. There are several approaches to discover an energy-momentum con-
servation law in gravitation theory. Here we treat this conservation law as
a particular gauge conservation law. Accordingly, the energy-momentum
of gravity is seen as a particular symmetry current (see, e.g., [8; 19; 76;
79]). Since infinitesimal general covariant transformations 7sc (6.5.5) are
infinitesimal gauge transformations depending on derivatives of gauge pa-
rameters, the corresponding energy-momentum current reduces to a super-
potential (see Theorem 2.4.2).

In view of Remark 6.5.1, let us assume that a metric-affine gravitation
Lagrangian Lya is independent of the derivative coordinates oy®” of a
world metric and that it factorizes through the curvature terms R),%gs
(6.2.5). Then the following relations take place:

OLnA
Av ﬁ:_ vA B AV [3: 6.6.1
™4 T e = ey (6.6.1)
oL
MA M Tk — Py (6.6.2)
81@%

Let us follow the compact notation
yA = kuaﬁa
U = 0505

wu® g5 =kt p05 — k505 — By 0
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Then the vector fields (6.5.5) take the form
Too = 70\ + (0"P0,7% + 0 0,7)0up +
(UAgaﬁTa + uAg“aﬁuTo‘)aA.
We also have the equalities
wAuAB“ _ 7r)"‘ ﬁ
WAuAg = —65,XBL’MA — ﬂsﬁgwka"y.
Let a Lagrangian Lyja be invariant under general covariant transforma-
tions, i.e.,

L. Lya = 0.
Then the first variational formula (2.4.29) takes the form
0= (0"P0,7* + 0*9,7" — TAai‘g)JagﬁMA + (6.6.3)

(BT + utProg, % — My oA Lyia —
dr [T (YA — utBosT — utP O 57) — T Lpal.
The first variational formula (6.6.3) on-shell leads to the weak conservation
law
0= —dy[m) (yir® —uB0sr™ —uePO.57%) — T Lyal, (6.6.4)
where
Tiat = A (AT — urP0sT — uePOaTY) — T Cpia (6.6.5)

is the energy-momentum current of the metric-affine gravity.

Remark 6.6.1. It is readily observed that, with respect to a local coor-
dinate system where a vector field 7 is constant, the energy-momentum
current (6.6.5) leads to the canonical energy-momentum tensor

jMAAaTa = (ﬂAugykauﬂy — 53£MA)TQ
This tensor was suggested in order to describe the energy-momentum com-
plex in the Palatini model [32; 121].

Due to the arbitrariness of gauge parameters 7, the first variational
formula (6.6.3) falls into the set of equalities (2.4.43) — (2.4.46) which read

(e ) =0, (6.6.6)

(u?704 + u?50%) Lraa =0, (6.6.7)

5g£MA + 20—[’”5&H£MA +utB5aLya + d, (Thutl) - (6.6.8)
ya 7TA =0,

InLia = 0.

Remark 6.6.2. It is readily observed that the equalities (6.6.6) and (6.6.7)
hold due to the relations (6.6.1) and (6.6.2), respectively.
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Substituting the term yg‘ﬂ'i from the expression (6.6.8) in the energy-
momentum conservation law (6.6.4), one brings this conservation law into
the form

0~ —d\[20™M 700, Loaa + u AT 4 Laa — TAuB 05T 4+ (6.6.9)
dp (10 ) 057 + dyu (T u )7 — d (7P 9.

After separating the variational derivatives, the energy-momentum conser-
vation law (6.6.9) of the metric-affine gravity takes the superpotential form

0~ —d,\[QCT)‘“Ta(SQMEMA +
(k/‘p,k’yéua'yﬁMA - kp,aaéua)\EMA - kag'yé)\o"y‘cMA)Ta +
P LB, — dpy (6" o N Lna) T + dpu (7267 (0,7 = ko™ 77))),

where the energy-momentum current on-shell reduces to the generalized
Komar superpotential

Unia"t = 72 (0,7 — k@, 70) (6.6.10)
[52; 135]. We can rewrite this superpotential as
OLnA
U, HA 9 ~MA Du « Tyao' o ,
MA 8RHAQU( T ’ )
where D, is the covariant derivative relative to the connection k,%, and
T,% =k,% — ks%, (6.6.11)

is its torsion.

Example 6.6.1. Let us consider the Hilbert—Einstein Lagrangian

1
LHE = f'R,\/ —ow,
2K
R =0MRar%, o = det(oag),

in the metric-affine gravitation model. Then the generalized Komar super-
potential (6.6.10) comes to the Komar superpotential if we substitute the
Levi-Civita connection k,%, = {,%-} (6.5.10).

6.7 Appendix. Affine world connections

The tangent bundle T'X of a world manifold X as like as any vector bun-
dle possesses a natural structure of an affine bundle (see Section 1.1.3).
Therefore, one can consider affine connections on T'X, called affine world
connections. Here we study them as principal connections.
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Let Y — X be an affine bundle with an k-dimensional typical fibre
V. Tt is associated with a principal bundle AY of affine frames in Y,
whose structure group is the general affine group GA(k,R). Then any
affine connection on Y — X can be seen as an associated with a principal
connection on AY — X. These connections are represented by global
sections of the affine bundle

J'P/GA(k,R) — X.
They are always exist.

As was mentioned in Section 1.3.5, every affine connection I' (1.3.45)
on Y — X defines a unique associated linear connection I' (1.3.46) on the
underlying vector bundle Y — X. This connection I is associated with a
linear principal connection on the principal bundle LY of linear frames in
Y whose structure group is the general linear group GL(k,R). We have the
exact sequence of groups

0 — Ty — GA(k,R) - GL(k,R) — 1, (6.7.1)
where T}, is the group of translations in R”. It is readily observed that there
is the corresponding principal bundle morphism AY — LY over X, and
the principal connection I’ on LY is the image of the principal connection
I on AY — X under this morphism in accordance with Theorem 5.4.2.

The exact sequence (6.7.1) admits a splitting

GL(k,R) — GA(k,R),
but this splitting is not canonical. It depends on the morphism

Vov—v—vy €V,
i.e., on the choice of an origin vy of the affine space V. Given vy, the image
of the corresponding monomorphism

GL(k,R) — GA(k,R)
is a stabilizer

G(vg) € GA(k,R)
of vg. Different subgroups G(vg) and G(v() are related to each other as
follows:
G(vg) = T'(vg — v0)G(vo) T~ (vg — o),

where T'(v)) — vg) is the translation along the vector (vj — vg) € V.

Remark 6.7.1. Accordingly, the well-known morphism of a k-dimensional
affine space V onto a hypersurface 7**t! = 1 in R**! and the corresponding
representation of elements of GA(k,R) by particular (k + 1) x (k + 1)-
matrices also fail to be canonical. They depend on a point vy € V sent to
vector (0,...,0,1) € RFL,
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One can say something more if Y — X is a vector bundle provided
with the natural structure of an affine bundle whose origin is the canonical
zero section 0. In this case, we have the canonical splitting of the exact se-
quence (6.7.1) such that GL(k,R) is a subgroup of GA(k,R) and GA(k,R)
is the semidirect product of GL(k,R) and the group T'(k,R) of translations
in R*. Given a GA(k,R)-principal bundle AY — X, its affine structure
group GA(k,R) is always reducible to the linear subgroup since the quo-
tient GA(k,R)/GL(k,R) is a vector space R¥ provided with the natural
affine structure (see Example 5.10.2). The corresponding quotient bundle
is isomorphic to the vector bundle Y — X. There is the canonical injection
of the linear frame bundle LY — AY onto the reduced GL(k,R)-principal
subbundle of AY which corresponds to the zero section 0of Y - X. In
this case, every principal connection on the linear frame bundle LY gives
rise to a principal connection on the affine frame bundle in accordance with
Theorem 5.10.4. This is equivalent to the fact that any affine connection
I' on a vector bundle Y — X defines a linear connection I on ¥ — X
and that every linear connection on ¥ — X can be seen as an affine one.
Then any affine connection I' on the vector bundle Y — X is represented
by the sum of the associated linear connection I' and a basic soldering form
oonY — X. Due to the vertical splitting (1.1.17), this soldering form is
represented by a global section of the tensor product 7" X ® Y.

Let now Y — X be the tangent bundle TX — X considered as an affine
bundle. Then the relationship between affine and linear world connections
on TX is the repetition of that we have said in the case of an arbitrary
vector bundle Y — X. In particular, any affine world connection

T = de* @ (O + DA%, (2)i" + 05 (2))0a (6.7.2)

on TX — X is represented by the sum of the associated linear world
connection

T =19, (z)i"dr @ D, (6.7.3)
on TX — X and a basic soldering form
o= oS (z)dz> ® D, (6.7.4)

on Y — X, which is the (1, 1)-tensor field on X. For instance, if 0 = 0x
(1.1.37), we have the Cartan connection (1.3.48).

It is readily observed that the soldered curvature (1.3.29) of any solder-
ing form (6.7.4) equals zero. Then we obtain from (1.3.32) that the torsion
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(1.3.47) of the affine connection I' (6.7.2) with respect to o (6.7.4) coincides
with that of the associated linear connection I' (6.7.3) and reads

1 .
T = §T§de“ Adz @ 6,

T\, =Ta%0ol — T, % 0%. (6.7.5)

The relation between the curvatures of an affine world connection T" (6.7.2)
and the associated linear connection I' (6.7.3) is given by the general ex-
pression (1.3.33) where p =0 and T is (6.7.5).

Remark 6.7.2. On may think on the physical meaning of the tensor field
o (6.7.4). One can use o§dz* as a non-holonomic coframes in the metric-
affine gauge theory with non-holonomic GL4 gauge transformations (see,
e.g., [76]). In the gauge theory of dislocations in continuous media, the field
o is treated as an elastic distortion [87; 110; 130].
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Chapter 7

Spinor fields

Classical theory of Dirac spinor fields is a theory with spontaneous symme-
try breaking. The following three facts make it most interesting both from
physical and mathematical viewpoints.

e Dirac fermions are unique observable matter fields.

e Dirac fermions are odd fields.

e The existence of Dirac fermion matter possessing Lorentz symmetries
is the underlying physical reason of breakdown of world symmetries and,
consequently, of the existence of a gravitational field.

7.1 Clifford algebras and Dirac spinors

Dirac spinors are conventionally described in the framework of formalism
of Clifford algebras [103].

Let M = R* be the Minkowski space equipped with the Minkowski
metric

n = diag(1,-1,—-1,-1),

written with respect to a fixed basis {e*} for M. Let C; 3 be the complex
Clifford algebra generated by elements of M. It is defined as the complex-
ified quotient of the tensor algebra

M =ReMe - -aM*a...
of M by the two-sided ideal generated by elements
e@e +e ®e—2n(e,e) e @M, e, € M.

Remark 7.1.1. The complex Clifford algebra C; 3 is isomorphic to the
real Clifford algebra Ry 3, whose generating space is R® equipped with the

243
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pseudo-Euclidean metric
diag(1,-1,—-1,—-1, 1).

Its subalgebra generated by elements of M C R® is the real Clifford algebra
Ry 3.

A Dirac spinor space V' (or, simply, a spinor space) is defined as a
minimal left ideal of C; 3 on which this algebra acts on the left. There is
the representation

Yy MRV =V, (7.1.1)
Y(e®) =7,
of elements of the Minkowski subspace M C C; 3 by the Dirac y-matrices
on V. Let us mention the relations

(Y =0, ()T =%,
where the symbol () stands for a Hermitian conjugate matrix.

Remark 7.1.2. The explicit form of the representation (7.1.1) depends
on the choice of a minimal left ideal V' of C; 3. Different ideals lead to
equivalent representations (7.1.1). One usually considers the representa-
tion, where

100 0
o (010 0
T = 1lo0-10

00 0 —1

The Clifford group G135 C Ry 3 is defined to consist of the invertible
elements [, of the real Clifford algebra R; 3 such that the inner automor-
phisms given by these elements preserve the Minkowski space M C Ry 3,
ie.,

lsel;t = 1(e), e €M, (7.1.2)

where [ is a Lorentz transformation of M. Hence, there is an epimorphism of
the Clifford group G 3 onto the Lorentz group O(1,3). However, the action
(7.1.2) of the Clifford group on the Minkowski space M is not effective.
Therefore, one consider its pin and spin subgroups. The subgroup Pin(1, 3)
of G1,3 is generated by elements e € M such that n(e,e) = £1. The even
part of Pin(1, 3) is the spin group Spin(1, 3), i.e., n(e,e) = 1, e € Spin(1, 3).
Its component of the unity

Ly = Spin®(1,3) ~ SL(2,C) (7.1.3)
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is the well-known two-fold universal covering group

zp Ly = L=Lg/Zs (7.1.4)
of the proper Lorentz group L. We agree to call Ly (7.1.4) the spinor Lorentz
group. Its Lie algebra gy, is that of the proper Lorentz group L.

Remark 7.1.3. The generating elements e € M, n(e,e) = +1, of the pin
group Pin(1,3) act on the Minkowski space by the adjoint representation
which is the composition

n(e,v)
n(e,e)
of the total reflection of M and the reflection across the hyperplane

et ={w e M; n(e,w) =0}

1

e:v—eve " =—v+2 e, e,v € R,

which is perpendicular to e with respect to the metric n in M. By the well-
known Cartan—Dieudonné theorem, every element of the pseudo-orthogonal
group O(p,q) can be written as a product of r < p + ¢ reflections across
hyperplanes in the vector space RPT? [103]. In particular, the spin group
Spin(1, 3) consists of the elements of Pin(1,3) which result from an even
number of reflections of M. The epimorphism of Spin(1, 3) onto the Lorentz
group L and the epimorphism (7.1.4) are defined by the fact that elements
e and —e of M determine the same reflection of M across the hyperplane
et = (—e)*. We further consider an action of the spinor Lorentz group L
(factorizing through that of the proper Lorentz group L) on the Minkowski
space M, but it is not effective.

The Clifford group G 3 acts on the Dirac spinor space V' by left multi-
plications

Gi32ls:v—= 1, veV.
This action preserves the representation (7.1.1), i.e.,
YIM @IV) =ly(M V).

The spinor Lorentz group Ly acts on the Dirac spinor space V' by means of
the infinitesimal generators

1

Ty = 17 ) (7.15)

Since

IJ’E;’YO = _'YOIaba

a
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the Dirac spinor space V is provided with the Lg-invariant bilinear form
1
a(v,v') = §(U+”yov’ + '), (7.1.6)

called the spinor metric.

In the framework of classical field theory on fibre bundles, classical Dirac
spinor fields are described by sections of a spinor bundle S on a world
manifold X whose typical fibre is the Dirac spinor space V and whose
structure group is the spinor Lorentz group Lgs. In order to construct the
Dirac operator, one however need a fibrewise action (7.1.1) of the whole
Clifford algebra C; 3 on a spinor bundle (see Remark 7.2.3). Therefore, a
spinor bundle must be represented as a subbundle of the bundle in Clifford
algebras [103].

Let us start with a fibre bundle in Minkowski spaces M X — X over a
world manifold X. It is defined as a fibre bundle with the typical fibre M
and the structure group L. This fibre bundle is extended to a fibre bundle in
Clifford algebras CX whose fibres C, X are the Clifford algebras generated
by the fibres M, X of the fibre bundle in Minkowski spaces M X. The fibre
bundle C'X possesses the structure group Aut(Cy 3) of inner automorphisms
of the complex Clifford algebra C; 3. This structure group is reducible to
the proper Lorentz group L and, certainly, the bundle in Clifford algebras
CX contains the subbundle M X of the generating Minkowski spaces. How-
ever, C X need not contain a spinor subbundle because a spinor subspace
V of Cy 3 is not stable under inner automorphisms of C; 3. A spinor sub-
bundle Sj; of CX exists if transition functions of C X can be lifted from
the Clifford group G 3. This condition agrees with the familiar condition
of the existence of a spinor structure (see Remark 7.2.1).

The bundle M X in Minkowski spaces must be isomorphic to the cotan-
gent bundle 7% X in order that sections of the spinor bundle Sy, describe
Dirac fermion fields on a world manifold X. In other words, we should
consider a spinor structure on the cotangent bundle T*X of X [103].

7.2 Dirac spinor structure

There are several almost equivalent definitions of a spinor structure on a
world manifold X [7; 103]. A Dirac spinor structure on a world manifold X
is said to be a pair (P, z5) of a principal Lg-bundle P; — X and a principal
bundle morphism

zs t Py 7 LX (7.2.1)
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of P, to the linear frame bundle LX — X.

Since the group homomorphism Ly — GL4 factorizes through the epi-
morphism (7.1.4), every bundle morphism (7.2.1) factorizes through a mor-
phism

2 Py — L'X, (7.2.2)
Zh © RgP = RzL(g)P7 ge L,

of P, to some reduced principal Lorentz subbundle L"X of the linear frame
bundle LX whose structure group is the proper Lorentz group L.

It follows that the necessary condition for the existence of a Dirac spinor
structure on X is that the structure group GL4 of LX is reducible to the
proper Lorentz group L. Herewith, any Dirac spinor structure on a world
manifold X is associated with some tetrad field h or a pseudo-Riemannian
metric g = { o h. Therefore, this Dirac spinor structure also is the pseudo-
Riemannian spinor structure on a world manifold.

Conversely, given a reduced Lorentz structure L"X c LX, the associ-
ated Dirac spinor structure (7.2.2) exists if the following conditions hold.

Lemma 7.2.1. All spinor structures on a world manifold X which are
related to the two-fold universal covering groups possess the following two
properties [70].

(i) Let P — X be a principal bundle whose structure group G has the
fundamental group 7 (G) = Zs. Let G be the universal two-fold covering
group of G, i.e., G is the extension (10.4.10):

157y —G — G —1,

of a group G by the commutative group Zs. The topological obstruction to
that a principal G-bundle P — X lifts to a principal G-bundle P — X is
given by the Cech cohomology group H?(X;Zs) of X. Namely, a principal
bundle P defines an element of H?(X; 7o) which must be zero so that P —
X can give rise to P X.

(i1) Non-equivalent lifts of P — X to principal G-bundles are classified
by elements of the Cech cohomology group H'(X;Zy).

In our case, the topological obstruction to that a reduced Lorentz struc-
ture L"X lifts to the Dirac spinor one is the second Stiefel-Whitney class
we(X) € H%(X;Zsy) of X [103].

Remark 7.2.1. A world manifold X thus must satisfy certain topological
conditions in order to admit a Dirac spinor structure. Spinor bundles S
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over X with the structure group Lg (7.1.3) are classified by the Chern
classes ¢;(S) € H?(X,Z), i = 1,2. Since the group Lg is reducible to
its maximal compact subgroup SU(2), the first Chern class ¢1(S) of S is
trivial, while the second Chern class ¢3(.59) is represented by the cohomology
of the characteristic form cy(F) (see Example 8.1.4). Let S = S" be a Dirac
spinor bundle associated with the cotangent bundle T* X both due to the
bundle morphism (7.2.2) and that 7% X is associated with reduced Lorentz
bundle L"X. Strictly speaking, T*X is associated with the tensor product
Sh @ S™*. Because of the inclusion

GLy — GL(4,C)

(see the commutative diagram (8.1.24)), the cotangent bundle 7*X can be
regarded as a GL(4,C)-bundle o(T*X). Consequently, there is the rela-
tion (8.1.29) between the Pontryagin and Chern classes of a world mani-
fold. Moreover, since the fibre bundle ¢ (7™ X) is associated with the tensor
product S* ® S"*, we obtain

p1(X) = —ca(p(T* X)) = —402(Sh).

One can reproduce the first relation in terms of the characteristic forms
(8.1.22) and (8.1.17) if a principal connection on LX is a Lorentz connec-
tion on L"X induced by a spinor connection on P" (see Theorem 7.2.1).
Some additional properties of a space-time structure (e.g., that a spatial
distribution F is orientable) also are required. As a result, one can state
the following [51; 165].

e A non-compact world manifold admits a Dirac spinor structure if and
only if it is parallelizable.

e For a compact world manifold X, its Euler characteristic and the sec-
ond Stiefel-Whitney class we must be zero, and its first Pontryagin number
must be multiple of 48.

Remark 7.2.2. Let us compare a pseudo-Riemannian spinor structure
with the Riemannian one. To introduce a Riemannian spinor structure,
one considers the complex Clifford algebra C4 which is generated by el-
ements of the vector space R* equipped with the Euclidean metric [103].
The corresponding spinor space Vg is a minimal left ideal of C4 ¢. The spin
group is Spin(4) which is the two-fold universal covering group of the group
SO(4). It is isomorphic to SU(2) ® SU(2). Let us assume that the second
Stiefel-Whitney class ws(X) of X vanishes. A Riemannian spinor structure
on a world manifold X is defined as a pair of a principal Spin(4)-bundle
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P; — X and a principal bundle morphism z; of Ps to LX. Since such a
morphism factorizes through a bundle morphism

zgn i Po— L9 X

for a Riemannian metric ¢, this spinor structure is a gr-associated spinor
structure.

Hereafter, we restrict our consideration to Dirac spinor structures on a
non-compact (and, consequently, parallelizable) world manifold X. In this
case, all Dirac spinor structures are isomorphic [7; 51]. Therefore, there is
one-to-one correspondence

2 PP I'X c LX (7.2.3)

S

between the reduced Lorentz structures L" X and the Dirac spinor struc-
tures (P!, zj,) which factorize through the corresponding L"X. In partic-
ular, every Lorentz bundle atlas U" = {2/} (6.3.4) of L" X gives rise to an
atlas

[ o W L (7.2.4)

of the principal Lg-bundle P". We agree to call P" the spinor principal
bundles.

Let (P", ) be the Dirac spinor structure associated with a tetrad field
h. Let

St = (P xV)/Ls — X (7.2.5)
be the P/-associated spinor bundle whose typical fibre V' carriers the spinor
representation (7.1.5) of the spinor Lorentz group Lg. One can think of
sections of S (7.2.5) as describing Dirac spinor fields in the presence of a
tetrad field h.

Indeed, let us consider the L" X -associated bundle in Minkowski spaces

M"'"X = (L"X x M)/L = (P! x M)/Ls (7.2.6)

and the P/-associated spinor bundle S" (7.2.5). By virtue of Remark 5.10.4,
the fibre bundle M"X (7.2.6) is isomorphic to the cotangent bundle

T*X = (L"X x M)/L. (7.2.7)
Then, using the morphism (7.1.1), one can define the representation

Y T*X ®@S" = (P x (M®V))/Ls — (7.2.8)
(Pl xy(M ®V))/Ls = S"
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of covectors to X by the Dirac y-matrices on elements of the spinor bundle
Sh. Relative to a Lorentz bundle atlas {2} of LX and the corresponding
atlas {z,} (7.2.4) of the spinor principal bundle P", the representation
(7.2.8) reads
yHm(h? () @v)) =y yP(v),  vesy,

where y# are the associated bundle coordinates on S”, and h® are the tetrad
coframes (6.3.7). For brevity, we write

h® =y (h) =7,

da? =y (da?) = h) (z)y".

Remark 7.2.3. In fact, the spinor bundle S” is a subbundle of the bun-
dle in Clifford algebras generated by the fibre bundle in Minkowski spaces
M"X. Then the representation ~y, (7.2.8) results from the action 7y (7.1.1)
of M on V.

Furthermore, let
1
Ap = do* @ (0y + §A>\abeab) (7.2.9)

be a principal connection on a spinor principal bundle P, Tt is called

a spinor connection. The associated principal connection on the spinor
bundle S” (7.2.5) reads
1
A = dz* @ (O + iAab)\IabAByB)aA, (7.2.10)
where I, are the generators (7.1.5) of the spinor Lorentz group L. Let
D:J'S" - T*X ® S,
Sh

D = (y — A%\ 1" py?)da* ® O,
be the corresponding covariant differential (1.3.18), where the canonical
vertical splitting
VSh = 8" x gh
X
has been used. The first order differential Dirac operator is defined on S*

as the composition
Dp=qp0D:J'S" - T*X @ " — S, (7.2.11)

1
y* oDy, = W)y A p(yR — §AabAIabAByB)-

Theorem 7.2.1. There is one-to-one correspondence between the spinor

principal connections on a spinor principal bundle P and the Lorentz con-

nection on the principal L-bundle L"X .
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Proof. It follows from Theorem 5.4.2 that every principal connection on
P! defines a principal connection on L"X which is given by the same ex-
pression (7.2.9). Conversely, the pull-back z;‘;Zh onto P! of the connection
form Ay, of a Lorentz connection Ay, on L"X is equivariant under the action
of group Lg on P! and, consequently, it is a connection form of a spinor
principal connection on P”. O

In particular, the Levi—-Civita connection of a pseudo-Riemannian met-
ric g = ( o h gives rise to a spinor connection

1 v 14
Ap = dz* @ [0y + 5n"”hf;(am’,; — WM D I By P10a (7.2.12)

on the h-associated spinor bundle S*.

Moreover, every linear world connection I' on a world manifold X defines
the Lorentz connection (6.3.18) on a reduced Lorentz bundle L"X and the
associated spinor connection (7.2.10):

1
Ap =da* @ [0\ + Z(n’“bhz —nFhb ) (Oxhf — YT A Iy By P04, (7.2.13)

on the h-associated spinor bundle S”. Such a connection has been consid-
ered in [5; 125; 136].

Substituting the spinor connection (7.2.13) in the Dirac operator
(7.2.11), we obtain a description of Dirac spinor fields in the presence of
an arbitrary linear world connection on a world manifold, not only of the
Lorentz type.

It should be emphasized that a spinor bundle S* is not natural. Any
connection Ay (7.2.13) defines the horizontal lift

1
At =705+ (b — 0B (Oah, — hETN") Loy 5y PO (7.2.14)

onto S" of a vector field 7 on X. Moreover, there is the canonical horizontal
lift

=~ 1 a a 14
7 =70\ + Z(nkbhp — "R ) (TP ONRY — {0, ™) I ByP O (7.2.15)

onto S" of vector fields 7 on X. However, this lift fails to be functorial.

Remark 7.2.4. In order to construct the canonical lift (7.2.15), one can
write the functorial lift (6.1.9) of 7 onto the linear frame bundle LX with
respect to a Lorentz atlas U" and, afterwards, can take its Lorentz part.
Another way is the following. Let us consider a local nowhere vanishing
vector field 7 and the local symmetric world connection I'; (6.2.12) whose
integral section is 7 (see Remark 6.2.1). Let A, be the corresponding
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spinor connection (7.2.13). The horizontal lift (7.2.14) of 7 by means of
this connection is given by the expression (7.2.15). In a straightforward
manner, one can check that (7.2.15) is a well-behaved lift of any vector
field 7 on X. The canonical lift (7.2.15) is brought into the form

~ 1 v L
T=T — Z(Hkbhz =" RN T T By 0,

where 7y is the horizontal lift (7.2.14) of 7 by means of the spinor Levi-
Civita connection (7.2.12) of a tetrad field h, and V,7# are the covariant
derivatives of 7 relative to the same Levi—Civita connection. This is pre-
cisely the Lie derivative of spinor fields described in [95].

7.3 Universal spinor structure

Dirac spinor fields in the presence of different tetrad field h and h' are
described by sections of different spinor bundles S” and ShA problem is
that, though the reduced Lorentz bundles L" X and LM X are isomorphic,
the associated structures of bundles in Minkowski spaces M"*X and M WX
(7.2.7) on the cotangent bundle T*X are not equivalent because of the
non-equivalent actions of the Lorentz group on the typical fibre of T*X
seen as a typical fibre of M"X and that of M X (see Remark 5.10.3). As
a consequence, the representations ~y;, and v, (7.2.8) for different tetrad
fields h and b/ are not equivalent [132]. Indeed, let

t* =t da" =t,h* = t,h'"
be an element of 7% X. Its representations -, and vy, (7.2.8) read

(") = tay® = tuhy*

e (E7) = tay® = tu /gy
They are not equivalent because no isomorphism ®, of S onto Sh can
obey the condition

Y () = Pgyn(t) 05, t* e T*X.

S

It follows that a Dirac fermion field must be described in a pair with
a certain tetrad (gravitational) field. We thus observe the phenomenon of
spontaneous symmetry breaking in gauge gravitation theory which exhibits
the physical nature of gravity as a Higgs field [132; 140]. In order to study
this phenomenon, let us follow the general scheme of describing spontaneous
symmetry breaking in Section 5.10. We are based on the fact that any Dirac
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spinor structure on a world manifold is a reduced subbundle of a so called
universal spinor bundle [53; 138].

The structure group GLy4 of the linear frame bundle LX is not simply-
connected. Its first homotopy group is

7T1(GL4) = 7T1(SO(4)) = ZQ

@. Therefore, the group G L4 admits the universal two-fold covering group
G L4 such that the diagram

6[74 — GL4
(7.3.1)
Spin(4) — SO(4)

is commutative [76; 103; 148]. Ih/e universal spinor structure on a world
manifold X is defined as a pair (LX, Z) of a principal GL4-bundle LX — X
and a principal bundle morphism

Z:LX — LX (7.3.2)

[31; 148]. Due to the commutative diagram (7.3.1), there is the commuta-
tive diagram of principal bundles

LX = LX

T L (7.3.3)

XN e

for any Riemannian metric gR [148].

Since the group 654 is homotopic to the group Spin(4), there is one-to-
one correspondence between the non-equivalent universal spinor structures
and non-equivalent Riemannian spinor structures (see Remark 7.2.2) [148].
All universal spinor structures (as like as the Riemannian ones) on a par-
allelizable world manifold X are equivalent, i.e., the principal a\z4—bund1e
LX (7.3.2) is uniquely defined. It is called the universal spinor bundle.
Then it follows from the commutative diagram (7.3.3) that any Rieman-
nian spinor structure on a world manifold is a reduced subbundle of the
universal spinor bundle LX.

Remark 7.3.1. Though the group GL4 has finite-dimensional representa-
tions, its spinor representation is infinite-dimensional [76; 119]. Elements
of this representation are called world spinors. Their field model has been
developed (see [76] and references therein).
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The pseudo-Riemannian spinor structures as like as the Riemannian
ones are subbundles of the universal spinor bundle LX as follows [53; 138].

Lemma 7.3.1. Just as the diagram (7.3.1), the diagram
/§Z4 — GL4
T T (7.3.4)
L 2 L

s commutative.

Proof. The restriction of the universal covering group 554 — GLy4 to
the proper Lorentz group L C G Ly is obviously a covering space of L. Let us
show that this is the universal covering space. Indeed, any non-contractible
cycle in GL4 belongs to some subgroup SO(3) C GL4, and the restriction
of the covering bundle GL; — GLj to SO(3) is the universal covering
of SO(3). Since the proper Lorentz group is homotopic to its maximal
compact subgroup SO(3), its universal covering space belongs to @\54. O

Due to the commutative diagram (7.3.4), we have the commutative
diagram of principal bundles

LX = LX
Ph 2 LhX
for any tetrad field h [47; 53; 138].
It follows that any Dirac spinor structure Pl (7.2.3) is a reduced Lg-

S

subbundle of the universal spinor bundle LX. Moreover, LX is a principal
Lg-bundle

7:LX — O (7.3.5)
over the tetrad bundle (6.3.1):
St =LX/Ls = LX/L, (7.3.6)
such that the universal spinor structure (7.3.2) is a bundle morphism

7:LX —LX (7.3.7)
Y

over Y. It is called the universal Dirac spinor structure on the tetrad
bundle ¥t (7.3.6). Given a tetrad field h, the restriction h*LX of the
principal Lg-bundle (7.3.5) to A(X) C ¥ is isomorphic to the subbundle
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P" of the fibre bundle LX — X which is the h-associated Dirac spinor
structure on a world manifold.
Let us consider the spinor bundle

S=(LX x V)/Lg — S (7.3.8)

associated with the principal Lg-bundle (7.3.5). It also is the composite
bundle

S — S — X. (7.3.9)

This however is not a spinor bundle over X. By virtue of Theorem 5.10.1,
this composite bundle is a L X-associated bundle whose typical fibre is the
spinor bundle

(GLy x V)/Lg — GLy/Ls.
Given a tetrad field h, there is the canonical isomorphism
in:S" = (P"x V)/Lg — (W*LX x V) /Lq

of the h-associated spinor bundle S (7.2.5) onto the restriction h*S of the
spinor bundle S — ¥ to h(X) C Xt (see Theorem 1.4.1). Then every
global section s, of the spinor bundle S” corresponds to the global section
ip 08y, of the composite bundle (7.3.9). Conversely, every global section s of
the composite bundle (7.3.9) projected onto a tetrad field h takes its values
into the subbundle i, (S") C S (see Theorem 1.4.2).

Let the linear frame bundle LX — X be provided with a holonomic
atlas U (6.1.6), and let the principal bundles LX — Y7 and LX — S
have the associated atlases {(U,, zf)} and

{(Ue, 2ze = Z022)}, (7.3.10)

respectively. With these atlases, the composite bundle S (7.3.9) is equipped
with the bundle coordinates (z*, 0%, y4), where (2}, o#) are coordinates on
the tetrad bundle ¥ such that, whenever h is a tetrad field, h% = ok o h

are the tetrad functions of the Lorentz bundle atlas
Uy, = {h ' (U.), 2e 0 b}
of the reduced Lorentz bundle L"X.
Remark 7.3.2. In fact, o = HF oz, are coordinates of the image of ¥t in
LX with respect to local sections z.. They are the above mentioned transi-

tion functions (5.10.44) between a holonomic bundle atlas Uy of LX — X
and the atlas (7.3.10) of the bundle LX — Y.
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The spinor bundle S — X is the subbundle of the bundle in Clifford
algebras which is generated by the bundle in Minkowski spaces

Ey = (LX x M)/L — S (7.3.11)

associated with the principal L-bundle LX — 3. By virtue of Lemma
5.10.1, it is the LX-associated composite bundle

Ey—3¥r—X (7.3.12)
whose typical fibre is the L-bundle
(GLy x RY) /L
associated with the principal L-bundle
P, =GLy — GL4/L. (7.3.13)
Lemma 7.3.2. The principal L-bundle (7.53.13) is trivial.

Proof. In accordance with the classification theorem [147], a principal
G-bundle over an n-dimensional sphere S™ is trivial if the homotopy group
Tn—1(G) is trivial. The base space Z = GL4/L of the principal bundle
(7.3.13) is homeomorphic to S® x R7. Let us consider the morphism f; of
S3 into Z, f1(p) = (p,0), and the pull-back principal L-bundle f; P, — S3.
Since L is homeomorphic to RP? x R? and m5(L) = 0, this bundle is trivial.
Let f, be the projection of Z onto S3. Then, the pull-back principal L-
bundle

fS(fiPL) — Z (7.3.14)

also is trivial. Since the composition f; o fy of Z into Z is homotopic to
the identity morphism of Z, the fibre bundle (7.3.14) is equivalent to the
bundle P, [147]. Tt follows that the bundle (7.3.13) also is trivial. a

Since a world manifold is assumed to be parallelizable, the linear frame
bundle LX — X also is trivial, and the fibre bundle F); — X is so.
Hence, it is isomorphic to the product X1 x T*X. Then there exists the

X

representation
Y5 :T*X © 8= (LX x (M®V))/Ls — (7.3.15)
7
(LX x /(M ®V))/Ls = S,
given by the coordinate expression

a

da = v (dz) = o)y



7.3. Universal spinor structure 257

Restricted to A(X) C X, this representation recovers the morphism -y,
(7.2.8).

Let I" (6.2.1) be a linear world connection. It defines the spinor connec-
tion Ay, (7.2.13) on each h-associated spinor bundle S* (7.2.5). Following
the construction in Section 5.10.5, let us consider a connection Ay, on the
spinor bundle S — X1 (7.3.8) such that, for each tetrad field h, the pull-
back connection h* Ay, (5.10.29) on S* coincides with the spinor connection
Ap, (7.2.13). Such a connection Ay exists [138]. It takes the form

As = da* ® (9y + }A,\“bIabAByBaA) + (7.3.16)
dol; ® (9) + Akabfab yP8,4),

A\ = —%(n o —n*al)ofTaky,

kb __a ka b)

1

Akab (77 ol —n*o

2

The connection (7.3.16) yields the first order differential operator D

(1.4.17) on the composite bundle S — X (7.3.9) which reads
D:J'S—T'X ® S,

~ 1
D =d* @ [yf - 5( A+ ARPol ) 1 yPloa = (7.3.17)

1
de* @ [y3 — z(nkbaﬁ — ™ol (o8, — ok TA") I By 104

The restriction Dy, of the operator D (7.3.17) to J1S"h C J1S recovers the
familiar covariant differential on the h-associated spinor bundle S* (7.2.5)
relative to the spinor connection (7.2.13).

Combining the formulas (7.3.15) and (7.3.17) gives the first order dif-
ferential operator

D:’}/ETOBZJl;S’—)T*X®S—)S’ (7.3.18)
P

1
BoD =)y 4y - z(ﬁkbaz 0 ) (o8, — oy Do) L 5y"),

on the composite bundle S — X. One can think of the operator D (7.3.18)
as being the total Dirac operator on S — X since, for every tetrad field
h, the restriction of D to J'S* C J'S is exactly the Dirac operator Dy,
(7.2.11) on the spinor bundle S* in the presence of a background tetrad
field h and a linear world connection I'.
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Thus, we come to metric-affine gravitation theory in the presence of
Dirac spinor fields. The total configuration space of this classical field
theory is the jet manifold J'Y of the bundle product

Q=(SrxCw) x (7.3.19)

where Cy is the bundle of world connections (6.2.2). This product is
coordinated by (2,0, k,“3,y”). The corresponding field system algebra

»Yar

is the differential graded algebra (1.7.9):
S3Ql = 05.Q. (7.3.20)

A question however is that Dirac fermion fields are odd.

7.4 Dirac fermion fields

In order to describe odd Dirac fermion fields, let us regard the fibre bundle
(7.3.19) as a composite bundle (3.4.1):

F—-Y — X,
where F' — Y is the vector bundle

X Xt X7 X

and S* — X7 is the dual of the spinor bundle S — Y. Let us consider
the composite graded manifold (Y;2r) modelled over the vector bundle
F — Y (7.4.1). Then we replace the differential graded algebra (7.3.20)
with the differential bigraded algebra SX [F'; Y] (3.4.7) possessing the local
generating basis

(k' kg, 0 ) (7.4.2)

whose odd elements are ¢4 and 1%.

In accordance with Remark 3.3. -5, the first order differential operator
(the vertical covariant differential) D (7.3.17) and the total Dirac operator

D (7.3.18) on the composite bundle S — X yield the graded first order
differential operator

~ 1

D =dz* ® [¢3 — Z(nk"ag —n"oh) (o8, — otk ) I By Pl0a  (74.3)
and the graded Dirac operator

1
DY = a7 alU = (o — 0oy (08 — oika" ) L "), (7.4.4)



7.4. Dirac fermion fields 259

on the differential bigraded algebra S
The total Lagrangian L € 8(0 "30 Y of metric-affine gravity and
fermion fields is the sum

L =Lya+ Lp (7.4.5)
of a metric-affine gravitation Lagrangian
Lya = Lma(Rux“ g, o )w, oM = gholn®, (7.4.6)

on the configuration space J'Y (see Section 6.5) and the Dirac Lagrangian
Lp.

In accordance with Assertion 5.10.3, the Dirac Lagrangian factorizes
through the vertical covariant differential D (7.4.3) and the graded Dirac
operator (7.4.4). The Dirac Lagrangian reads

Lp = [a(iD, ) — ma(y,¥)]o® A - A o?, o = oydz*,

where a(,) is the spinor metric (7.1.6). Written with respect to the local
generating basis (7.4.2), the Dirac Lagrangian takes the form

Lp = (7.4.7)
i 1 “
{Goalwi (") s = 0oy — 0™ on)(of, — ok ) I o) —
1 a a
(¢:\FA - 1( Moo — Ub)(UAk —opk\" V)W;Iab A('Y v?) B¢B] -
mz/)j;(’yo)ABi/JB} lo|w, o = det(o,).
It is readily observed that
0Lp n J0Lp
3k)\‘uy akv‘”k
i.e., the Dirac Lagrangian (7.4.7) depends only on the torsion (6.6.11) of a
world connection.

Given a tetrad field A and a linear world connection I', the pull-back
h*T* Lp of the Dirac Lagrangian (7.4.7) is the Dirac Lagrangian of fermion
fields in the presence of a background tetrad gravitational field h and a
linear world connection I'.

Let us study gauge symmetries of the Dirac Lagrangian Lp (7.4.7).
A metric-affine gravitation Lagrangian Lya (7.4.6), by construction, is
invariant under general covariant transformations (see Section 6.5). -

As was mentioned above, the composite bundle S — X (7.3.9) is a LX-

associated bundle in accordance with Theorem 5.10.1. Therefore, S (7.3.9)
inherits automorphisms of the universal spinor bundle LX.

=0, (7.4.8)
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Since a world manifold X is parallelizable and the universal spinor struc-
ture is unique, the principal 554—bundle LX — X as well as the linear
frame bundle LX admits the canonical lift of any diffeomorphism f of the
base X. This lift is defined by the commutative diagram

X L Ix

zl lz

Lx o rx

L

x 1 ox

where f is the holonomic bundle automorphism of LX (6.1.8) induced by
f [31; 77]. Consequently, the universal spinor bundle LX is a natural
bundle, and it admits the functorial lift 75 of vector fields 7 on its base
X. These lifts 75 are infinitesimal general covariant transformations of
LX. Consequently, the composite bundle S — X (7.3.9) also is a natural
bundle, and it possesses infinitesimal general covariant transformations [53;
138]. Let us obtain their explicit form.

By virtue of Lemma 5.10.3, infinitesimal general covariant transforma-
tions of the principal 554—bundle LX — X also are infinitesimal gauge
transformations of the principal Lg-bundle LX — Y. They take the form
(5.10.23):

- , 0 1.
7= 10 + 0,"0" oF + §Q9Tbeab, (7.4.9)

where the last term depends on the choice of a bundle atlas (7.3.10) and
obeys the condition (5.10.24). Infinitesimal gauge transformations (7.4.9)
of LX — Y1 depending on gauge parameters 7 yield infinitesimal gauge
transformations of the associated spinor bundle S — Y given by vector
fields (5.10.25):

Ts =70\ + 0,70V

3oF * (7.4.10)

%ﬁ?b (Iabdcagaiy + IabAByBa;jA> )
where I,,%. (6.3.10) and I,,” 5 (7.1.5) are generators of the spinor Lorentz
group Lg in the Minkowski space and the Dirac spinor space, respectively.
One can think of the vector fields (7.4.10) as being infinitesimal general
covariant transformations of the natural composite bundle S — X. Ex-
tended to the total bundle @ (7.3.19), these infinitesimal transformations
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read
T :T’\('?A—i—c")‘ THo¥ 9 +
Q v c aa_g
15}
[0bT%k" 3 — 07"k ™y — OuT" k% g + Opp7® | o~ +

ks
0 0
ﬁab ( abdcgd o m + Iab By 9 A>

Replacing the gauge parameters 7* with the odd ghosts ¢* and the bundle
coordinates y4 with the odd elements 1” of the local generating basis
(7.4.2), we obtain the odd graded derivation

w=1u+1, (7.4.11)

U=710\+ cto

ucau

0
5”5 = e s Gl

1 0 5} 0
)=S0 (Iabdcaﬂt + Loy 597 5o I+AB¢+> :
9 d HoT dypA " Tab Ayt
of the differential bigraded algebra SX [F;Y].

Besides the infinitesimal gauge transformations 7s (7.4.10), one also
considers vertical infinitesimal gauge transformations (5.10.26):

0 0
Cab< ab Co—da 7 +Iab By 8 A>

of the spinor bundle S — 1. These transformations yield the odd graded
derivation

1 b d 9 A B 9
= -1,%0"— +1, —— +IhA A4.12
YT ( b eOd o T ab BY oA B%‘az/)B (7.4.12)

(where ¢® are odd ghosts) of the differential bigraded algebra SX [F;Y].
It is easily justified that

Ly,Lp=0
and, obviously,
L,Lya = 0.

Therefore, the graded derivation v (7.4.12) is a gauge symmetry of the total
Lagrangian L (7.4.5). However, this gauge symmetry does not depend on
jets of the ghosts ¢®® and, therefore, does not lead to non-trivial Noether
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identities. At the same time, the corresponding Noether conservation law
holds.

Since the bundle S — X is trivial and its trivialization is fixed, the
decomposition (7.4.11) of the graded derivation w is global. Its second
summand ¢ takes the form (7.4.12) and, consequently, it is an exact sym-
metry of the total Lagrangian L (7.4.5). The first summand % of the graded
derivation (7.4.11) is independent of an atlas of the spinor bundle S and,
therefore, it can be regarded as the canonical form of the infinitesimal gen-
eral covariant transformation of S which differs from w in an infinitesimal
vertical automorphism 9 of S.

Since a metric-affine gravitation Lagrangian Lyjs, by construction, is
invariant under general covariant transformations, we have

Lz = 0. (7.4.13)
It is readily observed that also
LjizLp =0. (7.4.14)

The equalities (7.4.13) — (7.4.14) lead to the energy-momentum con-
servation law. Since it is a gauge conservation law, the correspond-
ing energy-momentum current is reduced to a superpotential. One can
show that it is exactly the generalized Komar superpotential (6.6.10) of
metric-affine gravitation theory and that that Dirac fermion fields do
not contribute to this superpotential because of the relation (7.4.8) [53;
136].



Chapter 8

Topological field theories

In classical field theory, topological field theories of Schwartz type are
mainly considered [18]. They are Lagrangian field theories whose Lagrangi-
ans are independent of a world metric on a base X. Here, we are concerned
with the following topological field models.

e In comparison with Yang-Mills gauge theory in Section 5.8, Chern—
Simons topological field theory on a principal bundle possesses gauge sym-
metries which are neither vertical nor exact, and some of them become
trivial if dim X = 3 (Section 8.2).

e Topological BF theory in Section 8.3 exemplifies reducible degenerate
Lagrangian theory.

e Since submanifolds of a smooth manifold are locally represented by
sections of fibre bundles, their Lagrangian theory can be developed as the
topological one (Section 8.4). For instance, classical string theory is of this
type.

Note that any gauge theory of principal connections possesses charac-
teristics which are topological invariants of a base manifold X. Section 8.1
is devoted to these characteristics.

8.1 Topological characteristics of principal connections

Theorem 8.1.1 below shows that the set Hq(X;G%) of equivalence classes
of associated continuous G-bundles over a paracompact topological space X
depends only on the homotopic class of the space X, i.e., it is a topological
invariant. Due to the bijection (5.2.7), the set H1(X;GS) of equivalence
classes of associated smooth G-bundles over a manifold X also is a topo-
logical invariant.

263
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8.1.1 Characteristic classes of principal connections
Theorem 5.2.3 leads to the following classification theorem.

Theorem 8.1.1. For every topological group G, there exist a topological
space BG, called the classifying space, and a continuous principal G-bundle
PG — BG (see Remark 5.8.1), called the universal bundle, which possess
the following properties.

e For any continuous principal G-bundle Y over a paracompact base X,
there exists a continuous map f : X — BG such that'Y is associated with
the pull-back bundle f*PG.

o If two maps f1 and fy of X to BG are homotopic, then the pull-back
principal bundles f{ Pg and f5Pq are equivalent, and vice versa.

Let us concentrate our attention to the most relevant physical case
of bundles with the structure groups GL(n,C) (reduced to U(n)) and
GL(n,R) (reduced to O(n)) (see Example 5.10.1). The classifying spaces
for these groups are

BU(n) = Nlim &(n, N —n;C),

BO(n) = Nlim &(n, N —n;R), (8.1.1)

where &(n, N — n;C) and &(n, N — n;R) are the Grassmann manifolds
of n-dimensional vector subspaces of CV and R¥, respectively. Then the
equivalence classes of principal U(n)- O(n)-bundles over a manifold X can
be represented by elements of the Cech cohomology groups H*(X;Z). They
are called the characteristic classes. Due to the cohomology homomorphism
(10.9.17):

H*(X;Z) — Hpr(X), (8.1.2)
these characteristic classes are given by elements of the de Rham cohomol-
ogy H{r(X) of X. They are cohomology classes of certain exterior forms
defined as follows.

Given a principal bundle P — X with a structure Lie group G, let
C — X be the bundle of principal connections (5.4.3), A the canonical

principal connection (5.5.4) on the principal G-bundle Pe (5.5.5), and Fl4
(5.5.6) its strength. Let

Ik(X) = b""l-nTkXTl T er (813)
be a G-invariant polynomial of degree k > 1 on the Lie algebra g, of G.
With F4 (5.5.6), one can associate to this polynomial I, the closed 2k-form

Por(Fa) = byy oo FRLA - NF 2k <, (8.1.4)
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on C which is invariant under automorphisms of C' induced by vertical
principal automorphisms of P. Given a section A of C' — X, the pull-back

Po(Fa) = A* Py (Fla) (8.1.5)

of the form Py (F4) (8.1.4) is a closed 2k-form on X where F4 is the
strength (5.4.16) of a principal connection A. It is called the characteris-
tic form. The characteristic forms (8.1.5) possess the following important
properties [38; 92].

e Every characteristic form Poi(Fy4) (8.1.5) is a closed form, i.e.,
dPai(Fa) = 0;

e The difference Pyi(F4) — Par(Fa/) of characteristic forms is an exact
form, whenever A and A’ are different principal connections on a principal
bundle P.

Tt follows that characteristic forms Poy (F4) possesses the same de Rham
cohomology class [Pa(F4)] for all principal connections A on P. The as-
sociation

Ii(x) — [Pax(Fa)] € Hpr(X)

is the well-known Weil homomorphism. The de Rham cohomology class
[P (F4)] is a topological invariant. Choosing a certain family of charac-
teristic forms (8.1.5), one therefore can obtain characteristic classes of a
principal bundle P.

Remark 8.1.1. If X is an oriented compact manifold of even dimension
2k, then a value

Cn = /ng(FA)w
X

is the same for all principal connections A on P. It is called the charac-
teristic number of a principal bundle P. In gauge theory, this topological
number is treated as a topological charge [38].

However, there is problem that, if a principal bundle P admits a flat
principal connection A whose strength F'4 vanishes, all characteristic classes
of P are trivial, but P need not be a trivial bundle (see Theorem 1.3.4).
Therefore, there are topological effects related to flat principal connections,
e.g., the Aharonov—Bohm effect.
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8.1.2 Flat principal connections

A flat principal connection on a principal bundle 7p : P — X, by defini-
tion, obeys the conditions of Theorem 1.3.3. It follows from Theorem 1.3.4
that a principal connection A on P represented by the T P-valued form
(5.4.10) is flat if and only if its strength F4 (5.4.16) vanishes. In order to
characterize flat principal connections, we however must involve the notion
of a holonomy group of a principal connection [92]. For the sake of simplic-
ity, we consider smooth paths, but everything that we say below holds true
for the smooth piecewise ones.

Any principal connection A (5.4.1) on a principal G-bundle P — X is
an Ehresmann connection (see Remark 1.3.2) [92]. Let

c:[0,1] - X

be a closed path (a loop) through a point « € X. For any point p € P, =
7T1;1<$), there exists the horizontal lift ¢, of a loop ¢ through p such that
¢p(0) = p. Then the map

Ye: Pr 2o p=1cp(0) = cp(l) € P, (8.1.6)

defines an isomorphism g, of the fibre P,. This isomorphism can be seen
as a parallel displacement of the point p along a loop ¢ with respect to a
connection A. Let us consider the group C, of all loops through a point
x € X and its subgroup C? of the contractible ones. Then the set

Ky ={ve, ceCy}
of isomorphisms (8.1.6) and its subset
’CS: ={7, c€ Cg}

are groups, called the holonomy group and the restricted holonomy group of
a principal connection A at a point z € X, respectively. Since X is assumed
to be connected, the holonomy groups K, for all x € X are mutually
isomorphic, and one speaks on the abstract holonomy group K and its
restricted subgroup K°.

There exists a monomorphism of the holonomy group K, to a structure
group G which, however, is not canonical. For a point p € 7r1§1(x), it is a
map

Ke 2% — 9. € Ky CG, (8.1.7)

where g, is given by the relation v.(p) = pg.. The subgroup K, (8.1.7)
of the structure group G is called the holonomy group at a point p € P.
Accordingly, ICZO, denotes the restricted holonomy group at a point p € P.
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Since a principal connection A is G-equivariant, we have

Ve(pg) = pgeg = pg(9™ " gc9)-
Therefore, the holonomy groups IC, and IC,y at different points p,p’ € P,
are conjugate in G.
The forthcoming theorems summarize the main properties of holonomy
groups [92].

Theorem 8.1.2. The holonomy group K, (resp. the restricted holonomy
group ICS) is a Lie subgroup (resp. a connected Lie subgroup) of a structure
group G such that the factor group le//Cg s countable.

Theorem 8.1.3. Since

C./C0 = (X, 1),
there is an epimorphism

(X, x) — K /KO (8.1.8)
of the first homotopy group m (X, z) at a point x € X onto the factor group
K./KY. In particular, if a manifold X is simply connected, then K, = K
for all x € X and K = K°.

Theorem 8.1.4. Given a point p € P and the holonomy group K, of a
principal connection A on P, the points of P connected with p along hori-
zontal paths form a subbundle P(p) of P. It is a reduced principal bundle
with the structure group KCp, and A is reducible to a principal connection

on P(p).

Theorem 8.1.5. The values of the curvature form R of a principal con-
nection A (5.4.1) (see Remark 5.4.3) at any point of the reduced subbundle
P(p) span a subalgebra of the Lie algebra g; of the group G which is iso-
morphic to the Lie algebra of the restricted holonomy group ng.

The following assertion is a corollary of Theorems 8.1.3 — 8.1.5.

Theorem 8.1.6. If a principal bundle over a simply connected base admits
a flat connection, it is trivial.

Proof. It follows from Theorem 8.1.5 that, if a principal connection A
on a principal G-bundle P — X is flat, the restricted holonomy group ICg
of A at any point p € P is trivial and the holonomy group K, is discrete
(at most countable). In accordance with Theorem 8.1.3, if this principal
bundle is over a simply connected base X, then the holonomy group of
this connection is trivial. Then, by virtue of Theorem 8.1.4, the principal
bundle P admits a trivial reduced subbundle, i.e., it is trivial. O
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The proof of Theorem 8.1.6 gives something more. If a principal connec-
tion A is flat, its holonomy group XC, at any point p € P is discrete. Then
it follows from Theorem 8.1.4, that a principal bundle P contains a con-
nected principal subbundle with a discrete structure group KCp,. It should
be emphasized that a connected principal bundle with a discrete structure
group is necessarily non-trivial.

Lemma 8.1.1. Let K be a discrete group. A connected principal K -bundle
over a connected manifold X exists if and only if there is a subgroup N C
m1(X) such that m (X)/N = K.

Proof. Let w:Y — X be a fibre bundle. Given y € Y and =z = 7 (y),
there exists the following exact sequence of homotopy groups of Y — X:
o (Vo) =k (Vy) = (X, 2) = 1 (Vary) = (8.1.9)
= m(X,z) = m(Ye,y) — mo(Y,y) — mo(X,2) — 0.
If Y is a connected principal bundle with a discrete structure group K, we
have
Ti>0(Ya,y) = mo(Y,y) = mo(X,2) =0,  m(Ya,y) = K.
Then the exact sequence (8.1.9) is reduced to the short exact sequences
0— m(Y,y) —» m(X,z) — 0, k>1,
0-mY,y) - m(X,z) - K — 0.
It follows that w1 (Y, y) is a subgroup of 71 (X, z) and
(X, z)/m(Y,y) = K. (8.1.10)
This is a necessary condition for a desired fibre bundle over X to exist.
One can show that, since a manifold X is a locally contractible space, the
condition that
K=m(X,.)/N
for some subgroup N C m1(X,.) is sufficient. O

Remark 8.1.2. The fibre bundle Y — X in Lemma 8.1.1 is called the
covering space over X. A covering space is said to be universal if it is
simply connected.

Now let us formulate the general result concerning flat principal con-
nections [1; 112].

Theorem 8.1.7. There is a bijection between the set of conjugate flat
principal connections on a principal G-bundle P — X and the set
Hom (71 (X),G)/G of conjugate homomorphisms of the homotopy group
m1(X) of X to the group G.
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Proof. Given a flat principal connection A (5.4.1) on a principal G-
bundle P over X, the composition of homomorphisms (8.1.8) and (8.1.7)
gives the homomorphism 71 (X, z) — G which is not unique, but depends
on a point p € P where the map (8.1.7) is defined. Therefore, every flat
principal connection A on a principal G-bundle P — X defines a class of
conjugate homomorphisms of the homotopy group 71(X) to G. Let ® be
a vertical automorphisms of a principal bundle P and A’ the image of a
connection A with respect to this automorphism in accordance with Theo-
rem 5.4.2, i.e., A’ is a conjugate connection to A (see Remark 5.4.4). It is
obviously flat. Since a vertical automorphism of P preserves the homotopy
class of curves in P, the holonomy groups K, and K’ of gauge conjugate
connections are identically isomorphic, while K&)(p) =IK,.

Conversely, let m1(X) — G be a homomorphism whose image is a sub-
group K C G and whose kernel is a subgroup N C 71(X). By virtue of
Lemma 8.1.1, there exists a connected principal K-bundle Px — X and,
consequently, a principal G-bundle P — X which contains Pk as a sub-
bundle, and whose structure group G is reducible to the discrete subgroup
K. Tt follows that there exists an atlas of the principal bundle P with
constant K-valued transition functions. This is an atlas of local constant
trivializations. Following Theorem 1.3.4, one can define a flat connection
A on P — X whose local coefficients with respect to this atlas equal zero.
This is a principal connection. Certainly, the holonomy group K of this
connection is K. |

Note that, in topological field theory, the space Hom (m(X),G)/G is
treated as a moduli space of flat connections [18].

Example 8.1.1. The well-known Aharonov-Bohm effect in electromag-
netic theory exemplifies phenomena related to flat principal connections.
Let a Euclidean space R?® be equipped with the Cartesian coordinates
(z,y, z) or the cylindrical ones (p, a, z). Its submanifold

X =R\ {p=0}
admits an electromagnetic potential
P P (0]
A= —da=—2—dx — ———
2m x2 + 2 2 492
whose strength F' = dA vanishes everywhere on X, i.e., the one-form A
(8.1.11) is closed. However, this form is not exact. Hence, A (8.1.11)

belongs to a non-vanishing element of the de Rham cohomology group
H}p(X) =T of X. Being represented by the one-forms (8.1.11), elements

dy, ®ER, (8.1.11)
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of this cohomology group are indexed by real coefficients ® in the expression
(8.1.11). Let us denote them by [®] C Hz(X). Then the corresponding
group operation in H} (X) reads
[®] + [®'] = [® + P'].
Let us notice that the field (8.1.11) can be extended to the whole space R?
in terms of generalized functions
¢ ®
A= —0(p)d F=—=6p*dpnd 8.1.12
ot (P)de 5 0(p7)dp A da, ( )

where 6(p) is the step function, while §(p?) is the Dirac d-function. The
field (8.1.12) satisfies the Stokes formula

2m
/A: /Aapdaz /depda: D, (8.1.13)
as 0 S

where S is a centered disc in the plane z = 0. Thus, we obtain the well-
known Aharonov-Bohm effect.

One can extend the description of the Aharonov—Bohm effect in Exam-
ple 8.1.1 to a non-Abelian gauge model on a principal bundle P — X which
admits a flat principal connection A with a non-trivial discrete holonomy
group K. Let Y — X be a P-associated vector bundle (5.7.1). The notion
of holonomy group is generalized in a straightforward manner to associated
principal connections on Y — X. In particular, if A is a flat principal con-
nection with a holonomy group K on P — X, the associated connection
A (5.7.9) on Y — X is a flat connection with the same holonomy group.
By virtue of Theorem 1.3.4, there exists an atlas ¥ = {U,, 0o} of local
constant trivializations of a fibre bundle Y — X such that the connection
AonY — X takes the form A = dz* ® 05. Let ¢ be a loop through a
point x € X which crosses the charts U,,,...,U,, of the atlas ¥. Then
the parallel displacement of a vector v € Y, along this curve with respect
to the flat connection A reduces to the product of transition functions

v — (Qozgal e Qoqak)(v)'

It depends only on the homotopic class of a loop c.

8.1.3 Chern classes of unitary principal connections

Characteristic classes of principal GL(k, C)-bundles (which are always prin-
cipal U(k)-bundles) are Chern classes c;(P) € H*(X;Z) given by cohomol-
ogy of Chern characteristic forms [38; 80].
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Let M be a complex (k x k)-matrix and r(M) a GL(k,C)-invariant
polynomial, called the characteristic polynomial of components of M, i.e.,

r(M)=r(gMg™"), ~€GL(kC).

If a matrix M has eigenvalues ay, ..., ak, a characteristic polynomial (M)
takes the form

r(M) =bg+ b1.51(a) + b2 S2(a) + - - -

where b; are complex numbers and
Sila)= > ai...a; (8.1.14)
’LA1<~~<Z‘J‘

are symmetric polynomials of aq, ..., ag.

Example 8.1.2. An important example of a characteristic polynomial is
det(14+ M) =1+ Si(a) + Sa2(a) + ... + Sk(a),

where 1 denotes the unit matrix.

Let P — X be a principal U(k)-bundle and E the associated vector
bundle with the typical fibre C* which is a carrier space of the natural
representation of U (k).

Let F' be the strength form (5.7.12) of some associated principal con-
nection A on E. The characteristic form

¢(F) = det <1+;F>=1+61(F)—|—62(F)+"' (8.1.15)
s
is called the total Chern form, and its components ¢;(F) are called Chern
2i-forms. For instance,

Co(F) = O7

c1(F) = iTr F, (8.1.16)
1

es(F) = <5 [T(F A F) =Tt F A Tr Fl. (8.1.17)

All Chern forms ¢;(F') are closed, and their cohomology are identified with
the Chern classes ¢;(E) € H?(X;Z) of the U(k)-bundle E under the homo-
morphism (8.1.2). The total Chern form (8.1.15) corresponds to the total
Chern class

¢(E)=co(E)+cr(E)+---.
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Example 8.1.3. Let us consider a U(1)-bundle L — X with the typical
fibre C on which the group U(1) acts by the generator I = i. It is called
the complex linear bundle. The strength form (5.7.12) of an associated
principal connection on this fibre bundle reads

F= %F,\MdmA A dat
Then the total Chern form (8.1.15) of a U(1)-bundle is
c(F)=14c1(F),
o 1 N u
a(F)= 27TTrF— 47TF>\#dx Adaxt.

Example 8.1.4. Let us consider a SU(2)-bundle E — X. The strength
form (5.7.12) of an associated principal connection on this fibre bundle is
10,

F=—F¢

2 )
where 04, a = 1,2, 3 are the Pauli matrices. Then we have
c(F)=14c1(F)+ caF),
C1 (F) = 0,
1 1

):Wﬁ(F/\F):—iF /\Fa~

e2(F (4m)2 ¢

Using the natural properties of the Chern forms, one can obtain the
following properties of Chern classes:

(i) ¢;(E)=0if 20 > n = dim X

(ii) ¢;(E) =0 if i > k;

(iii) c((E® E") = ¢(E)c(E');

(iv) et(L e L) = ¢1(L) + ¢1(L’) where L and L' are complex linear
bundles;

(v) if f*E — X' is the pull-back bundle generated by a morphism
f: X" — X, then

o(f*E) = [re(E),
where f* also denotes the induced morphism of the cohomology groups
¥ HY(X;Z) — HY(X';Z). (8.1.18)

Properties (iii) and (v) of Chern classes are utilized in the following
theorem.

Theorem 8.1.8. For any U(k)-bundle E — X, there exists a topological
space X' and a continuous morphism f : X' — X so that:
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(i) the pull-back f*E — X' is the Whitney sum of complex linear bun-
dles (see Example 8.1.3)

TE=11&- & Ly;
(i) the induced morphism f* (8.1.18) is an inclusion.

It follows that the total Chern class of any U(k)-bundle E can be seen
as

c(E)=fe(BE)=c(L1 & & Ly) =c(L1)---c(Ly) = (8.1.19)
(14+a1) - (1 +ax),

where a; = ¢1(L;) denotes the Chern class of the linear bundle L; (see
Example 8.1.3). The formula (8.1.19) is called the splitting principle. In

particular, we have
C1 (E) = Z a;,
i

CQ(E) = Z Qjy iy,
11 <ig

G(BE)= > ai--a
i1 <<

(cf. (8.1.14)).

Example 8.1.5. Let E* be the U(k)-bundle, dual of E. In accordance
with the splitting principle, we have

o(E¥) = c(L7)---e(Ly) = (14 a7)--- (14 ap).

Since the generator of the dual representation of U(1) is I = —i, then
F* = —F and af = —a;. It follows that
ci(E*) = (=1)'c;(E). (8.1.20)

If a base X of a U(k)-bundle E is an oriented compact manifold of
even dimension n, one can construct some exterior n-forms from the Chern
forms ¢;(F), and can integrate them over X. Such integrals are called
Chern numbers. Chern numbers are integer since the Chern forms belongs
to the integer cohomology classes. For instance, if n = 4, there are the
following two Chern numbers

Ca(B) = [ ea()

X
C*(E) = /cl(F)/\cl(F).
X
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There exist some other characteristic classes of U(k)-bundles which are
expressed into the Chern classes. Let us mention the following two ones.
The Chern character ch(F) is given by the characteristic polynomial

i — 1 i "
ch(M) = Trexp <27rM) = W;) —Tr (%M)
It has the properties
ch(E ® E') = ch(E) + ch(E'),
ch(E® E') = ch(E) - ch(E").

Using the splitting principle, one can express the Chern character into the
Chern classes as follows:

ch(E) = ch(Ly & -+ @ Ly) = ch(Ly) + - - + ch(Ly) =

1 2
expa; +---+expap =k + Zai+§Zai+~-~:

k+ Zai—i—% (Zai)2—2 Ejailaa2 +.=

i 11 <ig

bt er(B) + 5lA(E) — 2ea(B)] + -+

The Todd class is defined as
td(E) = Z#:1+101+i(cf+@)+~w :
1= exp(—a;) 2 12
It possesses the property
td(E @ E') = td(E) - td(E").

8.1.4 Characteristic classes of world connections

Characteristic classes of real GL(k, R)-bundles (which are always principal
O(k)-bundles) are Pontryagin classes given by cohomology of the Pontrya-
gin characteristic forms [38; 80.

Let E be a k-dimensional vector bundle with the structure group O(k).
Its Pontryagin classes in the de Rham cohomology algebra Hpjp(X) are
associated with the characteristic polynomial

p(F) = Det (1 - 217TF> =1+ pi(F)+p2F)+ - (8.1.21)
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of the strength form F' (5.7.12) of some associated principal connection A
on F which takes its values into the Lie algebra o(k) of the group O(k).
Since generators

IpCa = nE0¢ —nE 68, diagn® = (1,...,1),
of the group O(k) in E satisfy the condition
(D = —(1)a",

the components of even degrees in F' in the decomposition (8.1.21) only are
different from zero, i.e., p;(E) € Hig (X).

Pontryagin classes possess the following properties:

(i) pi(E) =0if 4 > n = dim X;

(ii) pi(E) =0 if 26 > k;

(i) p(E @ E') = p(E) + p(E).

Note that, for the Pontriagin classes taken in the Cech cohomology
H*(X;Z), the property (ii) is true only modulo cyclic elements of order 2.

Remark 8.1.3. Though fibre bundles with the structure groups O(k) and
GL(k,R) have the same characteristic classes, their characteristic forms are
different. For instance, if the strength F' takes its values into the Lie algebra
gl(k,R), the characteristic polynomial p(F') (8.1.21) contains the terms of
odd degrees in F in general. Therefore, to construct the characteristic
forms corresponding to Pontryagin classes, one should use only O(k)- or
O(k — m,m)-valued strength forms F. In this case, we have

1
p1(F)=——=TrFAF, (8.1.22)
872

1 )
p2(F) = 32?Eabcd}?ab AF] (8.1.23)

where €454 is the skew-symmetric Levi-Civita tensor.
Remark 8.1.4. If F = TX is the tangent bundle of a smooth manifold

X, characteristic classes of T'X are regarded as characteristic classes of a
manifold X itself.

Let us consider the relations between the Pontryagin classes of O(k)-
bundles and the Chern classes of U(k)-bundles. There are the following
commutative diagrams of group monomorphisms

ok) — UK
(8.1.24)
GL(k,R) —s GL(k,C)
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Uk) —  O(2k)

(8.1.25)
GL(k,C) — GL(2k,R)
The diagram (8.1.24) implies the inclusion
¢ H'(X;GE) — H'(X;GF),
and one can show that
pi(E) = (=1)'c2i(p(E)). (8.1.26)

The diagram (8.1.25) yields the inclusion
p: H'(X;GFy) — HY(X; G o))
Then we have
op: HY(X; GEpy) — HY (X5 GFop) — HY(X; GEap)-
This means that, if £ is a U(k)-bundle, then p(E) is a O(2k)-bundle, while
wp(F) is a U(2k)-bundle.
Remark 8.1.5. Let A be an element of U(k). The group monomorphisms
U(k) — O(2k) — U(2k)

define the transformation of matrices

ReA —ImA A0
A 1.2
—>(ImA ReA) —)(0 A*)’ (8.1.27)
written relative to complex coordinates z* on the space C*, real coordinates
' = Re2', Pt = Im 2

on R?* and complex coordinates

+i k+i i - ki
)

2 =g 4 iz z ="' —ix

on the space C2*.

A glance at the diagram (8.1.27) shows that the fibre bundle pp(E) is
the Whitney sum of E and E* and, consequently,

c(pp(E)) = c(E)e(ET).
Then combining (8.1.20) and (8.1.26) gives the relation

S (—1)ipi(p(B)) = clpp(E)) = e(E)e(E) = (8.1.28)
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between the Chern classes of a U(k)-bundle E and the Pontryagin classes
of the O(2k)-bundle p(E).

Example 8.1.6. In accordance with Remark 8.1.4, by Pontryagin classes
pi(X) of a manifold X are meant those of the tangent bundle 7'(X). Let
a manifold X be oriented and dim X = 2m. One says that a manifold
X admits an almost complex structure if its structure group GL(2m,R) is
reducible to the image of GL(m,C) in GL(2m,R). By Chern classes ¢;(X)
of such a manifold X are meant those of the tangent bundle T'(X) seen as
a GL(m, C)-bundle, i.e.,
¢i(X) = ci(p(T(X))).

Then the formula (8.1.28) provides the relation between the Pontryagin and
Chern classes of a manifold X admitting an almost complex structure:

Y (FDii(X) = [ZQ(X)] D (1e(X)

i i j
In particular, we have
p1(X) =3 (X) — 2c2(X), (8.1.29)
p2(X) = c2(X) — 2¢1(X)e3(X) + 2¢4(X).

If the structure group of a O(k)-bundle E is reduced to SO(k), the Euler
class e(E) of E can be defined as an element of the Cech cohomology group
H*(X;Z) which satisfies the conditions:

(i) 2e(F) =0 if k is odd;

(i) e(f*E) = f*e(E);

(it} e(E & B) = e(E)e(E');

(iv) e(E) = ¢1(F) if k = 2 because of an isomorphism of groups SO(2)
and U(1).

Let us consider the relationship between the Euler class and the Pon-
tryagin ones. Let E be a U(k)-bundle and p(FE) the corresponding SO(2k)-
bundle. Then, using the splitting principle and properties (iii), (iv) of the
Euler class, we obtain

e(p(E)) = e(p(L1) @ - & p(L)) = (8.1.30)
elp(Ly)) - elp(La) =
Cl(Ll) s Cl(Lk) =aj---ap = Ck(E).
At the same time, one can deduce from (8.1.28) that

p(p(E)) = & (E). (8.1.31)
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Combining (8.1.30) and (8.1.31) gives a desired relation
o(B) = [pi(E))/2 (3.1.32)

for any SO(2k)-bundle.
For instance, let X be a 2k-dimensional oriented compact manifold. Its
tangent bundle TX has the structure group SO(2k). Then the integral

o= /e(R)

X
coincides with the Fuler characteristic of X.

In conclusion, let us also mention the Stiefel-Whitney classes w; €
H%(X;Zs) of the tangent bundle TX. In particular, a manifold X is ori-
entable if and only if w; = 0. If X admits an almost complex structure,
then

woi+1 =0, wy; = ¢;mod 2.

In contrast with the above mentioned characteristic classes, the Stiefel—
Whitney ones are not represented by the de Rham cohomology of exterior
forms.

8.2 Chern—Simons topological field theory

We consider gauge theory of principal connections on a principal bundle
P — X with a structure real Lie group G. In contrast with the Yang—Mills
Lagrangian Ly (5.8.15), the Lagrangian Lcg (8.2.4) of Chern—Simons
topological field theory on an odd-dimensional manifold X is independent
of a world metric on X. Therefore, its non-trivial gauge symmetries are
wider than those of the Yang—Mills one. However, some of them become
trivial if dim X = 3.

Note that one usually considers the local Chern—Simons Lagrangian
which is the local Chern—Simons form derived from the local transgression
formula for the Chern characteristic form. The global Chern—Simons La-
grangian is well defined, but depends on a background gauge potential [20;
42; 58].

Let I; (8.1.3) be a G-invariant polynomial of degree k& > 1 on the Lie
algebra g, of G. Let Pop(F4) (8.1.4) be the corresponding closed 2k-form
on C and P (F4) (8.1.5) its pullback onto X by means of a section A of
C — X. Let the same symbol Py (F4) stand for its pull-back onto C. Since
C — X is an affine bundle and, consequently, the de Rham cohomology of
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C equals that of X, the exterior forms Pa(F4) and Par(Fa) possess the
same de Rham cohomology class

[Por(Fa)] = [Por(Fa)]

for any principal connection A. Consequently, the exterior forms Pai(F4)
and Ps(F4) on C differ from each other in an exact form

ng(FA) - PQ}C(FA) = ngk,l(a, A) (821)

This relation is called the transgression formula on C. Its pull-back by
means of a section B of C' — X gives the transgression formula on a base
X:

Py (FB) — Por(Fa) = d&ap,_1(B, A).

For instance, let
c(Fa) = det (1 + Q;FA) =1+ci(Fa)+ca(Fa)+ -

be the total Chern form on a bundle of principal connections C. Its com-
ponents ¢, (F4) are Chern characteristic forms on C. If

Por(Fa) = ci(Fa)
is the characteristic Chern 2k-form, then Gg_1(a, A) (8.2.1) is the Chern—
Simons (2k — 1)-form.

In particular, one can choose a local section A = 0. In this case,
GSok—1(a,0) is called the local Chern—Simons form. Let Gar_1(A,0) be
its pull-back onto X by means of a section A of C' — X. Then the Chern—
Simons form Sax_1(a, A) (8.2.1) admits the decomposition

62]671(@, A) = ng,l(a, 0) — GQkfl(A7 0) + dKop_1. (822)

The transgression formula (8.2.1) also yields the transgression formula

ho(Par(Fa) — Par(Fa)) = da(hoGak—1(a, A)),
hOGQkfl(a,A) =k /PQk(t,A)dt, (823)
0

Pok(t, A) = by, (@72 — ATL)d!s A F72(8, A) A - A FTE(E, A),

- 1 Tj T Tj

Fri(t,A) = §[ta>\jﬂj + (1 t)aAJ'AMJJ o ta#j)\j B
Tj 1 T

(1 =)0, A + 5cpg](tal’;j + (1 =) AL )(ta, +

(1- t)Aij]dx)‘j ANdzH @ e,
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on J'C (where b,, ., are coefficients of the invariant polynomial (8.1.3)).
If 2k — 1 = dim X, the density (8.2.3) is the global Chern-Simons La-
grangian

Lcs<A) = h062k71(a, A) (824)

of Chern—Simons topological field theory. It depends on a background gauge
field A. The decomposition (8.2.2) induces the decomposition

Les(A) = hoSoi—1(a,0) — hgGar—_1(A,0) + dghoKap—1, (8.2.5)
where
Les = hoSak—1(a,0) (8.2.6)
is the local Chern—Simons Lagrangian.
For instance, if dim X = 3, the global Chern—Simons Lagrangian (8.2.4)

reads

1 « m 3 1 n
Les(A) = [2hmnfs Pram( By — Scpqagag)] w— (8.2.7)

]' « m n 1 7
[2hmns PYAT(Faly, — ScqugAg)] w—

da(hmnaama?/lﬁ;)w,

where €57 is the skew-symmetric Levi-Civita tensor.
Since the density

—6G2-1(4,0) + drhoKop—1

is variationally trivial, the global Chern—Simons Lagrangian (8.2.4) pos-
sesses the same Noether identities and gauge symmetries as the local one
(8.2.6). They are the following.

Recall that infinitesimal generators of local one-parameter groups of
automorphisms of a principal bundle P are G-invariant projectable vector
fields vp on P. They are identified with sections (5.3.16):

£ =120\ +Ee,, (8.2.8)
of the vector bundle Tg P — X (5.3.11), and yield the vector fields (5.6.7):
v =70\ + (—cpEPal +0nE" — aL&,\T“)a;,\ (8.2.9)

on the bundle of principal connections C. Sections £ (8.2.8) play a role of
gauge parameters.

Lemma 8.2.1. Vector fields (8.2.9) are locally variational symmetries of
the global Chern—Simons Lagrangian Lcos(B) (8.2.4).
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Proof. Since dim X = 2k — 1, the transgression formula (8.2.1) takes the
form

ng(FA) = ngk_l(a, A)
The Lie derivative L ji,, acting on its sides results in the equality
0= d(’UJ d62k,1(a, A)) = d(LJlUGQkfl(a, A)),

i.e., the Lie derivative L j1,625—1(a, A) is locally d-exact. Consequently,
the horizontal form hoL j1,&2,-1(a, A) is locally dgy-exact. A direct com-
putation shows that

hoLJ1U62k_1(a, A) = Lle(hOGQk_l(a, A)) + dHS
It follows that the Lie derivative L ji,Lcs(A) of the global Chern—Simons

Lagrangian along any vector field v (8.2.9) is locally dg-exact, i.e., this
vector field is locally a variational symmetry of Leg(A). O

By virtue of Lemma 2.2.3, the vertical part
vy = (—c;quag{ + A" — a, O\ — T“a;)\)aﬁ‘ (8.2.10)
of the vector field v (8.2.9) also is locally a variational symmetry of Lcg(A).
Given the fibre bundle T¢P — X (5.3.11), let the same symbol also

stand for the pull-back of TP onto C. Let us consider the differential
bigraded algebra (4.1.6):

PLlTaP; Cl = S, [TeP; C,
possessing the local generating basis (a3}, c*,c") of even fields a’ and odd
ghosts ¢, ¢”. Substituting these ghosts for gauge parameters in the vec-
tor field v (8.2.10) (see Remark 4.2.1), we obtain the odd vertical graded

derivation

Cpgclal + 5 — haj, — Cﬂ@;x)aﬁ\ (8.2.11)
of the differential bigraded algebra PX [T¢P;C]. This graded derivation
as like as vector fields vy (8.2.10) is locally a variational symmetry of
the global Chern—Simons Lagrangian Lcg(A) (8.2.4), i.e., the odd density
Lji,(Lcos(A)) is locally dy-exact. Hence, it is d-closed and, consequently,
dg-exact in accordance with Corollary 3.5.1. Thus, the graded derivation
u (8.2.11) is variationally trivial and, consequently, it is a gauge symmetry
of the global Chern—Simons Lagrangian Log(A).

By virtue of the formulas (2.3.6) — (2.3.7), the corresponding Noether
identities read

u=(—

SA; = —cla\&) — daE) =0, (8.2.12)
0N, = —a\E) +di(al,E)) = 0. (8.2.13)
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They are irreducible and non-trivial, unless dim X = 3. Therefore, the
gauge operator (4.2.8) is u = u. It admits the nilpotent BRST extension

b= (—c cja/\ + ) — cya;, — ctay,y) (8.2.14)

— _
Oa’y

1 0
ch ’cjar—i—c Cu8>‘
In order to include antifields (@) ,Cr,Cp), let us enlarge the differential
bigraded algebra PX [T P; C] to the differential bigraded algebra

Pi{0} = SL[VC QTP C % TP

where VC is the density dual (5.8.30) of the vertical tangent bundle VC
of C — X and TgP is the density dual of T¢P — X (cf. (5.8.32)). By
virtue of Theorem 4.4.2, given the BRST operator b (8.2.14), the global
Chern—Simons Lagrangian Lcg(A) (8.2.4) is extended to the proper solution
(4.4.10) of the master equation which reads

_ T q r Mo T \FA
Lp = Les(A) + (—cpcPay + 5 — chay, — apy Japw —
1.
icfjczcjérw + c;\tc"é)\w.

If dimX = 3, the global Chern—Simons Lagrangian takes the form
(8.2.7). Its Euler-Lagrange operator is

SLcs(B) = EX05 Aw, &) = hppeFY
A glance at the Noether identities (8.2.12) — (8.2.13) shows that they are
equivalent to the Noether identities
0A; = —cla\E) — daE) =0, (8.2.15)
SN, =0A, + aj, 00, = ' F},E) =0. (8.2.16)

These Noether identities define the gauge symmetry w (8.2.11) written in
the form

u=(—cp,cPal + & + FFL,)00 (8.2.17)

where " = ¢" —ay,c. It is readily observed that, if dim X = 3, the Noether
identities A, (8.2.16) are trivial. Then the corresponding part c“fﬁuﬁf,‘ of
the gauge symmetry u (8.2.17) also is trivial. Consequently, the non-trivial
gauge symmetry of the Chern—Simons Lagrangian (8.2.7) is

_ r Ip,.4q T\ QA
u = (—cp,cPal + X))oy
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8.3 Topological BF theory

We address the topological BF theory of two exterior forms A and B of
form degree |A| + |B| = dim X — 1 on a smooth manifold X [18]. Tt is
reducible degenerate Lagrangian theory which satisfies the homology regu-
larity condition (Condition 4.1.1) [14]. Its dynamic variables A and B are
sections of the fibre bundle

Y =AT*X ®AT*X, ptqg=n—1>1,
coordinated by
(I)\aAul...ulﬂByl...l/q)-

Without a loss of generality, let ¢ be even and ¢ > p. The corresponding
differential graded algebra is O% Y (1.7.9).
There are the canonical p- and ¢-forms
A=Ay p,dx" N Ndatr,
B=DB, ,dx"" N--- Ndx"

on Y. A Lagrangian of topological BF theory reads

Lpr = ANdyB = EHI.“MLA;Ll.H/de B w (831)

Hp+1 = Hp42---Hn =)

where € is the Levi—Civita symbol. It is a reduced first order Lagrangian.
Its first order Euler-Lagrange operator (2.4.2) is

oL = 5Z1."dez4m~-up ANw+ 5Ep+2myndB”p+2mVn ANw, (8.3.2)
5Z1"'#P = eulmund#erlB:U‘p+2~~l’«n’ (833)
5gp+2'~ﬂfn — _6#1»--#ndup+1AH1_nup. (834)

The corresponding Euler-Lagrange equations can be written in the form
duB =0, dgA=0. (8.3.5)
They obey the Noether identities
dudpgB =0, dadgA =0. (8.3.6)

One can regard the components £'\'** (8.3.3) and £ *" (8.3.4) of
the Euler—Lagrange operator (8.3.2) as a (ﬁ TX) ®(/n\ T* X )-valued differ-
X

ential operator on the fibre bundle AT*X and a (/q\ TX) ®(7\ T*X)-valued
X

differential operator on the fibre bundle AT*X , respectively. They are of
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the same type as the "A' T X-valued differential operator (4.5.23) in Exam-
ple 4.5.1 (cf. the equations (8.3.5) and (4.5.22)). Therefore, the analysis
of the Noether identities of the differential operators (8.3.3) and (8.3.4) is
a repetition of that of Noether identities of the operator (4.5.23) (cf. the
Noether identities (8.3.6) and (4.5.28)).

Following Example 4.5.1, let us consider the family of vector bundles

p—k—1 q—k—1

Ex= A T*Xx A T°X, 0<k<p-1,
X
q—p

Er=Rx AT'X, k=p-—1,

X

q—k—1
E.= N T'X, p—1<k<qg-—1,
E,1=XxR.

Let us enlarge the differential graded algebra OZ Y to the differential bi-
graded algebra P%{q — 1} (4.2.2) which is

Pilq—1}=PLIVYSE® - ®E,_13E&---®FE,_1;Y]. (8.3.7)
Y Y Y Y Y
It possesses the local generating basis

{Aﬂlmupv BVl-nl/q’a/J/Z“'/J/p’ e 7€upa &, §V2..-an e aquvga
Zulmup7Eylmyq7§“2“'“1)’ o 75“17,5, Eug.‘.uq, o ’Euq7g}
of Grassmann parity
Epnepp) = Csv] = (B +1)mod 2, [e] =pmod2,  [¢] =0,
[Erete] = [€7") = kmod2,  [F] = (p+ 1)mod2,  [f]=1

of ghost number

gh[sﬂkmﬂp} = gh[fuk...uq} =k, gh[d =p+1, gh[ﬂ =q+1,
and of antifield number
Ant[A" ) = Ant[B7 ) = 1,
Ant[gterr] = Ant[€"7) = k41,
Ant[g] = p, Ant[g] = q.

One can show that the homology regularity condition holds (see Lemma
4.5.5) and that the differential bigraded algebra PX {q¢—1} is endowed with
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the Koszul-Tate operator

—

8 e a Vy...V,
okT = W Zl Br 4 WEBI T4+ (8.3.8)
o
M My 2 g, ghe 8.3.9
2<§k;p8 Pk - + ag Hpg + ( )
0 ey O
> g
Vi ...V, B l/q
2heg 06 9
Aﬁfmup = d#lzmmup7 Aikﬂmﬂp = d#kgukuk+1~~ﬂp7 2<k<p,

A=, BT At — g, g g < k< g
Its nilpotentness provides the complete Noether identities (8.3.5):
d, ERVMT =0, dy,EG " =0,
and the (k — 1)-stage ones
dp AL =0, k=2,....p,
dy A7 =0, k=2,...,q,
(cf. (4.5.30)). It follows that the topological BF theory is (¢ — 1)-reducible.
Applying inverse second Noether Theorem 4.2.1, one obtains the gauge
operator (4.2.8) which reads

0 0
u= quu...upm + dulguz...vqm + (8.3.10)
0 0
d - .. d
|: H2Epia iy 66H2“3“ Ip ot Hre Oe Hp:| *
l:duzgug...uqag +duq§a§ :l
1/21/3...1/,1 Vq

In particular, the gauge symmetry of the Lagrangian Lgp (8.3.1) is

u = d,ula,ug.../tp 0A + dulgyg...uq 9B .
H1p2. .- Hp ViV2...Vq

This gauge symmetry is Abelian. It also is readily observed that higher-
stage gauge symmetries are independent of original fields. Consequently,
topological BF theory is Abelian, and its gauge operator u (8.3.10) is nilpo-
tent. Thus, it is the BRST operator b = u. As a result, the Lagrangian
Lgr is extended to the proper solution of the master equation Ly = L,
(4.2.9) which reads
L. = Lpr + 5#2___#pd#12“1"'“” + Z €ty du B P 4 ed, EMP +
1<k<p

N% o
51/2. Vg IJ1 ! + Z gllk+1 Vq l/k ! +£dvq£

1<k<gq
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8.4 Lagrangian theory of submanifolds

Jets of sections of fibre bundles are particular jets of submanifolds. Namely,
a space of jets of submanifolds admits a cover by charts of jets of sections
[53; 96; 117]. Three-velocities in relativistic mechanics exemplify first or-
der jets of submanifolds [111; 137]. A problem is that differential forms
on jets of submanifolds fail to constitute a variational bicomplex because
horizontal forms (e.g., Lagrangians) are not preserved under coordinate
transformations.

We consider n-dimensional submanifolds of an m-dimensional smooth
real manifold Z, and associate to them sections of the trivial fibre bundle

T Zog=Q%xZ—Q, (8.4.1)

where () is some n-dimensional manifold. Here, we restrict our considera-
tion to first order jets of submanifolds, and state their relation to jets of
sections of the fibre bundle (8.4.1). This relation fails to be one-to-one
correspondence. The ambiguity contains, e.g., diffeomorphisms of Q). Then
Lagrangian formalism on a fibre bundle Zg — @ is developed in a standard
way, but a Lagrangian is required to be variationally invariant under the
above mentioned diffeomorphisms of (). This invariance however leads to
rather restrictive Noether identities (8.4.27). If a Lagrangian is independent
of a metric on Q), it is a topological field Lagrangian. For instance, this is the
case of the Nambu-Goto Lagrangian (8.4.28) of classical string theory [73;
124].

Given an m-dimensional smooth real manifold Z, a k-order jet of n-
dimensional submanifolds of Z at a point z € Z is defined as an equivalence
class j*S of n-dimensional imbedded submanifolds of Z through z which
are tangent to each other at z with order £ > 0. Namely, two submanifolds

ig:S — 27, ig: S —Z
through a point z € Z belong to the same equivalence class j*S if and only
if the images of the k-tangent morphisms
Trig: TS — TFZ, Trig : TFS' — TFZ
coincide with each other. The set
T8z =] ks
z€Z

of k-order jets of submanifolds is a finite-dimensional real smooth manifold,
called the k-order jet manifold of submanifolds. For the sake of convenience,
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let us denote J°Z = Z. If k > 0, let Y — X be an m-dimensional fibre
bundle over an n-dimensional base X and J*Y the k-order jet manifold of
sections of Y — X. Given an imbedding ¢ : Y — Z, there is the natural
injection

TR JY — JhZ,

jrs = [0 8] (s
where s are sections of Y — X. This injection defines a chart on J*Z.
These charts provide a manifold atlas of J*Z.

Let us restrict our consideration to first order jets of submanifolds.
There is obvious one-to-one correspondence

C:jiS - VusCT.Z (8.4.2)

between the jets j1S at a point 2 € Z and the n-dimensional vector sub-
spaces of the tangent space T,Z of Z at z. It follows that J!Z is a fibre
bundle

p:JZ —2Z (8.4.3)

in Grassmann manifolds. This fibre bundle possesses the following coordi-
nate atlas.

Let {(U;2")} be a coordinate atlas of Z. Though J°Z = Z, let us
provide J9 Z with the atlas obtained by replacing every chart (U, z4) of Z

with the
m\ m!
n)  nl(m—n)

charts on U which correspond to different partitions of (24) in collections
of n and m — n coordinates

(U; 2%, 9", a=1,...,n, i=1,...,m—n. (8.4.4)

The transition functions between the coordinate charts (8.4.4) of J°Z asso-

ciated with a coordinate chart (U, 2) of Z are reduced to exchange between

coordinates z® and y®. Transition functions between arbitrary coordinate
charts of the manifold J2Z take the form

=22t yk), Y =y (=), (8.4.5)

Given an atlas of coordinate charts (8.4.4) — (8.4.5) of the manifold J9Z,

the first order jet manifold J}Z is endowed with the coordinate charts

(p~HU) = U x Rm=mm, ga gt iy, (8.4.6)
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possessing the following transition functions. With respect to the coordi-
nates (8.4.6) on the jet manifold J!Z and the induced fibre coordinates
(#%,9%) on the tangent bundle T'Z, the above mentioned correspondence ¢
(8.4.2) reads

C: (yh) = i%(0a + i (515)D).
It implies the relations

oy . Oy 0xb oxb

Z = 1%
Ya (ayk Yp + b )(3y’i Ya py ), (8.4.7)
b b e re
ox® , 0x° 0z’ , Ox - (5.45)

- +
(3y”' Ya or'e )( 8yk Yy (93?b
which jet coordinates y! must satisfy under coordinate transformations
(8.4.5). Let us consider a non-degenerate n x n matrix M with the entries
8{1;/0 & ax/C
3yk Y + Oxb )
Then the relations (8.4.8) lead to the equalities
(&Eb ;o Oxb
ay/i Ya oxr'e
Hence, we obtain the transformation law of first order jet coordinates

) (‘)y/j 8y/j _
g (Y9 kY7 1\b
i = (G + o) (M7l (8.49)

My = (

)= Y,

a*

In particular, if coordinate transition functions 2’ (8.4.5) are independent
of coordinates y*, the transformation law (8.4.9) comes to the familiar
transformations of jets of sections.

A glance at the transformations (8.4.9) shows that, in contrast with
the fibre bundle of jets of sections, the fibre bundle (8.4.3) is not affine.
In particular, one generalizes the notion of a connection on fibre bundles
and treats global sections of the jet bundle (8.4.3) as preconnections [117].
However, a global section of this bundle need not exist [147].

Given a coordinate chart (8.4.6) of J1Z, one can regard p=*(U) C J1Z
as the first order jet manifold J'U of sections of the fibre bundle

U3 (2% y") — (z%) € Uy.

The graded differential algebra O*(p~1(U)) of exterior forms on p~1(U) is
generated by horizontal forms dx® and contact forms dy’ — ydx®. Coordi-
nate transformations (8.4.5) and (8.4.9) preserve the ideal of contact forms,
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but horizontal forms are not transformed into horizontal forms, unless co-
ordinate transition functions z'% (8.4.5) are independent of coordinates y*.
Therefore, one can develop first order Lagrangian formalism with a Lagran-
gian L = Ld"z on a coordinate chart p~(U), but this Lagrangian fails to
be globally defined on J!Z.

In order to overcome this difficulty, let us consider the trivial fibre bundle
Zg — @Q (8.4.1) whose trivialization throughout holds fixed. This fibre
bundle is provided with an atlas of coordinate charts

(Ug x U; g, 2%, y"), (8.4.10)

where (U;z%,y") are the above mentioned coordinate charts (8.4.4) of the
manifold J?Z. The coordinate charts (8.4.10) possess transition functions

" = q¢"(q"), ' = 2/ (xb, y"), Y=y (2, yb). (8.4.11)

Let J'Zg be the first order jet manifold of the fibre bundle (8.4.1). Since
the trivialization (8.4.1) is fixed, it is a vector bundle

™ J 2o — Zg
isomorphic to the tensor product

J'Z=T"Q ® TZ (8.4.12)
QxZ

of the cotangent bundle T*Q of @ and the tangent bundle T'Z of Z over
Zo.

Given the coordinate atlas (8.4.10) - (8.4.11) of Zg, the jet manifold
J'Zg is endowed with the coordinate charts

(7' (Uq x U) =Ug x U x R™ ¢, z% ', x%,y,), (8.4.13)

possessing transition functions

ox'* . ox'* . J¢” , 0q”

ayk yu + 8.’1/'() xl))aqlu7 yp’f = (8yk yl/ + axb xu)aq/u °

Relative to coordinates (8.4.13), the isomorphism (8.4.12) takes the form
(), yL) — dg" @ (7,0, + yfﬁi).

Obviously, a jet (¢*, 2%, y*, zy, yft) of sections of the fibre bundle (8.4.1)
defines some jet of m-dimensional subbundles of the manifold {q} x Z
through a point (z¢,y%) € Z if an m x n matrix with the entries wz,yz
is of maximal rank n. This property is preserved under the coordinate
transformations (8.4.14). An element of J'Zq is called regular if it pos-
sesses this property. Regular elements constitute an open subbundle of the
jet bundle J'Zg — Zg.

8y/i A ay/i b
i = (

(8.4.14)
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Since regular elements of J'Zg characterize jets of submanifolds of Z,
one hopes to describe the dynamics of submanifolds of a manifold Z as that
of sections of the fibre bundle (8.4.1). For this purpose, let us refine the
relation between elements of the jet manifolds J!Z and JZ.

Let us consider the manifold product @ x J!Z. It is a fibre bundle
over Zg. Given a coordinate atlas (8.4.10) - (8.4.11) of Zg, this product is
endowed with the coordinate charts

(Ug x p~HU) = Ug x U x RIM=mn. git g0 gt iy, (8.4.15)
possessing transition functions (8.4.9). Let us assign to an element
(¢", 2%, y',y¢) of the chart (8.4.15) the elements (q”,xa,yi,xfj,yz) of the
chart (8.4.13) whose coordinates obey the relations

yflajz = yL (8.4.16)
These elements make up an n2-dimensional vector space. The relations

(8.4.16) are maintained under coordinate transformations (8.4.11) and the
induced transformations of the charts (8.4.13) and (8.4.15) as follows:

8y/i 1 8x/a k am/a b 8(]”

axc)(M )CL( 8 k yl/ + axb xl/)aq/y, =

/4 /a_(%f""_

avpu T 6yky
oyt . Oy ox'* - dx'* , 0q”
(8ykyc + 61‘0)(M ) (a k Yy + Orb )‘ruaqlu -
dy" Yk ", , 9g” Ay x4 9¢” i
(8y + ox b) Vaq’“ = (Tykyy b xy)aq/“' = y/lj,

Thus, one can associate:

¢ (g 2%yt yl) — {(a" 2%y 2yl Lyl = o), (8.4.17)

to each element of the manifold Q x J!Z an n?-dimensional vector space
in the jet manifold J'Zg. This is a subspace of elements

zhdg" @ (8o + Yo 0;)
of a fibre of the tensor bundle (8.4.12) at a point (¢, x%,y*). This subspace
always contains regular elements, e.g., whose coordinates z, form a non-
degenerate n X n matrix.
Conversely, given a regular element jls of J1Zg, there is a coordinate

chart (8.4.13) such that coordinates xf, of jls constitute a non-degenerate
matrix, and j!s defines a unique element of Q x J1Z by the relations

yi =yl (@ L. (8.4.18)

Thus, we have shown the following. Let (¢*,24) further be arbitrary
coordinates on the product Zg (8.4.1) and (q“,z{z;‘) the corresponding
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coordinates on the jet manifold J* Zq. In these coordinates, an element of
Jt Zgq is regular if an m X n matrix with the entries zf is of maximal rank
n.

Theorem 8.4.1. (i) Any jet of submanifolds through a point z € Z defines
some (but not unique) jet of sections of the fibre bundle Z¢g (8.4.1) through
a point g X z for any q € Q in accordance with the relations (8.4.16).

(i) Any regular element of J'Zq defines a unique element of the jet
manifold J1Z by means of the relations (8.4.18). However, non-regular
elements of J*Zg can correspond to different jets of submanifolds.

(#ii) Two elements (q”,zA,z;‘) and (q%zA?zLA) of J*Zg correspond to
the same jet of submanifolds if

ZI:A = Mﬁzf,

where M is some matriz, e.g., it comes from a diffeomorphism of Q.

Based on this result, we can describe the dynamics of n-dimensional
submanifolds of a manifold Z as that of sections of the fibre bundle Zg
(8.4.1) for some n-dimensional manifold Q.

Let Zg be a fibre bundle (8.4.1) coordinated by (g*, z*) with transition
functions ¢'*(¢”) and 2’4(2P). Then the first order jet manifold J'Zg
of this fibre bundle is provided with coordinates (q”,zA,z;‘) possessing
transition functions

24 = 0% 0g” 2B,
H 823 aqm v

Let
L=L(z4, zlf)w (8.4.19)

be a first order Lagrangian on the jet manifold J'Zg. The corresponding
Euler-Lagrange operator (2.4.2) reads

OL = Exdz* Nw,  Ea=0aL — d,I4L. (8.4.20)
It yields the Euler-Lagrange equations
Ea=0aL—d,00L=0. (8.4.21)
Let
u=u"0, + uto,
be a vector field on Zg. Its jet prolongation (1.2.8) onto J*Zg reads
Jhu = utd, +utoa + (dut — 20 d,u”)oY. (8.4.22)
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It admits the vertical splitting (2.4.26):

J'u = ug +uy = utd, + [(u? —uz2)0a + du(ut — 22 a")04]. (8.4.23)
The Lie derivative L, L of a Lagrangian L along a vector field u obeys the
first variational formula (2.4.28):

LoL =uy 0L +dg(ho(u]Hy)) = (u® — w2 )Ea — d T")w,  (8.4.24)
where
Hp = L+ 04L0% Aw,,
is the Poincaré-Cartan form (2.4.12) and
J =T w, = (" L(u" 2 —u?) —u'L)w, (8.4.25)
is the symmetry current (2.4.31) along a vector field u.

For instance, let us consider a vector field u = u#d,, on Q. Since Zg — Q
is a trivial bundle, this vector field gives rise to a vector field u = u#d,, on
Zg. Its jet prolongation (8.4.22) onto J'Zg reads

u=utd, — 200,u" O = utd, + [~u’ 204 — d,(u”2)04].  (8.4.26)
One can regard it as a generalized vector field depending on parameter
functions u*(¢”). In accordance with Theorem 8.4.1, it seems reasonable
to require that, in order to describe jets of submanifolds of Z, a Lagrangian
L on J'Zg is independent of coordinates of @ and it possesses the gauge
symmetry Jlu (8.4.26) or, equivalently, its vertical part

wy = —u’ 2204 — d,(u” 2.
Then the variational derivatives of this Lagrangian obey irreducible Noether
identities
2264 =0 (8.4.27)
(see the relations (2.3.6) — (2.3.7)). These Noether identities are rather
restrictive.

For instance, let Z be a locally affine manifold, i.e., a toroidal cylinder
R™~* x Tk Its tangent bundle can be provided with a constant non-
degenerate fiber metric nap. Let QQ be a two-dimensional manifold. Let us

consider the 2 x 2 matrix with the entries

A_B
hyuw = NABZ, %, -

Then its determinant provides a Lagrangian

L = (det h)/2d% = ([nap=L =P nan 28] — nap=i2B12)1 2% (3.4.28)
on the jet manifold J'Zg (8.4.12). This is the well known Nambu-Goto
Lagrangian of classical string theory [73; 124]. It satisfies the Noether
identities (8.4.27). This Lagrangian is independent of a metric on @ and,
therefore, is a topological field Lagrangian.



Chapter 9

Covariant Hamiltonian field theory

Applied to field theory, the familiar symplectic Hamiltonian technique takes
the form of instantaneous Hamiltonian formalism on an infinite-dimensional
phase space, where canonical coordinates are field functions at some instant
of time [66]. The true Hamiltonian counterpart of classical first order La-
grangian field theory on a fibre bundle Y — X is covariant Hamiltonian
formalism, where canonical momenta p!' correspond to derivatives yft of
field variables y* with respect to all world coordinates x*. This formal-
ism has been vigorously developed since 1970s in the Hamilton — De Don-
der, polysymplectic, multisymplectic and k-symplectic variants [25; 26; 36;
53; 54: 72; 90; 101; 105; 106; 113; 128; 133; 134]. If X = R, this is the
case of Hamiltonian non-relativistic time-dependent mechanics [60; 111;
137].

We follow polysymplectic Hamiltonian formalism of field theory where
the Legendre bundle II (2.4.7) plays the role of a momentum phase space of
fields [53; 54; 134]. This formalism is equivalent to Lagrangian formalism in
the case of hyperregular Lagrangians. However, a non-regular Lagrangian
leads to constraints and requires a set of associated Hamiltonians in order
to exhaust all solutions of the Euler-Lagrange equation. Moreover, the
covariant Hamiltonian formulation of a non-regular Lagrangian field system
contains additional gauge symmetries that is important for quantization.

9.1 Polysymplectic Hamiltonian formalism

Given a fibre bundle Y — X, let

mmx =normqny (1l —-Y —- X

293
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be the Legendre bundle (2.4.7) endowed with the holonomic coordinates
(z*,y%, p?). There is the canonical bundle monomorphism

n+1
Oy 1 — N TY 9 TX, (9.1.1)
Y

Oy = p;\dyi Aw ® Oy,

called the tangent-valued Liouville form on II. It should be emphasized
that the exterior differential d can not be applied to the tangent-valued
form (9.1.1). At the same time, there is a unique T'X-valued (n + 2)-form

Qy = dp) Ndy' Aw @ (9.1.2)
on II such that the relation
Qy ¢ =d(Oy]¢)

holds for an arbitrary exterior one-form ¢ on X. This form is called the
polysymplectic form. The Legendre bundle II endowed with the polysym-
plectic form (9.1.2) is said to be the polysymplectic manifold.
Let J'II be the first order jet manifold of the fibre bundle II — X. It
is equipped with the adapted coordinates
(x)\a yiapi\a yzup/);i)
A connection
v = da* @ (O +740; +74;0%) (9.1.3)
on IT — X is called a Hamiltonian connection if the exterior form ~|Qy is
closed. Components of a Hamiltonian connection satisfy the conditions
81'7;:]‘ - 8j'yﬁi = 0, (914)
075 + 63\7,% =0.
If the form |y is closed, there is a contractible neighbourhood U of
each point of IT where the local form v]Qy is exact, i.e.,
Y]Qy = dH = dp} Ndy' Aws — (3idp} —dy') Aw (9.1.5)

on U. Tt is readily observed that, by virtue of the conditions (9.1.4), the
second term in the right-hand side of this equality also is an exact form on
U. In accordance with the relative Poincaré lemma (see Remark 10.10.1),
this term can be brought into the form dH A w where H is a local function
on U. Then the form H in the expression (9.1.5) reads

H = p)y' Awy — Hw. (9.1.6)
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Let us consider the homogeneous Legendre bundle Zy (2.4.13) and the
affine bundle Zy — II (2.4.16). This affine bundle is modelled over the
pull-back vector bundle

Mx AT*X —1I
X
in accordance with the exact sequence
0 —IIxAT*X — Zy —1II —0. (9.1.7)
b'e

The homogeneous Legendre bundle Zy is provided with the canonical mul-
tisymplectic Liouville form Zy (2.4.23). Its exterior differential d=y- is the
multisymplectic form.

Let h = —Hw be a section the affine bundle Zy — II (2.4.16). A glance
at the transformation law (2.4.15) shows that it is not a density. By analogy
with Hamiltonian time-dependent mechanics [111; 137], —h is said to be
the covariant Hamiltonian of covariant Hamiltonian field theory. It defines
the pull-back

H = h*ZEy = p}dy’ Awy — Hw (9.1.8)

of the multisimplectic Liouville form Zy onto the Legendre bundle II which
is called the Hamiltonian form on II.
The following is a straightforward corollary of this definition.

Theorem 9.1.1. (i) Hamiltonian forms constitute a non-empty affine
space modelled over the linear space of horizontal densities H = Hw on
II—- X.

(ii) Every connection T' on the fibre bundle Y — X yields the splitting
(1.3.8) of the exact sequence (9.1.7) and defines the Hamiltonian form

Hr =T*Zy = pidy’ Awy — p;Thw. (9.1.9)

(iii) Given a connection T on' Y — X, every Hamiltonian form H
admits the decomposition

H = Hy — Hp = p)dy’ Awy — piThw — Hrw. (9.1.10)

Remark 9.1.1. In multisymplectic formalism of field theory, the homoge-
neous Legendre bundle Zy (2.4.13) plays the role of a momentum phase
space of fields. From the mathematical viewpoint, multisymplectic formal-
ism is more convenient than the polysymplectic one, because the multisym-
plectic form d=y unlike the polysymplectic one €y (9.1.2) is an exterior
form. However, multisymplectic formalism involves an additional non-field
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variable p. If X = R, the polysymplectic and multisimplectic Hamiltonian
formalisms come to Hamiltonian and homogeneous Hamiltonian formalisms
of non-relativistic time-dependent mechanics on momentum phase spaces
V*Y and T*Y, respectively. In this case, the multisymplectic form d=y is
exactly the canonical symplectic form on the cotangent bundle T*Y of Y
[111; 137].

One can generalize item (ii) of Theorem 9.1.1 as follows. We agree to
call any bundle morphism
P =da* ® (Oy + D40;) : T 7J1Y (9.1.11)
over Y the Hamiltonian map. In particular, let I' be a connection on
Y — X. Then the composition
F=Tomy =di* ® 0y +T48;) : I - Y — J'Y (9.1.12)
is a Hamiltonian map.
Theorem 9.1.2. Every Hamiltonian map (9.1.11) defines the Hamiltonian
form
Hy = —®|O = prdy’ Awy — p} dhw. (9.1.13)
Proof. Given an arbitrary connection I' on a fibre bundle Y — X, the
corresponding Hamiltonian map (9.1.12) defines the form —I'|® which is
exactly the Hamiltonian form Hrp (9.1.9). Since ® —T" is a VY -valued basic

one-form on IT — X, Hg — Hr is a horizontal density on II. Then the result
follows from item (i) of Theorem 9.1.1. O

Theorem 9.1.3. Every Hamiltonian form H (9.1.8) admits a Hamiltonian
connection yg which obeys the condition

Y]y = dH, (9.1.14)

Vi=0iH, = —0H. (9.1.15)
Proof. 1t is readily observed that the Hamiltonian form H (9.1.8) is the
Poincaré—Cartan form (2.4.12) of the first order Lagrangian

L = ho(H) = (}ys — H)w (9.1.16)

on the jet manifold J'II. The Euler-Lagrange operator (2.1.12) associated
to this Lagrangian reads

Ey + J'MI = T*IIA (AT*X),
En = (YA — OH)dp} — (p; + OH)dy'] A w. (9.1.17)
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It is called the Hamilton operator for H. A glance at the expression (9.1.17)
shows that this operator is an affine morphism over II of constant rank. It
follows that its kernel

yh = O\H, (9.1.18)
Py = —O0H (9.1.19)

is an affine closed imbedded subbundle of the jet bundle J'II — II. There-
fore, it admits a global section vy which is a first order (non-holonomic)
Lagrangian connection for the Lagrangian Lg. This connection is a desired
Hamiltonian connection obeying the relation (9.1.14). O

Remark 9.1.2. Tt follows from the expression (9.1.6) that, conversely, any
Hamiltonian connection is locally associated to some Hamiltonian form.

Remark 9.1.3. In fact, the Lagrangian (9.1.16) is the pull-back onto J*IT
of the form Ly on the product II x JY.

It should be emphasized that, if dim X > 1, there is a set of Hamiltonian
connections associated to the same Hamiltonian form H. They differ from
each other in soldering forms o on IT — X which fulfill the equation o |Qy =
0. Every Hamiltonian form H yields the Hamiltonian map

H=J%ny oyy : 11— J'II — J'Y, (9.1.20)
yi o H = 9iH,

which is the same for all Hamiltonian connections vy associated to H.
Being a closed imbedded subbundle of the jet bundle JII — X, the
kernel (9.1.18) — (9.1.19) of the Euler-Lagrange operator £x (9.1.17) defines
the Euler-Lagrange equation on II in accordance with Definition 1.6.1. It
is a system of first order dynamic equations called the covariant Hamilton
equations.
Every integral section

Jlrz“yHor

of a Hamiltonian connection vy associated to a Hamiltonian form H is
obviously a solution of the covariant Hamilton equations (9.1.18) — (9.1.19).
By virtue of Theorem 1.1.4, if r : X — II is a global solution, there exists
an extension of the local section

J'rr(X) — Ker &y
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to a Hamiltonian connection vy which has r as an integral section. Sub-
stituting Jr in (9.1.20), we obtain the equality

J (ray or)=Hor, (9.1.21)
which is equivalent to the covariant Hamilton equations (9.1.18) — (9.1.19).

Remark 9.1.4. Similarly to the Cartan equation (2.4.22), the covariant
Hamilton equations (9.1.18) — (9.1.19) are equivalent to the condition

r*(u|dH) =0 (9.1.22)

for any vertical vector field v on IT — X.

9.2 Associated Hamiltonian and Lagrangian systems

Let us study the relations between first order Lagrangian and covariant
Hamiltonian formalisms of field theory. We are based on the fact that any
Lagrangian L on a configurations space J'Y defines the morphism

JL: Y —J'

(s Yy Ppi) © T L = (1), G dyu?)),
dy =0+ Z/J\i\(?j + yf\u({);t,
and that any Hamiltonian form H on a momentum phase space II yields
the map

JUH I — T,
Wy Tho VAL © J H = (0,H, Y}, drOLH),
dy = 9\ + y0; +PKJ-3£~
Let us start w1th the case of a hyperregular Lagrangian L, i.e., when

the Legendre map Lisa diffeomorphism. Then L lisa Hamﬂtonlan map.
Let us consider the Hamiltonian form

H=H; ,+L "L, (9.2.1)
_ BT —1i | T—1j
prf‘L #7‘C(xﬂ’y3,L fl.)?
where H; _, is the Hamiltonian form (9.1.13) associated to the Hamiltonian
map L. Let s be a solution of the Euler-Lagrange equation (2.4.3) for the

Lagrangian L. A direct computation shows that Lo J's is a solution of the
covariant Hamilton equations (9.1.18) — (9.1.18) for the Hamiltonian form
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H (9.2.1). Conversely, if r is a solution of the covariant Hamilton equations
(9.1.18) — (9.1.19) for the Hamiltonian form H (9.2.1), then s = 7y or
is a solution of the Euler-Lagrange equation (2.4.3) for L (see the equality
(9.1.21)). It follows that, in the case of hyperregular Lagrangians, covariant
Hamiltonian formalism is equivalent to the Lagrangian one.

Let now L be an arbitrary Lagrangian on a configuration space J'Y.
A Hamiltonian form H is said to be associated with a Lagrangian L if H
satisfies the relations

A glance at the relation (9.2.2) shows that L o H is the projector
Pl (p) = OFL(a",y', 3H(p),  p € N, (9.2.4)

from II onto the Lagrangian constraint space Ny = E(J 1Y), Accordingly,
H oL is the projector from J'Y onto H(Ny). A Hamiltonian form is called
weakly associated with a Lagrangian L if the condition (9.2.3) holds on the
Lagrangian constraint space Ny,.

Theorem 9.2.1. If a Hamiltonian map ® (9.1.11) obeys the relation
Lodol = Z,

then the Hamiltonian form
H=Hs+ 9L

is weakly associated to the Lagrangian L. If ® = ﬁ, then H is associated
to L.

Theorem 9.2.2. Any Hamiltonian form H weakly associated to a Lagran-
gian L fulfills the relation

H|y, = H*Hy|n, , (9.2.5)
where Hp, is the Poincaré—Cartan form (2.4.12).
Proof. The relation (9.2.3) takes the coordinate form
H(p) = pl' O H — L(a",y',&H(p), p€ Ny (9.2.6)

Substituting (9.2.4) and (9.2.6) in (9.1.8), we obtain the relation (9.2.5).0
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The difference between associated and weakly associated Hamiltonian
forms lies in the following. Let H be an associated Hamiltonian form, i.e.,
the equality (9.2.6) holds everywhere on II. Acting on this equality by the
exterior differential, we obtain the relations

OuH(p) = —(9uL) 0 H(p),  pe N,
OM(p) = (L) o H(p),  pe N, (9.2.7)
(pf — (21L)(z", ', O H))DLH = 0. (9.2.8)

The relation (9.2.8) shows that the associated Hamiltonian form (i.e., the
Hamiltonian map H ) is not regular outside the Lagrangian constraint space
Ny. For instance, any Hamiltonian form is weakly associated to the Lagran-
gian L = 0, while the associated Hamiltonian forms are only Hp (9.1.9).

In particular, a hyperregular Lagrangian has a unique weakly associated
Hamiltonian form (9.2.1). In the case of a regular Lagrangian L, the La-
grangian constraint space Ny, is an open subbundle of the vector Legendre
bundle IT — Y. If Np # II, a weakly associated Hamiltonian form fails to
be defined everywhere on II in general. At the same time, Ny, itself can be
provided with the pull-back polysymplectic structure with respect to the
imbedding Ny — II, so that one may consider Hamiltonian forms on Nj,.

One can say something more in the case of semiregular Lagrangians (see
Definition 2.4.1).

Lemma 9.2.1. The Poincaré—Cartan form Hp for a semireqular Lagran-
gian L is constant on the connected inverse image L~ (p) of any point
p € Np.

Proof. Let u be a vertical vector field on the affine jet bundle J'Y — Y
which takes its values into the kernel of the tangent map T'L to L. Then
L,H; =0. U

A corollary of Lemma 9.2.1 is the following.
Theorem 9.2.3. All Hamiltonian forms weakly associated to a semiregular

Lagrangian L coincide with each other on the Lagrangian constraint space
Ny, and the Poincaré—Cartan form Hy, (2.4.12) for L is the pull-back

HL = E*H7 (ﬂjyg\ - E)Cd = H(Iﬂv yj7 ﬂ-é't)wa (929)
of any such a Hamiltonian form H.
Proof. Given a vector v € T,II, the value TH(v)|Hy(H(p)) is the same

for all Hamiltonian maps H satisfying the relation (9.2.2). Then the result
follows from the relation (9.2.5). O
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Theorem 9.2.3 enables us to relate the Euler-Lagrange equation for an
almost regular Lagrangian L with the covariant Hamilton equations for
Hamiltonian forms weakly associated to L [53; 133; 134].

Theorem 9.2.4. Let a section r of Il — X be a solution of the covariant
Hamilton equations (9.1.18) — (9.1.19) for a Hamiltonian form H weakly
associated to a semiregular Lagrangian L. If r lives in the Lagrangian
constraint space Ny, the section s =y or of Y — X satisfies the Fuler—
Lagrange equation (2.4.3).

Proof. There is the equality

L= (J'L)" Ly,
where L is the Lagrangian (2.4.18) on J'J'Y and Ly is the Lagrangian
(9.1.16) on J'II. This equality results in the relation

17\ *
SL:(J L) 5H|J2Y- O
The converse assertion is more intricate.

Theorem 9.2.5. Given a semireqular Lagrangian L, let a section s of a
fibre bundle Y — X be a solution of the Fuler—Lagrange equation (2.4.3).
Let H be a Hamiltonian form weakly associated to L, and let H satisfy the
relation

HoLolJ's=J's. (9.2.10)
Then the sectionr = Lo J's of the fibre bundle I — X is a solution of the
covariant Hamilton equations (9.1.18) — (9.1.19) for H.

We say that a set of Hamiltonian forms H weakly associated to a
semiregular Lagrangian L is complete if, for each solution s of the Euler-
Lagrange equation, there exists a solution r of the covariant Hamilton equa-
tions for a Hamiltonian form H from this set such that s = gy or. By
virtue of Theorem 9.2.5, a set of weakly associated Hamiltonian forms is
complete if, for every solution s of the Euler-Lagrange equation for L, there
is a Hamiltonian form H from this set which fulfills the relation (9.2.10).

In the case of almost regular Lagrangians (see Definition 2.4.1), one can
formulate the following necessary and sufficient conditions of the existence
of associated Hamiltonian forms. An immediate consequence of Theorem
9.2.1 is the following.

Theorem 9.2.6. A Hamiltonian form H weakly associated to an almost
reqular Lagrangian L exists if and only if the fibred manifold J'Y — Ny,
(2.4.10) admits a global section.
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In particular, on an open neighbourhood U C II of each point p € N, C
II, there exists a complete set of local Hamiltonian forms weakly associated
to an almost regular Lagrangian L. Moreover, one can always construct a
complete set of associated Hamiltonian forms [134].

Given a global section ¥ of the fibred manifold

L:J'Y — Np, (9.2.11)
let us consider the pull-back form
Hy =V*Hp =iy H (9.2.12)

on Ny, called the constrained Hamiltonian form. By virtue of Lemma 9.2.1,
it does not depend on the choice of a section of the fibred manifold (9.2.11)
and, consequently, H;, = L*H . For sections r of the fibre bundle N;, — X,
one can write the constrained Hamilton equations

r*(un]dHy) =0, (9.2.13)

where uy is an arbitrary vertical vector field on N;, — X. These equations
possess the following important properties.

Theorem 9.2.7. For any Hamiltonian form H weakly associated to an
almost regular Lagrangian L, every solution r of the covariant Hamilton
equations which lives in the Lagrangian constraint space Ny, is a solution
of the constrained Hamilton equations (9.2.13).

Proof. Such a Hamiltonian form H defines the global section ¥ = Hoi N
of the fibred manifold (9.2.11). Since Hy = i3 H due to the relation (9.2.9),
the constrained Hamilton equations can be written as

r*(un |dity H) = r*(uy |dH|x, ) = 0. (9.2.14)

Note that these equations differ from the Hamilton equations (9.1.22) re-
stricted to N. These read

r*(u)dH|n,) =0, (9.2.15)

where 7 is a section of N, — X and u is an arbitrary vertical vector field
on IT — X. A solution 7 of the equations (9.2.15) obviously satisfies the
weaker condition (9.2.14). O

Theorem 9.2.8. The constrained Hamilton equations (9.2.13) are equiva-
lent to the Hamilton-De Donder equation (2.4.25).
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Proof. 1t is readily observed that

~

L:ﬂ'ZHOHL.

Hence, the projection 7z (2.4.16) yields a surjection of Zy, onto N,. Given
a section U of the fibred manifold (9.2.11), we have the morphism

ﬁL oW : NL — ZL.
By virtue of Lemma (9.2.1), this is a surjection such that
WZHOI/‘ILO\I’ ZIdNL

Hence, Hy oV is a bundle isomorphism over Y which is independent of the
choice of a global section ¥. Combination of (2.4.24) and (9.2.12) results
in

Hy = (Hp o W)*E,,
that leads to a desired equivalence. O

This proof gives something more. Namely, since Z;, and N, are isomor-
phic, the homogeneous Legendre map H 1, fulfils the conditions of Theorem
2.4.1. Then combining Theorem 2.4.1 and Theorem 9.2.8, we obtain the
following.

Theorem 9.2.9. Let L be an almost reqular Lagrangian such that the fibred
manifold (9.2.11) has a global section. A section’s of the jet bundle J'Y —
X is a solution of the Cartan equation (2.4.22) if and only if Losisa
solution of the constrained Hamilton equations (9.2.13).

Theorem 9.2.9 also is a corollary of Lemma 9.2.2 below. The constrained
Hamiltonian form Hpy (9.2.12) defines the constrained Lagrangian

Ly = ho(Hy) = (JYin) Ly (9.2.16)
on the jet manifold J' Ny, of the fibre bundle N;, — X.

Lemma 9.2.2. There are the relations
L=(J'Ly*Ly, Ly=(J'O)*L, (9.2.17)
where L is the Lagrangian (2.4.18).

The Euler-Lagrange equation for the constrained Lagrangian Ly
(9.2.16) is equivalent to the constrained Hamilton equations (9.2.13) and,
by virtue of Lemma 9.2.2, is quasi-equivalent to the Cartan equation.
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9.3 Hamiltonian conservation laws

In order to study symmetries of covariant Hamiltonian field theory, let us
use the fact that a Hamiltonian form H (9.1.8) is the Poincaré—Cartan form
for the Lagrangian Ly (9.1.16) and that the covariant Hamilton equations
for H are the Euler-Lagrange equation for Ly. We restrict our considera-
tion to classical symmetries defined by projectable vector fields on a fibre
bundle ¥ — X.

In accordance with the canonical lift (1.1.26), every projectable vector
field v on Y — X gives rise to the vector field

u=utd, +u'0; + (—aiujp? — D utp + 9,utpl o (9.3.1)
on the Legendre bundle II — Y and then to the vector field
Ju=u+J" (9.3.2)

on II x J'Y. Then we have
Y

LiH =LyzLy = (—u'OiH — 0, (u'H) — u}d H + proyu’)w.  (9.3.3)

It follows that a Hamiltonian form H and a Lagrangian Ly have the same
classical symmetries.

Remark 9.3.1. Given the splitting (9.1.10) of a Hamiltonian form H, the
Lie derivative (9.3.3) takes the form

LiH = p)([0x + T30, ul — [0x 4+ T50;,u]" T )w — (9.3.4)
(8, 0" Hr + u|dHr)w,
where [.,.] is the Lie bracket of vector fields.

Let us apply the first variational formula (2.4.28) to the Lie derivative
LyzLy (9.1.16) [53]. It reads

—u'OH — Op(u'H) — u} O3 H + proau’ = —(u’ — y/u) (py; + OH) +
(=0 p} — Dt p} + O utpf! — pput) (yh — ONH) —
dA[pf‘(GZHu“ —u') — u’\(pf”(“)iH —H)].
On the shell (9.1.18) — (9.1.19), this identity takes the form
—u'iH — O, (' H) — u}ONH + prosu’ ~ — (9.3.5)
dx [pf‘(@i?‘lu“ —u') — u)‘(pfafﬂ'l —H).
It
Lyaly =0,
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we obtain the weak Hamiltonian conservation law
0~ —dx[p} (U0, H — u') — v (pf' O, H — H)] (9.3.6)
of the Hamiltonian symmetry current
T = p(uhdH — ut) — M (pl ol H — H). (9.3.7)
On solutions r of the covariant Hamilton equations (9.1.18) — (9.1.19), the
weak equality (9.3.6) leads to the differential conservation law
ON(TN(r) = 0.

There is the following relation between differential conservation laws in
Lagrangian and Hamiltonian formalisms.

Theorem 9.3.1. Let a Hamiltonian form H be associated to an almost reg-
ular Lagrangian L. Let r be a solution of the covariant Hamilton equations
(9.1.18) — (9.1.19) for H which lives in the Lagrangian constraint space
NL. Let

S=Tyor

be the corresponding solution of the Fuler—Lagrange equation for L so that
the relation (9.2.10) holds. Then, for any projectable vector field u on a
fibre bundle Y — X, we have

Tu(r) = Tu(mmy o7), Tu(L o J's) = Tu(s), (9.3.8)

where J, is the symmetry current (2.4.31) on J'Y and ju is the symmetry
current (9.3.7) on II.

By virtue of Theorems 9.2.4 — 9.2.5, it follows that:

e if 7, in Theorem 9.3.1 is a conserved symmetry, then the symmetry
current 7, (9.3.8) is conserved on solutions of the Hamilton equations which
live in the Lagrangian constraint space,

o if ju in Theorem 9.3.1 is a conserved symmetry current, then the sym-
metry current 7, (9.3.8) is conserved on solutions s of the Euler—Lagrange
equation which obey the condition (9.2.10).

In particular, let © = u'0; be a vertical vector field on Y — X. Then
the Lie derivative Ly H (9.3.4) takes the form

L;H = (p;‘ [0y + 1405, u)? — u d’l‘N[F)w.
The corresponding symmetry current (9.3.7) reads

I = —uip) 9.3.9
o ;
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(cf. T (2.4.34)).

Let 7 = 729 be a vector field on X and I't (1.3.6) its horizontal lift
onto Y by means of a connection I' on Y — X. In this case, the weak
identity (9.3.5) takes the form

— (O +T19,0; — pro;TL ) Hr + pr Ry, ~ —daJr™s,
where the symmetry current (9.3.7) reads
Jp = 7T = (000, He — 6,(p 0, He — Hr)). (9:3.10)

The relations (9.3.8) show that, on the Lagrangian constraint space Ny,
the current (9.3.10) can be treated as the Hamiltonian energy-momentum
current relative to the connection I'.

In particular, let us consider the weak identity (9.3.5) when the vector
field @ on II is the horizontal lift of a vector field 7 on X by means of a
Hamiltonian connection on II — X which is associated to the Hamiltonian
form H. We have

U= 7"(0y + 0, HOI; + 704
In this case, the corresponding energy-momentum current reads
T = Pl H —H), (9.3.11)
and the weak identity (9.3.5) takes the form
—0uH + dr(p}0H) ~ 0, (p} O\ H — H). (9.3.12)

A glance at the expression (9.3.12) shows that the energy-momentum cur-
rent (9.3.11) is not conserved, the weak identity

—0,H + dx[p} O}, H — ) (pYOLH — H)] ~ 0

holds. This is exactly the Hamiltonian form of the canonical energy-
momentum conservation law (2.4.38) in Lagrangian formalism.

9.4 Quadratic Lagrangian and Hamiltonian systems

Field theories with almost regular quadratic Lagrangians admit compre-
hensive Hamiltonian formulation.

Let L (2.4.52) be an almost regular quadratic Lagrangian brought into
the form (2.4.66), 0 = o¢ + o1 a linear map (2.4.59) and T' a connection
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(2.4.55). Similarly to the splitting (2.4.64) of the configuration space J'Y,
we have the following decomposition of the momentum phase space:

I = R(I) § P(IT) = Ker og & Ny, (9.4.1)

p} =R} + P} = [p} — al olkpp] + [all o3k pp]. (9.4.2)
The relations (2.4.62) lead to the equalities

o RE =0,  oiPr=0, R}F;=0. (9.4.3)

Relative to the coordinates (9.4.2), the Lagrangian constraint space Ny,
(2.4.53) is given by the equations
R} = [p} — all' otk pR] = 0. (9.4.4)
Let the splitting (2.4.61) be provided with the adapted fibre coordinates
(7*,7™) such that the matrix function a (2.4.54) is brought into a diagonal
matrix with non-vanishing components a44. Then the Legendre bundle IT
(9.4.1) is endowed with the dual (non-holonomic) fibre coordinates (pq,pa)
where p4 are coordinates on the Lagrangian constraint manifold Ny, given
by the equalities p, = 0. Relative to these coordinates, oy becomes the
diagonal matrix

o = (aan)"t, og* =0, (9.4.5)
while
ofle = o248 — .
Let us write
Pa=Muip},  pa=Maip;, (9.4.6)
where M are the matrix functions on Y which obeys the relations
Mgjya =0, (Moo, =0, (9.4.7)
Mai(aooo))) = My, (M1 MAY = diY oolh.
Let us consider the affine Hamiltonian map
d=T+0:1 —JY, (9.4.8)
A =T5+ 03,0,

and the Hamiltonian form
H(T,01) = Hp + ®*L = p}dy’ Awy — (9.4.9)
) 1 4 y
57 + 5005,207) + 015, = Jw =
(R} + PMdy® Awy —

) 1 .. -
(R} + POTL + 5005, PIPY + 015, RIRY — .
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Theorem 9.4.1. The Hamiltonian forms H(I',01) (9.4.9) parameterized
by connections T' (2.4.55) are weakly associated to the Lagrangian (2.4.52),
and they constitute a complete set.

Proof. By the very definitions of T and o, the Hamiltonian map (9.4.8)
satisfies the condition (9.2.2). Then H(T',0) is weakly associated to L
(2.4.52) in accordance with Theorem 9.2.1. Let us write the corresponding
Hamilton equations (9.1.18) for a section r of the Legendre bundle IT — X.
They are

J's=(+o)or, S§ =Ty or. (9.4.10)

Due to the surjections S and F (2.4.64), the Hamilton equations (9.4.10)
are brought into the two parts

SoJ's=Tos, (9.4.11)
8,\7"i - aog\ka(a(l:;%aﬂrj + b(lz) = z}\ oS,
Folls=ocor, (9.4.12)

i ik
UOM(% Our? +by) = oy

Let s be an arbitrary section of ¥ — X, e.g., a solution of the Euler—
Lagrange equation. There exists a connection I' (2.4.55) such that the
relation (9.4.11) holds, namely, I' = S o IV where I is a connection on
Y — X which has s as an integral section. It is easily seen that, in this
case, the Hamiltonian map (9.4.8) satisfies the relation (9.2.10) for s. Hence,
the Hamiltonian forms (9.4.9) constitute a complete set. g

It is readily observed that, if o7 = 0, then ® = lf,\[(].")7 and the Hamilto-
nian forms H(T', 01 = 0) (9.4.9) are associated to the Lagrangian (2.4.52).

For different o1, we have different complete sets of Hamiltonian forms
(9.4.9). Hamiltonian forms H(T',01) and H(I',01) (9.4.9) of such a com-
plete set differ from each other in the term q’)g\Rf‘, where ¢ are the solder-
ing forms (2.4.57). This term vanishes on the Lagrangian constraint space
(9.4.4). Accordingly, the covariant Hamilton equations for different Hamil-
tonian forms H(T',01) and H(I”,01) (9.4.9) differ from each other in the
equations (9.4.11). These equations are independent of momenta and play
the role of gauge-type conditions.

Since the Lagrangian constraint space N, (9.4.4) is an imbedded sub-
bundle of IT — Y, all Hamiltonian forms H(T,01) (9.4.9) define a unique
constrained Hamiltonian form Hy (9.2.12) on N, which reads

) ) 1
Hy = iyH(T,01) = Py Awy — [PITY + = OANPAP“ — dJw. (9.4.13)
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In view of the relations (9.4.3), the corresponding constrained Lagrangian
Ly (9.2.16) on JI Ny, takes the form

Ly =ho(Hy) = (PMFL — = OMPMD“ + cw. (9.4.14)
It is the pull-back onto J* Ny, of the Lagrangian
1
Loy = RIS\ -T0)+P)FL = 5003, PP =5 1,\HR>‘R“+C (9.4.15)

on J'I for any Hamiltonian form H(I‘, o1) (9.4.9).

In fact, the Lagrangian Ly (9.4.14) is defined on the product Ny xy J'Y
(see Remark 9.1.3). Since the momentum phase space IT (9.4.1) is a trivial
bundle pry : II — Nj, over the Lagrangian constraint space Np, one can
consider the pull-back

Lu = (P}F, — - OMP*P“ +)w (9.4.16)

of the constrained Lagrangian Ly (9.4.14) onto IT x J'Y
Y

Let us study symmetries of the Lagrangians Ly and Ly [11]. We aim to
show that, under certain conditions, they inherit symmetries of an original
Lagrangian L (see Theorems 9.4.2 — 9.4.3).

Let a vertical vector field v = u’d; on Y — X be a symmetry of the
Lagrangian L (2.4.66), i.e.,

Ly L = (u'0; + dau'9}) Lw = 0. (9.4.17)
Since
Jhu(yy —T3) = deu’ (s — T%), (9.4.18)
one easily obtains from the equality (9.4.17) that
ukakaf‘f +0; ukazf + a)o;uf = 0. (9.4.19)

It follows that the summands of the Lagrangian (2.4.66) are separately
invariant, i.e.,

Ju@ FiF) =0,  J'u(d) =uFod = 0. (9.4.20)
The equalities (2.4.67), (9.4.18) and (9.4.19) give the transformation law
Ju(al F) = —oubapt 7. (9.4.21)
The relations (2.4.62) and (9.4.19) lead to the equality

) [uFdpogls, — Okl oo — ootk Okuany = 0. (9.4.22)
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Let us compare symmetries of the Lagrangian L (2.4.66) and the La-
grangian Ly (9.4.14). Given the Legendre map L (2.4.53) and the tangent
morphism

TL:TJ'Y — TNy,
pa = (50 + 950y (Makap)' ),
let us consider the map
TLoJ'u:JY 3 (a*, ', y}) — (9.4.23)
w'0; + (uF Ok + 0, utOY ) (Majalt Fi)0* =
W'0; + [uF O (Mad)a Fi + MasJ u(a}) F1)]0* =
u'Q; + [uF Ok (MaN)al F) — Ma\Oiubay Fi1o* =
u'0; + [uF o, (a o 00)%\73/\ (ao ao)ﬂa u*PR1O), € TN,

where the relations (9.4.7) and (9.4.21) have been used. Let us assign to a
point (2, y*,P3) € N, some point

(@, 98) € LM o', ) (9.4.24)

and then the image of the point (9.4.24) under the morphism (9.4.23). We
obtain the map

oy = (2 Y, PY) — w0 + [uFOn(ao ao)%P} - (9.4.25)
(a0 00)" 0" PR1Y,

which is independent of the choice of a point (9.4.24). Therefore, it is a
vector field on the Lagrangian constraint space Ny. This vector field gives
rise to the vector field

Jun = u'0; + [uF Oy (a o 00)9‘;73? —(ao ao)gfiaiukp,i‘](?i + dau'd) (9.4.26)
on Ny x J'Y
%

Theorem 9.4.2. The Lie derivative Lj,, Ly of the Lagrangian Ly
(9.4.14) along the vector field Jun (9.4.26) vanishes.

Proof. One can show that
on(P}) = —0;uFP) (9.4.27)

on the constraint manifold R} = 0. Then the invariance condition
Jun(Ln) = 0 falls into the three equalities

Jon(oof, PMPY) =0,  Jun(PMF{) =0,  Jun(d)=0. (9.4.28)
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The latter is exactly the second equality (9.4.20). The first equality (9.4.28)
is satisfied due to the relations (9.4.22) and (9.4.27). The second one takes
the form

Jun (PMyh —T%)) = 0. (9.4.29)
It holds owing to the relations (9.4.18) and (9.4.27). O

Thus, any vertical symmetry u of the Lagrangian L (2.4.66) yields the
symmetry vy (9.4.25) of the Lagrangian Ly (9.4.14).

Turn now to symmetries of the Lagrangian Ly (9.4.16). Since Ly is the
pull-back of Ly onto IT }>; J'Y, its symmetry must be an appropriate lift of

the vector field vy (9.4.25) onto II.
Given a vertical vector field v on Y — X let us consider its canonical
lift (9.3.1):

u=u'd; — 0 ujp a4, (9.4.30)

onto the Legendre bundle II. It readily observed that the vector field w is
projected onto the vector field vy (9.4.25).

Let us additionally suppose that the one-parameter group of automor-
phisms of Y generated by wu preserves the splitting (2.4.64), i.e., u obeys
the condition

uF O (008 a ) + ooimalt 9;u — Opu’ oolf\f,”a,"fj =0. (9.4.31)

The relations (9.4.18) and (9.4.31) lead to the transformation law
J'(F)) = 0;u'F). (9.4.32)

Theorem 9.4.3. If the condition (9.4.31) holds, the vector field w (9.4.50)
is a symmetry of the Lagrangian Ly (9.4.16) if and only if u is a symmetry
of the Lagrangian L (2.4.66).

Proof. Due to the condition (9.4.31), the vector field @ (9.4.30) preserves
the splitting (9.4.1), i.e

a(P}) = —0,uPy,  u(R}) = -0 Ry, (9.4.33)
The vector field @ gives rise to the vector field (9.3.2):
Ju = u'0; — 0;u’p} 05 + dxu'oy, (9.4.34)

on II x J'Y, and we obtain the Lagrangian symmetry condition
Y

(u'd; — Aju'p}d, + dau'd}) L = 0. (9.4.35)
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It is readily observed that the first and third terms of the Lagrangian Ly
are separately invariant due to the relations (9.4.20) and (9.4.32). Its sec-
ond term is invariant owing to the equality (9.4.22). Conversely, let the
invariance condition (9.4.35) hold. It falls into the independent equalities

Ju(oof pipl) =0,  Ju@p}Fy) =0, ' =0, (9.4.36)

i.e., the Lagrangian Ly is invariant if and only if its three summands are
separately invariant. One obtains at once from the second condition (9.4.36)
that the quantity F is transformed as the dual of momenta p. Then the
first condition (9.4.36) shows that the quantity oop is transformed by the
same law as F. It follows that the term aFF in the Lagrangian L (2.4.66)
is transformed as a(oop)(oop) = oopp, i.e., it is invariant. Then this La-
grangian is invariant due to the third equality (9.4.36). O

In particular, if u is a gauge symmetry of an original Lagrangian L and
if it preserves the decomposition (2.4.64), then its natural lift @ (9.4.30)
onto IT is a gauge symmetry of the Lagrangian Ly (9.4.16). However, the
Lagrangian Ly can possess additional gauge symmetries.

For instance, let us assume that ¥ — X is an affine bundle modelled
over a vector bundle Y — X. In this case, the Legendre bundle II (2.4.7)
is isomorphic to the product

=Y xY @AT*X @TX)
X X X

such that transition functions of coordinates p? are independent of . Then
the splitting (9.4.1) takes the form

O=Y x(Kerog® Nyp), (9.4.37)
X X

where Ker oy and N, are fibre bundles over X such that
Ker og = 7*Ker oy,

and Ny = 7* N, are their pull-backs onto Y. The splitting (9.4.37) keeps
the coordinate form (9.4.2). The splittings (2.4.64) and (9.4.37) lead to the
decomposition

I x J'Y = (Kerog®Np) x(Ker L& Im(og o L)). (9.4.38)
Y X Y Y

In view of this decomposition, let us associate to any section £ of Ker oy —

X the vector field

un = Ea(M™1)*205, (9.4.39)
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on II. Tts lift (9.3.2) onto II x J'Y keeps the coordinate form
Y

Jur = &, (M~1)2205. (9.4.40)

It is readily observed that the Lie derivative of the Lagrangian Ly (9.4.16)
along the vector field (9.4.40) vanishes, i.e., uy is a symmetry of L.
Consequently, the vector fields (9.4.39), parameterized by sections & of
Kerog — X, is a gauge symmetry of L. It does not come from gauge sym-
metries of an original Lagrangian L. A glance at the expression (9.4.40)
shows that this gauge symmetry is independent of derivatives of gauge
parameters just as that (4.3.15) of a variationally trivial Lagrangian in Ex-
ample 4.3.1. The gauge symmetry (9.4.40) as like as (4.3.15) is non-trivial.

9.5 Example. Yang—Mills gauge theory

We follow the notation of Section 5.8. Let P — X be a principal bun-
dle with a structure group G. Gauge theory of principal connections on
P — X is described by the degenerate non-regular quadratic Lagrangian
Lywm (5.8.15) on the first order jet manifold J'C of the bundle of principal
connections C' = J'!P/G. The peculiarity of gauge theory consists in the
fact that the splittings (2.4.64) and (9.4.1) of its configuration and phase
spaces are canonical.

Let C and J'C be provided with the bundle coordinates (z*,a") and
(2, al, al’f)\), respectively. As was mentioned in Section 5.5, the configu-
ration space J1C of gauge theory admits the canonical splitting (5.5.11):

2
JIC=C,00_=C,a(CxAT*X@VaP), (9.5.1)
c X X
1 1
i = 0 08, = i) + 5 0 — 0, - fyafiaf).
with the corresponding projections

S:J'C— Cy, (9.5.2)
Six = @y T+ aly, — Cpaay,
F:JWC - C_, (9.5.3)
Fin = ay\ —aj, + c;qaﬁag.

The Yang-Mills Lagrangian on this configuration space is

1 v
Lyy = Za}?qg’\“gﬁ FeFi N gl w, g = det(g,m), (9.5.4)
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where a©

is a non-degenerate G-invariant metric on the Lie algebra g, and
g is a non-degenerate world metric on X.

The phase space of gauge theory is the Legendre bundle
e —C, = XT*X%)TX%@[CX@]*, (9.5.5)

endowed with holonomic coordinates (z*, ak, #A). The Legendre bundle IT
(9.5.5) admits the canonical decomposition (9.4.1):

M=T0; &I, (9.5.6)

it = RN + PN = pli) - pleN = %(pii? +nl) + %(péif — ).

The Legendre map associated to the Lagrangian (9.5.4) takes the form
PN o Ly =0, (9.5.7)
p%/\] o ZYM = agng“o‘g’\ﬁfgﬁ\/m. (9.5.8)

A glance at this morphism shows that Ker Ey m = C4, and the Lagrangian
constraint space is

Ny =Lyy(J'C) =T1L_.
It is defined by the equation (9.5.7). Obviously, Ny, is an imbedded sub-
manifold of II, and the Lagrangian Lvy; is almost regular.

Let us consider connections I" on the fibre bundle C' — X which take
their values into Ker L, i.e.,

r:Cc—«ay, I3, — T+ epgakal = 0. (9.5.9)

1
Given a symmetric linear connection K on 7% X, every principal connection
B on the principal bundle P — X gives rise to the connection I'p : C' — C.
(5.7.14) such that

I'poB=So J'B.
It reads
1
Ppi = 5l0uBX + O\B), — ¢pgazaj + (9.5.10)
Cpg(aX Bl +al BY)] — K% (afy — Bj).

Given the connection (9.5.10), the corresponding Hamiltonian form
(9.4.9): is

Hp = p;\“daz A wy —p;\‘TBf\Hw — 7-ZYMw, (9.5.11)

) 1 mn 1%
Hyar = 708" guvgrspi 2 ™/ lgl;
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is associated to the Lagrangian Lyy. It is the Poincaré—Cartan form of the
Lagrangian
Ly = [pp*(a}, — L3,) — Hy arlw (9.5.12)
on I x J*C. The pull-back of any Hamiltonian form Hp (9.5.11) onto
c

the Lagrangian constraint space Ny, is the constrained Hamiltonian form
(9.2.12):

» , 1, _
Hy =iyHp = pM (day, Nwx + icpqaf{a;ﬂw) — Hypw. (9.5.13)

The corresponding constrained Lagrangian Ly on

Ny x J'C
c
reads

Ly = (PMF, — Hy m)w. (9.5.14)
Note that, in contrast with the Lagrangian (9.5.12), the constrained La-

grangian Ly (9.5.14) possesses gauge symmetries as follows. Gauge sym-
metries

g = (0,67 + cipat€)or

of the Yang-Mills Lagrangian give rise to the vector fields

g = (Ou€” + cpafd")OF — €m0,
on II. Their projection onto Ny, provides gauge symmetries of the Lagran-
gian Ly in accordance with Theorem 9.4.2.

The Hamiltonian form Hp (9.5.11) yields the covariant Hamilton equa-

tions which consist of the equations (9.5.8) and the equations

aXl, + gy = 2Up (), (9.5.15)
par = ekl — e, BRpO + Ko, p™). (9.5.16)

The Hamilton equations (9.5.15) and (9.5.8) are similar to the equations
(9.4.11) and (9.4.12), respectively. The Hamilton equations (9.5.8) and
(9.5.16) restricted to the Lagrangian constraint space (9.5.7) are precisely
the constrained Hamilton equations (9.2.13) for the constrained Hamilto-
nian form Hy (9.5.13), and they are equivalent to the Yang-Mills equations
(5.8.17) for gauge potentials A = e o 7.

Different Hamiltonian forms Hp lead to different equations (9.5.15).
This equation is independent of momenta and, thus, it exemplifies the
gauge-type condition (9.4.11):

I'poA=38oJA.
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A glance at this condition shows that, given a solution A of the Yang-Mills
equations, there always exists a Hamiltonian form Hp (e.g., Hp=4) which
obeys the condition (9.2.10), i.e.,

I/‘jBOZYMOJlAzle.

Consequently, the Hamiltonian forms Hp (9.5.11) parameterized by prin-
cipal connections B constitute a complete set.

It should be emphasized that the gauge-type condition (9.5.15) differs
from familiar gauge conditions in gauge theory. If a gauge potential A is a
solution of the Yang—Mills equations, there exists a gauge conjugate poten-
tial A’ which also is a solution of the Yang-Mills equations and satisfies a
given gauge condition. In the framework of the Hamiltonian description of
quadratic Lagrangian systems, there is a complete set of gauge-type con-
ditions in the sense that, for any solution of the Euler-Lagrange equation,
there exist Hamilton equations equivalent to this Euler-Lagrange equation
and a supplementary gauge-type condition which this solution satisfies.

9.6 Variation Hamilton equations. Jacobi fields

The vertical extension of covariant Hamiltonian formalism on the Legendre
bundle IT (2.4.7) onto the vertical Legendre bundle Iy (2.4.82) describes
Jacobi fields of solutions of the Hamilton equations. Let us utilize the
compact notation Oy = §'0; + pja;.

Due to the isomorphism (2.4.83), covariant Hamiltonian formalism on
the vertical Legendre bundle Iy y can be developed as the vertical extension
onto VII of covariant Hamiltonian formalism on II. The corresponding
canonical conjugate pairs are (y*,p}) and (3%, p}). In particular, due to the
isomorphism (2.4.83), VI is endowed with the canonical polysymplectic
form (9.1.2) which reads

Quy = [dp} Ady' + dp} A di'] Aw @ Oy.

Let Zyy be the homogeneous Legendre bundle (2.4.13) over VY with
the corresponding coordinates

(v, 9%, 4 p).

It can be endowed with the multisymplectic Liouville form Zyy (2.4.23).
Sections of the affine bundle

Zyy — VII, (9.6.1)
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by definition, provide Hamiltonian forms on VII.
Let us consider the following particular case of these forms which are
related to those on the Legendre bundle II. Due to the fibre bundle (2.4.85):

C:VZy = Zyy,

the vertical tangent bundle V Zy of Zy — X is provided with the exterior
form
Sv = ("Bvy = pw + (5idy’ + pdy’) Awa,

which is exactly the vertical extension (2.4.78) of the multisymplectic Li-
ouville form = on Zy. Given the affine bundle Zy — II (2.4.16), we have
the fibre bundle VZy — VII (2.4.86) where Vmyzy is the vertical tangent
map to wz. Let h be a section of the affine bundle Zy — II and H = h*=
the corresponding Hamiltonian form (9.1.8) on II. Then a section Vh of
the fibre bundle (2.4.86) and the corresponding section ¢ o Vh of the affine
bundle (9.6.1) defines the Hamiltonian form

Hy = (Vh)*Ey = (pidy’ + prdy’) Awy — Hyw, (9.6.2)
Hy = OvH = (§'0; + p} O3 H,

on VII. Tt is called the vertical extension of H (or, simply, the vertical
Hamiltonian form). In particular, given the splitting (9.1.10) of H with
respect to a connection I" on Y — X, we have the corresponding splitting

Hy = 5T + 9Pl + v Hr
of Hy with respect to the vertical connection VT (1.4.19) on VY — X.

Theorem 9.6.1. Let v (9.1.8) be a Hamiltonian connection on I1 associ-
ated to a Hamiltonian form H. Then its vertical prolongation V~ (1.4.19)
on VII — X is a Hamiltonian connection associated to the vertical Hamil-
tonian form Hy (9.6.2).

Proof. The proof follows from a direct computation. We have
Vy=~v+dat® [8V’y£3i + 8V72i3§].
Components of this connection obey the equations
V=0 Hy =0vO,H, A = —0iHy = —0vOiH (9.6.3)

and the Hamilton equations (9.1.15). O
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In order to clarify the physical meaning of the Hamilton equations
(9.6.3), let us suppose that ¥ — X is a vector bundle. Given a solu-
tion r of the Hamilton equations for H, let 7 be a Jacobi field, i.e., r + 7
also is a solution of the same Hamilton equations modulo terms of order
> 1 1in . Then it is readily observed that the Jacobi field 7 satisfies the
Hamilton equations (9.6.3). At the same time, the Lagrangian Ly, (9.1.16)
on JVII, defined by the Hamiltonian form Hy (9.6.2), takes the form

Lry = ho(Hy) =i ( — ) = § (3 + 0H) + da(py"),  (9.64)
where p?, ¥ play the role of Lagrange multipliers.

In conclusion, let us study the relationship between the vertical exten-
sions of Lagrangian and covariant Hamiltonian formalisms. The Hamilto-
nian form Hy (9.6.2) on VI yields the vertical Hamiltonian map

Hy =VH:VII —»VJY,
VY
A= O\Hy =03H, g} =i,
Theorem 9.6.2. Let a Hamiltonian form H on II be associated to a La-

grangian L on J'Y. Then the vertical Hamiltonian form Hy (9.6.2) is
weakly associated to the Lagrangian Ly (2.4.79).

Proof. 1If the morphisms H and L obey the relation (9.2.2), then the
corresponding vertical tangent morphisms satisfy the relation

VLoVHoVig = Vig.

The condition (9.2.3) for Hy reduces to the equality (9.2.7) which is fulfilled
if H is associated to L. O



Chapter 10

Appendixes

For the sake of convenience of the reader, several relevant mathematical
topics are compiled in this Chapter.

10.1 Commutative algebra

In this Section, the relevant basics on modules over commutative algebras
is summarized [102; 108].

An algebra A is an additive group which is additionally provided with
distributive multiplication. All algebras throughout the book are associa-
tive, unless they are Lie algebras. A ring is defined to be a unital algebra,
i.e., it contains a unit element 1 # 0. Non-zero elements of a ring form
a multiplicative monoid. A field is a commutative ring whose non-zero
elements make up a multiplicative group.

A subset 7 of an algebra A is called a left (resp. right) ideal if it is a
subgroup of the additive group A and ab € Z (resp. ba € 7) for all a € A,
be . If 7 is both a left and right ideal, it is called a two-sided ideal. An
ideal is a subalgebra, but a proper ideal (i.e., T # A) of a ring is not a
subring because it does not contain a unit element.

Let A be a commutative ring. Of course, its ideals are two-sided. Its
proper ideal is said to be maximal if it does not belong to another proper
ideal. A commutative ring A is called local if it has a unique maximal
ideal. This ideal consists of all non-invertible elements of A. A proper ideal
7 of a commutative ring is called prime if ab € T implies either a € 7 or
b € Z. Any maximal ideal is prime.

Given an ideal Z C A, the additive factor group A/Z is an algebra,
called the factor algebra. If A is a ring, then A/7 is so. If 7 is a maximal
ideal, the factor ring A/Z is a field.

319
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Given an algebra A, an additive group P is said to be a left (resp. right)
A-module if it is provided with distributive multiplication A x P — P by
elements of A such that (ab)p = a(bp) (resp. (ab)p = b(ap)) for all a,b € A
and p € P. If A is a ring, one additionally assumes that 1p = p = p1 for all
p € P. Left and right module structures are usually written by means of
left and right multiplications (a,p) — ap and (a,p) — pa, respectively. If P
is both a left module over an algebra A4 and a right module over an algebra
A’, it is called an (A — A")-bimodule (an A-bimodule if A = A"). If Ais a
commutative algebra, an 4-bimodule P is said to be commutative if ap = pa
for all @ € A and p € P. Any left or right module over a commutative
algebra A can be brought into a commutative bimodule. Therefore, unless
otherwise stated, any module over a commutative algebra A is called an
A-module. A module over a field is called a vector space.

If an algebra A is a module over a commutative ring IC, it is said to
be a K-algebra. Any algebra can be seen as a Z-algebra. Any ideal of an
algebra A is an A-module.

Hereafter, all associative algebras are assumed to be commutative.

The following are standard constructions of new modules from old ones.

e The direct sum Py ® P5 of A-modules P; and P; is the additive group
P, x P5 provided with the A-module structure

a(p1,p2) = (ap1,apz), P12 € P12, a€A
Let {P;}icr be a set of modules. Their direct sum @& P; consists of elements
(..., pi,...) of the Cartesian product [] P; such that p; # 0 at most for a
finite number of indices i € I.

e Given a submodule @ of an A-module P, the quotient P/Q of the
additive group P with respect to its subgroup @ also is provided with an
A-module structure. It is called a factor module.

e The set Hom 4(P, Q) of A-linear morphisms of an A-module P to an
A-module @ is naturally an A-module. The A-module

P* = Hom 4(P, A)
is called the dual of an A-module P. There is a natural monomorphism
P — P,

e The tensor product P® Q) of A-modules P and @ is an additive group
which is generated by elements p ® q, p € P, q € @), obeying the relations

p+p)®q=p@q+p ®q,
PR@+d)=pRq+p®,
pa®q=7pQR aq, p € P, q € Q, a € A
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It is provided with the A-module structure

a(p®q) = (ap) ® ¢ =p® (ga) = (p @ q)a.

In particular, we have the following.
(i) If a ring A is treated as an A-module, the tensor product A® 4 Q is
canonically isomorphic to @ via the assignment

ARA4Q3a®q < ag € Q.

(ii) The tensor product of Abelian groups G and G’ is defined as their
tensor product G ® G’ as Z-modules. For instance, if one of them is a finite
group, then G ® G’ = 0.

(iii) The tensor product of commutative algebras A and A’ is defined as
their tensor product A ® A’ as modules provided with the multiplication

(aad)(bxb) = (ad") @ bb.

An A-module P is called free if it has a basis, i.e., a linearly indepen-
dent subset I C P spanning P such that each element of P has a unique
expression as a linear combination of elements of I with a finite number
of non-zero coefficients from an algebra A. Any vector space is free. Any
module is isomorphic to a quotient of a free module. A module is said to
be finitely generated (or of finite rank) if it is a quotient of a free module
with a finite basis.

One says that a module P is projective if it is a direct summand of a
free module, i.e., there exists a module @) such that P& Q is a free module.
A module P is projective if and only if P = pS where S is a free module
and p is a projector of S, i.e., p? = p. If P is a projective module of finite
rank over a ring, then its dual P* is so, and P** is isomorphic to P.

Theorem 10.1.1. Any projective module over a local ring is free.

Now we focus on exact sequences, direct and inverse limits of modules
[108; 114]. A composition of module morphisms

P Q Jor
is said to be exact at Q if Ker j = Im¢. A composition of module morphisms
0P Q270 (10.1.1)

is called a short exact sequence if it is exact at all the terms P, @, and 7.
This condition implies that: (i) ¢ is a monomorphism, (ii) Ker j = Im4, and
(iil) j is an epimorphism onto the quotient T'= Q/P.
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Theorem 10.1.2. Given an ezact sequence of modules (10.1.1) and an-
other A-module R, the sequence of modules

0 — Hom A(T, R) 2~ Hom 4(Q, R) ~— Hom (P, R)

is exact at the first and second terms, i.e., j* is a monomorphism, but i*
need not be an epimorphism.

One says that the exact sequence (10.1.1) is split if there exists a
monomorphism s : T'— @ such that jos =1dT or, equivalently,

Q=iP)eps(T)=PaT.

Theorem 10.1.3. The exact sequence (10.1.1) is always split if T is a
projective module.

A directed set I is a set with an order relation < which satisfies the
following three conditions: (i) i < 4, for all ¢ € I; (ii) if ¢ < j and j < k,
then ¢ < k; (iil) for any 4,7 € I, there exists k € I such that ¢ < k and
j < k. It may happen that i # j, but ¢ < j and j < 4 simultaneously.

A family of modules {P;};c; (over the same algebra), indexed by a
directed set I, is called a direct system if, for any pair ¢ < j, there exists a
morphism 7% : P; — P; such that

ri =1d P;, r;-orizri, i<j<k.
A direct system of modules admits a direct limit. This is a module P,
together with morphisms 7% : P; — P, such that ri{_ = rJ o r§ for all
i < j. The module P, consists of elements of the direct sum &;P; modulo
the identification of elements of P; with their images in P; for all i < j. An
example of a direct system is a direct sequence

7
Tit1

P —P —--P —--- | I=N. (10.1.2)

Note that direct limits also exist in the categories of commutative and
graded commutative algebras and rings, but not in categories containing
non-Abelian groups.

Theorem 10.1.4. Direct limits commute with direct sums and tensor prod-
ucts of modules. Namely, let {P;} and {Q;} be two direct systems of mod-
ules over the same algebra which are indezed by the same directed set I, and
let P and Qo be their direct limits. Then the direct limits of the direct
systems {P;®Q;} and {P;® Q;} are Poo ® Qoo and P ® Quo, Tespectively.
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Theorem 10.1.5. A morphism of a direct system {Pi,r§}1 to a direct
system {Qy,pﬁﬂ}p consists of an order preserving map f : I — I' and
morphisms
Fi : Pi — Qf(i)
which obey the compatibility conditions
'0;8)) ol =F; or;.

If Py and Qs are limits of these direct systems, there exists a unique
morphism

Fo: Py — Qo

such that
plD o Fy=Fgort,.

Theorem 10.1.6. Direct limits preserve monomorphisms and epimor-
phisms, i.e., if all

Fi: Py — Q)
are monomorphisms or epimorphisms, so is

Do : Py — Qoo-
Let short exact sequences

0P 5, 251 0 (10.1.3)

foralli € I define a short exact sequence of direct systems of modules {P;} 1,
{Qi}1, and {T;}; which are indexed by the same directed set I. Then their
direct limits form a short exact sequence

0— Py ==Qu =1, —0. (10.1.4)

In particular, the direct limit of factor modules Q;/P; is the factor
module Qo /Ps. By virtue of Theorem 10.1.4, if all the exact sequences
(10.1.3) are split, the exact sequence (10.1.4) is well.

Remark 10.1.1. Let P be an A-module. We denote
k
PO =gP.

Let us consider the direct system of A-modules with respect to monomor-
phisms

A—A®P) — - (A®DP®---@P®%) —....
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Its direct limit
@P=A& P& - oP%q... (10.1.5)

is an N-graded 4-algebra with respect to the tensor product ®. It is called
the tensor algebra of a module P. Its quotient with respect to the ideal
generated by elements

pep +p ®p, ppeP,

is an N-graded commutative algebra, called the exterior algebra of a module
P.

Given an inverse sequences of modules
witl

Py pl . piTe . (10.1.6)

3

its inductive limit is a module P> together with morphisms 72 : P> — P?
such that
o0 J

o 7'r]9°
for all i < j. It consists of elements (...,p%,...), p* € P?, of the Cartesian

product [] P such that p* = 7/ (p’) for all i < j.

Theorem 10.1.7. Inductive limits preserve monomorphisms, but not epi-
morphisms. Let exact sequences

o° ; .
—T", 1 €N,

0— P
for all i € N define an exact sequence of inverse systems of modules {P'},
{Q%} and {T*}. Then their inductive limits form an exact sequence
0— P> I Qe 251,
In contrast with direct limits, the inductive ones exist in the category
of groups which are not necessarily commutative.

10.2 Differential operators on modules

This Section addresses the notion of a linear differential operator on a
module over a commutative ring [71; 96].

Let I be a commutative ring and .4 a commutative K-ring. Let P and Q
be A-modules. The K-module Hom (P, Q) of K-module homomorphisms
®: P — @ can be endowed with the two different A-module structures

(a®)(p) = a®(p), (Pea)(p)=®(ap), acA peP (102.1)
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For the sake of convenience, we refer to the second one as the A®*-module
structure. Let us put

0, =0ad —Deaq, a€ A (10.2.2)
Definition 10.2.1. An element A € Hom (P, Q) is called a Q-valued
differential operator of order s on P if
0ao 0+ 00, A=0

for any tuple of s+ 1 elements ay, ..., as of A. The set Diff ((P, Q) of these
operators inherits the A- and .4*-module structures (10.2.1).

In particular, zero order differential operators obey the condition
5(1A(p) = llA(p) - A(ap) = 07 ac Aa pE Pa

and, consequently, they coincide with .A-module morphisms P — Q. A first
order differential operator A satisfies the condition

05004 A(p) = baA(p) —bA(ap) —aA(bp)+A(abp) =0, a,be A. (10.2.3)

The following fact reduces the study of @)-valued differential operators
on an A-module P to that of Q-valued differential operators on the ring A.

Theorem 10.2.1. Let us consider the A-module morphism
hs : Diff (A4, Q) — Q, hs(A) = A(1). (10.2.4)

Any Q-valued s-order differential operator A € Diff ((P, Q) on P uniquely
factorizes as

AP 12 Diff ((4,Q) 2@ (10.2.5)
through the morphism hg (10.2.4) and some homomorphism
fa : P — Diff (A, Q), (fap)(a) = A(ap), a € A, (10.2.6)

of the A-module P to the A®-module Diff ;(A, Q). The assignment A — fa
defines the isomorphism

Diff ,(P, Q) = Hom 4_ 4« (P, Diff ,(A, Q)). (10.2.7)

Let P = A. Any zero order Q-valued differential operator A on A is
defined by its value A(1). Then there is an isomorphism

via the association

Q3 q— A € Diff o(A4,Q),
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where A, is given by the equality A (1) = ¢. A first order Q-valued
differential operator A on A fulfils the condition

A(ab) = bA(a) + aA(b) — baA(1), a,be A
It is called a @-valued derivation of A if A(1) =0, i.e., the Leibniz rule
A(ab) = A(a)b + aA(b), a,be A, (10.2.8)

holds. One obtains at once that any first order differential operator on A
falls into the sum

A(a) = aA(1) + [A(a) — aA(1)]
of the zero order differential operator aA(1) and the derivation A(a) —
aA(1). If 9 is a @Q-valued derivation of A, then ad is well for any a € A.
Hence, Q-valued derivations of A constitute an A-module 9(A, @), called
the derivation module. There is the A-module decomposition
Diff 1 (A, Q) = Q@ ®d(A, Q). (10.2.9)
If P=Q = A, the derivation module 8.4 of A also is a Lie K-algebra
with respect to the Lie bracket
[u,u'] =uou —u ou, u,u’ € A. (10.2.10)
Accordingly, the decomposition (10.2.9) takes the form
Diff | (A) = A® 0 A. (10.2.11)
Definition 10.2.2. A connection on an A-module P is an .A-module mor-
phism
A5 u— V, €Diff (P, P) (10.2.12)
such that the first order differential operators V, obey the Leibniz rule
Vu(ap) =u(a)p+aVyu(p), a€ A peP. (10.2.13)

Though V,, (10.2.12) is called a connection, it in fact is a covariant
differential on a module P.

Let P be a commutative A-ring and 0P the derivation module of P as
a IC-ring. The 0P is both a P- and A-module. Then Definition 10.2.2 is
modified as follows.

Definition 10.2.3. A connection on an A-ring P is an A-module morphism

A3 u— V, € 0P C Diff (P, P), (10.2.14)

which is a connection on P as an A-module, i.e., obeys the Leinbniz rule
(10.2.13).



10.8. Homology and cohomology of complezes 327

10.3 Homology and cohomology of complexes

This Section summarizes the relevant basics on complexes of modules over
a commutative ring [108; 114].
Let I be a commutative ring. A sequence

0—By, 2B, & ... .. (10.3.1)
of K-modules B, and homomorphisms 9, is said to be a chain complex if
8P08p+1:07 peNy

ie., Imd,+1 C Kerd,. Homomorphisms 0, are called boundary operators.
Elements of a module By, its submodules Kerd, C B, and Im3d,y; C
Ker 0, are called p-chains, p-cycles and p-boundaries, respectively. The p-
th homology group of the chain complex B, (10.3.1) is defined as the factor
module

H,(B.) =Kerd,/Im0p41.
It is a K-module. In particular, we have
Ho(B*) = Bo/Imﬁl

The chain complex (10.3.1) is exact at a term B, if and only if H,(B,) = 0.
This complex is said to bek-exact if its homology groups H,<j(B.) are
trivial. It is called exact if all its homology groups are trivial, i.e., it is an
exact sequence.

A sequence

0 1 P
0B &, pt o, .gp 9, . (10.3.2)

of modules BP and their homomorphisms 67 is said to be a cochain complex
(or, simply, a complex) if
§PTLo P =0, peN,

i.e., Imé? C Ker 6P, The homomorphisms 67 are called coboundary op-
erators. For the sake of convenience, let us denote

=10 — B
Elements of a module BP?, its submodules Kerd? C BP and ImdP~! are

called p-cochains, p-cocycles and p-coboundaries, respectively. The p-th
cohomology group of the complex B* (10.3.2) is the factor module

HP(B*) = Ker 6? /Tm 671
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It is a K-module. In particular,

HY(B*) = Ker ¢°.
The complex (10.3.2) is exact at a term BP if and only if H?(B*) = 0. This
complex is an exact sequence if all its cohomology groups are trivial.

Remark 10.3.1. Given a chain complex B, (10.3.1), let B? = B be the K-
duals of B,. Let us define the K-module homomorphisms §? : B? — BPT!
as

0PHP = bP 0 Opt1 : Bpe1 — K, bP € BP. (10.3.3)

It is readily observed that 6?71 0d? = 0. Then {BP, §?} is the dual complex
of the chain complex B,. Let us note that, if the chain complex B, is exact,
the dual complex need not be so (see Theorem 10.1.2).

A complex (B*,§*) is called acyclic if its cohomology groups H°<P(B*)
are trivial. It is acyclic if there exists a homotopy operator h, defined as a
set of module morphisms

P+l . gt pp, pEN,
such that
hP*! o 6P 4 6771 o h? = Id B, p € Ny
Indeed, if 6PbP = 0, then
b = 5P~ (hPoP),
and HP>°(B*) = 0. A complex (B*,d*) is said to be a resolution of a
module B if it is acyclic and
H°(B*) =Keré’ = B.
The following are the standard constructions of new complexes from old
ones.
e Given complexes (Bj7,d7) and (B3, d3), their direct sum Bf & B} is a
complex of modules
(Bf ® B3)" = Bf © B}
with respect to the coboundary operators
08 (b + bh) = 676 + 0505,
e Given a subcomplex (C*, 6*) of a complex (B*, §*), the factor complex

B*/C* is defined as a complex of factor modules B? /CP provided with the
coboundary operators

P [P] = [570],
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where [bP] € BP/CP denotes the coset of an element bP.
e Given complexes (B7,07) and (B3, d3), their tensor product BY ® Bj
is a complex of modules

(BT@)B;)Z?: @ BY ® Bj
=p

with respect to the coboundary operators

85 (b @ bh) = (870F) @ b5 + (=1)*07 @ (3505).

A cochain morphism of complexes
~v:Bj — B3 (10.3.4)
is defined as a family of degree-preserving homomorphisms
7?: BY — BY, p €N,
such that
§yon? =P od], peN

It follows that if ¥ € By is a cocycle or a coboundary, then ~*(b?) € BY

is so. Therefore, the cochain morphism of complexes (10.3.4) yields an
induced homomorphism of their cohomology groups

]* s B (B}) — H*(B3).
Let short exact sequences
0cr e e g
for all p € N define a short exact sequence of complexes
00" 1B* S Fr 0, (10.3.5)
where v is a cochain monomorphism and ( is a cochain epimorphism onto

the quotient F* = B*/C*.

Theorem 10.3.1. The short exact sequence of complexes (10.5.5) yields
the long exact sequence of their cohomology groups

0 Ho(CY) HO(B*) O gorey 2L B (CY) — o (10.3.6)
— mr(cry 2 gr gy B grpey 2 gret o) —
Theorem 10.3.2. A direct sequence of complexes

7k+1

By — By —---B;, —Bj,, —- (10.3.7)

admits a direct limit BX which is a complex whose cohomology H*(BZX.) is
a direct limit of the direct sequence of cohomology groups

:
H(BY) — H*(B}) — - H*(BY) 2 g (Bp,,) — .
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10.4 Cohomology of groups

Cohomology of groups that we here describe characterize extension of these
groups by a commutative group [108].
One can associate to any set Z the following chain complex. Let Zj be a

E+1
free Z-module whose basis is the Cartesian product x Z. In particular, Zg
is a free Z-module whose basis is Z. Let us define Z-linear homomorphisms

Do : Zo > mi(2h) — Zmi €z, m; € 7, (10.4.1)
Oks1 ¢ Zyt1 — Zr, keN,
k1 _
On+1(20, - - -5 2h1) = Z(—l)ﬂ(zo, e Zjy e 2kt1), (10.4.2)
3=0

where the caret ~ denotes omission. It is readily observed that 0y 00x11 =0
for all k € N. Thus, we obtain the chain complex

80 81 ak+1

0 —7Z &7y &7 — o7 &2

called the standard chain complex of a set Z. This complex is exact.
Let Z = G be a group and G, the standard chain complex

)
0—7 & Gy &Gy — -G, 2. (10.4.3)
A Z-module Gy becomes a ring with respect to the multiplication
(mrg")(nkg®) = meni(g"g"),  memk€Z,  g',g" €G.

It is called the group ring ZG. Accordingly, a set G, k > 0, is brought
into a free left ZG-module by letting

9(90s -+ 9x) = (9905 - - -, 99k), gedG. (10.4.4)

Its basis consists of (k + 1)-tuples (1, g1, ...,gr). For the sake of simplicity,
left ZG-modules are usually called group G-modules. It is readily observed
that the boundary operators dy (10.4.1) and 9k~ (10.4.2) are G-module
morphisms, where Z is regarded as a trivial G-module.

Let us consider an isomorphic chain complex G, of G-modules. Its term
Gr>o0 is a free G-module whose basis consists of the k-tuples [g1, ..., gx],
while elements of Gg = ZG are m,g"[ |. The boundary operators of the
chain complex G, are given by the formula

I>olg1s- -, 9x] = g1lg2, - gk] + (10.4.5)

Z(_l)j[gla sy 9595415 - - agk?] + (_l)k[gh e 7gk—1]a
J
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and do(g] |) = 1 is a group module morphism from ZG to Z. The chain
complexes G, and G, are isomorphic via the association

(91, 96) — (1,91,9192, -, 91 Gk)-

Let A be a left G-module. Given the chain complex G., let us consider
the cochain complex whose terms

G" = Hom ¢(Gy,, A)

are left G-modules of group module morphisms f* : G, — A. These mor-
phisms also can be seen as A-valued functions f*(gi,...,gr) of k arguments
on a group G. In accordance with the formula (10.3.3), the coboundary op-
erators of the complex G* are defined as

(5kfk)(91, co Ghg1) = fk(3k+1[g1, e Gkg1)) = (10.4.6)
glfk(QQa v 7gk+1) + Z(fl)jfk(gla <oy 959541, - - 7gk+1)
J

+(=1) g1, ogk), keN
In particular, the module G° is isomorphic to A via the association
A3a-f0ed ) =a

For instance, we have

fg)=ga—a, geG, (10.4.7)
8 fH(g1,92) = 91f(92) — [H(9192) + [ (91), (10.4.8)
8% (g1, 92, 93) = 91.f* (92, 93) — [ (9192, 93) + (10.4.9)

£ (g1, 9293) — 2 (g1, 92).

Cohomology H*(G, A) of the complex G* is called cohomology of the
group G with coefficients in a G-module A. In particular, the expression
(10.4.7) shows that

H°(G, A) = Ker §°

is isomorphic to the additive subgroup of G-invariant elements of A. By
cohomology of a group G with coefficients in a G-module A also is meant
the cohomology H{ (G, A) of the subcomplex G§ of the complex G* whose
k-cochains are A-valued functions of k£ arguments from G which vanish
whenever one of the arguments is equal to 1. It is easily verified that

5kgéc C g(l)c+1-
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Let us show that the cohomology group H3(G, A) classifies the exten-
sions of a group G by an additive group A. Such an extension is defined as
a sequence

0-A 2w G —1 (10.4.10)

of group homomorphisms, where i is a monomorphism onto a normal sub-
group of W and 7 is an epimorphism onto the factor group G = W/A, i.e.,
Imi = 7~1(1). By analogy with sequences of additive groups, the sequence
(10.4.10) is said to be exact. For the sake of simplicity, let us identify A
with its image i(A) C W, and let us write the group operation in W in the
additive form.

Any extension (10.4.10) yields a homomorphism of G to the group of au-
tomorphisms of A as follows. Let w(g) be representatives in W of elements
g € G. Then any element w € W is uniquely written in the form

w = ay + w(g), ay € A.
Let us consider the automorphism
¢g:a— ga=w(g)+a—w(g), a€ A (10.4.11)

Certainly, this automorphism depends only on an element g € G, but not
on its representative in W. The association g — ¢, defines a desired
homomorphism

¢ : G — Aut A. (10.4.12)

This homomorphism ¢ makes A to a G-module denoted by Ag.

Conversely, the homomorphism ¢ (10.4.12) corresponds to some ex-
tension (10.4.10) of the group G. Among these extensions, there is the
semidirect product W = A x4, G with the group operation

(a,9)+ (d',¢) = (a+gd',g9"),  ga' =dy(d).

Theorem 10.4.1. There is one-to-one correspondence between the classes
of isomorphic extensions (10.4.10) of a group G by a commutative group A
associated to the same homomorphism ¢ (10.4.12) and the elements of the
cohomology group HE(G,Ay) [108].

In particular, the semidirect product A x4 G corresponds to 0 of the
cohomology group HZ(G, Ay).
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10.5 Cohomology of Lie algebras

Let g be a Lie algebra over a commutative ring KC. Let g act on a K-module
P on the left such that

[67 €I]p = (5 oe' —¢'o €)p7 &, e e g.

Then one calls P the Lie algebra g-module. Let us consider K-multilinear
skew-symmetric maps

k
& ixg— P

They form a g-module C*[g; P]. Let us put C°[g; P] = P. We obtain the
cochain complex

0 1 k
0—P 2sClgP] 2. CFg;P] 2 (10.5.1)
with respect to the Chevalley—FEilenberg coboundary operators
k
k(e e) = S (Dt (e B ) b (1052)
i=0
Z (—1)i+jck([€i,€j],€0, N ,é\i, PN 7§j, N 7f;'k),

1<i<j<k
where the caret ~ denotes omission [46]. For instance, we have

8°p(eo) = 0p, (10.5.3)

51(}1(60,61) = 6061(61) — 8181(60) — Cl([50,81]). (1054)

The complex (10.5.1) is called the Chevalley—Eilenberg complex, and its co-
homology H*(g, P) is the Chevalley—Eilenberg cohomology of a Lie algebra
g with coefficients in P.

In particular, let P = K and g : K — 0. Then the Chevalley—Eilenberg
complex C*[g; K] is the exterior algebra Ag* of the Lie coalgebra g*. The
Chevalley—Eilenberg coboundary operators (10.5.2) on this algebra read

k
ok (eo,. .. en) = Z(—l)”jck([gi,zsj],ao,...,a,...,Ej,...,gk).
i<j
(10.5.5)
In particular, we have

(5000(50) = 07 CO S IC7
6161(60,61) = —Cl([ao,fl]), ct S g*, (1056)

6202(50781352) = _02([80151]552) + 02<[80352]351) - 02([81782]150)'
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Cohomology H*(g,K) of the complex C*[g;K] is called the Chevalley—
Eilenberg cohomology of a Lie algebra A.

For instance, let g be the right Lie algebra of a finite-dimensional real
Lie group G. There is a monomorphism of the Chevalley—Eilenberg com-
plex C*[g; R] onto the subcomplex of right-invariant exterior forms of the de
Rham complex of exterior forms on G. In particular, the relation (10.5.6)
is the Maurer—Cartan equation. The above mentioned monomorphism in-
duces an isomorphism of the Chevalley—Eilenberg cohomology H*(g,R) of
g to the de Rham cohomology of G [46]. For instance, if G is semisimple,
then

H'(g,R) = H*(g,R) = 0.

10.6 Differential calculus over a commutative ring

Let A be a commutative IC-ring. Since the derivation module 0.4 of A is
a Lie C-algebra, one can associate to A the Chevalley—Eilenberg complex
C*[0A; A]. Tts subcomplex of A-multilinear maps is a differential graded
algebra, also called the differential calculus over A. By a gradation through-
out this Section is meant the N-gradation.

A graded algebra * over a commutative ring /C is defined as a direct
sum

Q* =00k
k

of K-modules QF, provided with an associative multiplication law « - (3,
o, 3 € QF, such that a - 8 € QH8 where |a| denotes the degree of an
element o € QI*l. In particular, it follows that QO is a (non-commutative)
K-algebra A, while Q%> are A-bimodules and Q* is an (A — A)-algebra.
A graded algebra is said to be graded commutative if

a-B=(=D)Blg. 0 a,peq

A graded algebra Q* is called the differential graded algebra or the
differential calculus over A if it is a cochain complex of K-modules

0K A4 20l 2u..qF 0. .. (10.6.1)

with respect to a coboundary operator § which obeys the graded Leibniz
rule

S(a-B)=da-B+(—1)a-sp. (10.6.2)
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In particular, 6 : 4 — Q! is a Q'-valued derivation of a K-algebra A. The
cochain complex (10.6.1) is said to be the abstract de Rham complex of
the differential graded algebra (©2*,J). Cohomology H*(2*) of the complex
(10.6.1) is called the abstract de Rham cohomology. It is a graded algebra
with respect to the cup-product

[a] — 8] =[a-p], (10.6.3)
where [a] denotes the de Rham cohomology class of elements o € Q*.

A morphism 7 between two differential graded algebras (Q2*,4) and

(€¥*,9") is defined as a cochain morphism, i.e.,

yod=ro0d.
It yields the corresponding morphism of the abstract de Rham cohomology
groups of these algebras.

One considers the minimal differential graded subalgebra Q*A of the
differential graded algebra 2* which contains A. Seen as an (A—.A)-algebra,
it is generated by the elements da, a € A, and consists of monomials

a = agday -+ - dag, a; € A,
whose product obeys the juxtaposition rule
(aoéal) . (b05b1) = &oé(albo) . (5b1 — a0a16b0 . 5b1

in accordance with the equality (10.6.2). The differential graded algebra
(Q*A,6) is called the minimal differential calculus over A.

Let now A be a commutative KC-ring possessing a non-trivial Lie alge-
bra 0.4 of derivations. Let us consider the extended Chevalley—FEilenberg
complex

0— K 2 C* oA A

of the Lie algebra 9.A with coefficients in the ring A, regarded as a 0.A4-
module. It is easily justified that this complex contains a subcomplex
O*pA] of A-multilinear skew-symmetric maps

k
P x oA — A (10.6.4)
with respect to the Chevalley—Eilenberg coboundary operator

k
do(ug, . ..,k Z d(ug, - s, .. ug)) +  (10.6.5)

Z(—l)iﬂqb([u“ Ujly U0y« vy Wy e e ey Uy vey Ukg)-

i<j
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In particular, we have

(da)(u) = u(a), a€ A, u € VA,

(do) (uo, ur) = uo(d(ur)) — ur(d(uo)) — d([uo,ua]), ¢ € O'pA
O PA] = A,

O'oA] = Hom 4(0A4, A) =0 A*.

It follows that d(1) = 0 and d is a O*[0.A]-valued derivation of A.
The graded module O*[p.A] is provided with the structure of a graded
A-algebra with respect to the exterior product

ONP (Ut oy Upys) = (10.6.6)
S sl s, ) (g g,),

1 <o <3 f1 <o <Js

¢ e O PA, ¢ € O°pA], ur € 0A,
where sgn' is the sign of a permutation. This product obeys the relations

dlpA)=d(@) AN¢' + (-l Ad(¢)), ¢ ¢ €O A,
dAG = (=D A, (10.6.7)

By virtue of the first one, O*[0.A] is a differential graded K-algebra, called
the Chevalley—FEilenberg differential calculus over a K-ring A. The relation
(10.6.7) shows that O*[0.A] is a graded commutative algebra.

The minimal Chevalley—Filenberg differential calculus O* A over a ring
A consists of the monomials

apday N -+ A dag, a; € A.
Its complex
0K —A -0 L. 0fa L. (10.6.8)

is said to be the de Rham complex of a K-ring A, and its cohomology H*(.A)
is called the de Rham cohomology of A. This cohomology is a graded
commutative algebra with respect to the cup-product (10.6.3) induced by
the exterior product A of elements of O* A so that

[¢] — [¢'] = [¢ A ). (10.6.9)
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10.7 Sheaf cohomology

Throughout this Section, we follow the terminology of [22; 80].

A sheaf on a topological space X is a continuous fibre bundle 7 : S — X
in modules over a commutative ring ', where the surjection 7 is a local
homeomorphism and fibres S;, x € X, called the stalks, are provided with
the discrete topology. Global sections of a sheaf S make up a K-module
S(X), called the structure module of S.

Any sheaf is generated by a presheaf. A presheaf Sy on a topological
space X is defined if a module Sy over a commutative ring K is assigned
to every open subset U C X (Sy = 0) and if, for any pair of open subsets
V C U, there exists the restriction morphism r‘g : Sy — Sy such that

rY =1d Sy, rh =iy, wWcvclU.

Every presheaf S¢rry on a topological space X yields a sheaf on X whose
stalk S, at a point x € X is the direct limit of the modules Sy, x € U,
with respect to the restriction morphisms r‘({. It means that, for each
open neighborhood U of a point z, every element s € Sy determines an
element s, € S,, called the germ of s at x. Two elements s € Sy and
s’ € Sy belong to the same germ at z if and only if there exists an open

neighborhood W C U NV of z such that r§,s = r}j,s’.

Example 10.7.1. Let C?U} be the presheaf of continuous real functions
on a topological space X. Two such functions s and s’ define the same
germ s, if they coincide on an open neighborhood of x. Hence, we obtain
the sheaf C% of continuous functions on X. Similarly, the sheaf C¥ of
smooth functions on a smooth manifold X is defined. Let us also mention
the presheaf of real functions which are constant on connected open subsets
of X. It generates the constant sheaf on X denoted by R.

Different presheaves may generate the same sheaf. Conversely, every
sheaf S defines a presheaf S({U}) of modules S(U) of its local sections. It
is called the canonical presheaf of the sheaf S. If a sheaf S is constructed
from a presheaf S(yy, there are natural module morphisms

Sy >s—s(U)eSU), s(x) =8z, z€U,

which are neither monomorphisms nor epimorphisms in general. For in-
stance, it may happen that a non-zero presheaf defines a zero sheaf. The
sheaf generated by the canonical presheaf of a sheaf S coincides with S.

A direct sum and a tensor product of presheaves (as families of modules)
and sheaves (as fibre bundles in modules) are naturally defined. By virtue
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of Theorem 10.1.4, a direct sum (resp. a tensor product) of presheaves gen-
erates a direct sum (resp. a tensor product) of the corresponding sheaves.

Remark 10.7.1. In the terminology of [152], a sheaf is introduced as a
presheaf which satisfies the following additional axioms.

(S1) Suppose that U C X is an open subset and {U,} is its open cover.
If 5,5’ € Sy obey the condition

rt, (s) =g, (s)

for all U,, then s = s’

(S2) Let U and {U,} be as in previous item. Suppose that we are given
a family of presheaf elements {s, € Sy, } such that

TTIJIZDU,\ (5a) = Tg,szA (52)

for all U,, Ux. Then there exists a presheaf element s € Sy such that
Saq = rga (s).
Canonical presheaves are in one-to-one correspondence with presheaves
obeying these axioms. For instance, presheaves of continuous, smooth and
locally constant functions in Example 10.7.1 satisfy the axioms (S1) — (S2).

Remark 10.7.2. The notion of a sheaf can be extended to sets, but not
to non-commutative groups. One can consider a presheaf of such groups,
but it generates a sheaf of sets because a direct limit of non-commutative
groups need not be a group. The first (but not higher) cohomology of X
with coefficients in this sheaf is defined [80].

There is a useful construction of a sheaf on a topological space X from
sheaves on open subsets which make up a cover of X.

Theorem 10.7.1. Let {Uc} be an open cover of a topological space X and
S¢ a sheaf on U¢ for every Ue. Let us suppose that, if Us NUg # 0, there is
a sheaf isomorphism
oce * Se |lucnue— S¢ lucnue
and, for every triple (Uc,Ue,U,), these isomorphisms fulfil the cocycle con-
dition
0¢¢ © 0¢.(Si|lvnvenu,) = 0e.(Slunuenu, )-
Then there exists a sheaf S on X together with the sheaf isomorphisms
¢¢ : Slug =S¢
such that

dclucnue = oce © beluenue-



10.7. Sheaf cohomology 339

A morphism of a presheaf S{y to a presheaf S%U} on the same topolog-
ical space X is defined as a set of module morphisms vy : Sy — S{; which
commute with restriction morphisms. A morphism of presheaves yields a
morphism of sheaves generated by these presheaves. This is a bundle mor-
phism over X such that 7, : S, — S, is the direct limit of morphisms
vu, * € U. Conversely, any morphism of sheaves S — S’ on a topolog-
ical space X yields a morphism of canonical presheaves of local sections
of these sheaves. Let Hom (S|y, S’|i) be the commutative group of sheaf
morphisms S|y — S’|y for any open subset U C X. These groups are
assembled into a presheaf, and define the sheaf Hom (S, S") on X. There is
a monomorphism

Hom (S, $')(U) — Hom (S(U), 8" (U)), (10.7.1)

which need not be an isomorphism.

By virtue of Theorem 10.1.6, if a presheaf morphism is a monomorphism
or an epimorphism, so is the corresponding sheaf morphism. Furthermore,
the following holds.

Theorem 10.7.2. A short exact sequence
0 — Sty — Sy = S{uy — 0 (10.7.2)

of presheaves on the same topological space yields the short exact sequence
of sheaves generated by these presheaves

0—-858—85—-5" -0, (10.7.3)

where the factor sheaf S = S/S’ is isomorphic to that generated by the
factor presheaf

SE’U} = S{U}/S‘/{U}‘
If the exact sequence of presheaves (10.7.2) is split, i.e.,
Siuy = Sy © S{oys
the corresponding splitting
S=5qs"
of the exact sequence of sheaves (10.7.8) holds.

The converse is more intricate. A sheaf morphism induces a morphism
of the corresponding canonical presheaves. If S — S’ is a monomorphism,

Sy - S'({U})
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also is a monomorphism. However, if S — S’ is an epimorphism,

S{U}) - S'({U})
need not be so. Therefore, the short exact sequence (10.7.3) of sheaves
yields the exact sequence of the canonical presheaves
0— S'{U}) — SH{UY) — S"({U}). (10.7.4)

where S({U}) — S”({U}) is not necessarily an epimorphism. At the same
time, there is the short exact sequence of presheaves

0—S'({U}) = SUUY) — S{yy — 0, (10.7.5)
where the factor presheaf

Stuy = S{UL/S'({U})

generates the factor sheaf S” = 5/.5’, but need not be its canonical presheaf.

Let us turn now to sheaf cohomology. We follow its definition in [80].
In the case of paracompact topological spaces, it coincides with a different
definition of sheaf cohomology based on the canonical flabby resolution
(Remark 10.7.5). Note that only proper covers are considered.

Let S{yy be a presheaf of modules on a topological space X, and let
1 = {U,;}ier be an open cover of X. One constructs a cochain complex
where a p-cochain is defined as a function s which associates an element

Sp(io, ey ip) S SUiOﬁ“'ﬁUip (1076)

to each (p+1)-tuple (o, . ..,4,) of indices in I. These p-cochains are assem-
bled into a module CP (4, S;yry). Let us introduce the coboundary operator

&7 CP(Y, Squy) — CPFHY, (),

p+1

PSP (g, . yipr1) = D _(=D)FrifFsPio, .. ik, .. iper),  (10.7.7)
k=0

W=U,n...0U; .., Wi=U,N---0Uy,N---NU,,.

One can easily check that 6?*! o 6?7 = 0. Thus, we obtain the cochain
complex of modules

0= C°W, Sqiry) - CP(8, Spay) 2 OV, Spuy) — -
(10.7.8)
Its cohomology groups

HP(4; Sgrry) = Ker 67 /Im 67!

are modules. Of course, they depend on an open cover i of X.
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Let {1’ be a refinement of the cover Y. Then there is a morphism of
cohomology groups

H*(Y4; Suy) — H* (W5 Squy)- (10.7.9)
Let us take the direct limit of cohomology groups H*(4; Styy) with respect
to these morphisms, where 4 runs through all open covers of X. This limit
H*(X; Sqyy) is called the cohomology of X with coefficients in the presheaf
Siuy-
Remark 10.7.3. The cohomology H*(X;S(y}) consists of elements of the
cohomology groups H*(i; S{yy3) modulo the morphisms (10.7.9). It fol-

lows that any cocycle sP (10.7.6) is a representative of some element of
H? (X; S{U})

Let S be a sheaf on a topological space X. Cohomology of X with
coefficients in S or, simply, sheaf cohomology of X is defined as cohomology
H*(X;5) = H*(X; S({U}))

with coefficients in the canonical presheaf S({U}) of the sheaf S.
In this case, a p-cochain s? € CP(U, S({U})) is a collection

sP = {sP(ig,...,ip)}
of local sections s”(ig,...,i,) of the sheaf S over U;, N---NUj;, for each
(p + 1)-tuple (Us,,...,Us,) of elements of the cover 4. The coboundary
operator (10.7.7) reads
p+1 R

675" (io, - -+, ipt1) = Z(*l)%p(im ey pt)
k=0

quoﬂ-~'ﬂU7;p+1 .

For instance, we have

8°s°(i,5) = [s°(5) = " (D)]|vw; (10.7.10)

§'s'(i, 4, k) = [s" (4, k) — " (i, k) + " (i, )]|vsnv;no, - (10.7.11)
A glance at the expression (10.7.10) shows that a zero-cocycle is a collection
s = {s(i)}1 of local sections of the sheaf S over U; € il such that s(i) = s(j)
on U; NU;. It follows from the axiom (S2) in Remark 10.7.1 that s is a
global section of the sheaf S, while each s(i) is its restriction s|y, to Us;.
Consequently, the cohomology group H°(4; S({U})) is isomorphic to the
structure module S(X) of global sections of the sheaf S. A one-cocycle is

a collection {s(i,7)} of local sections of the sheaf S over overlaps U; N U;
which satisfy the cocycle condition

[S<Ja k) - S(ka) + 8(27.7)]

vinu;nuy, = 0. (10.7.12)
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If X is a paracompact space, the study of its sheaf cohomology is essen-
tially simplified due to the following fact.

Theorem 10.7.3. Cohomology of a paracompact space X with coefficients
in a sheaf S coincides with cohomology of X with coefficients in any presheaf
generating the sheaf S.

Remark 10.7.4. We follow the definition of a paracompact topological
space in [80] as a Hausdorff space such that any its open cover admits a
locally finite open refinement, i.e., any point has an open neighborhood
which intersects only a finite number of elements of this refinement. A
topological space X is paracompact if and only if any cover {U¢} of X
admits a subordinate partition of unity {f¢}, i.e.:

(i) fe are real positive continuous functions on X;

(ii) supp fe C Ug;

(iii) each point # € X has an open neighborhood which intersects only
a finite number of the sets supp f¢;

(iv) D fe(z) =1for all z € X.

13

The key point of the analysis of sheaf cohomology is that short exact
sequences of sheaves yield long exact sequences of their cohomology groups.

Let Sy and Sf{U} be presheaves on the same topological space X.
It is readily observed that, given an open cover i of X, any morphism
Siuy — S%U} yields a cochain morphism of complexes

C*(LL S{U}) — C* (ua Sle})
and the corresponding morphism
H* (4 Sqoy) — H* (Y SEU})

of cohomology groups of these complexes. Passing to the direct limit
through all refinements of {, we come to a morphism of cohomology groups

of X with coefficients in the presheaves Sy and Sf{U}. In particular, any
sheaf morphism S — S’ yields a morphism of canonical presheaves

S{U}) — s'"({U})
and the corresponding cohomology morphism

H*(X;8) — H*(X;98").
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By virtue of Theorems 10.3.1 and 10.3.2, every short exact sequence
0— Sty —Swy —S{y —0 (10.7.13)
of presheaves on the same topological space X and the corresponding exact
sequence of complexes (10.7.8) yield the long exact sequence
0— H(X; Suny) — H°(X;Siy) — H(X; Stry) — (10.7.14)
HY(X;S{yy) — - HP(X; S{yy) — HP(X;Swy) —
HP(X; S‘/{/U}) _>Hp+1(X§ S‘/{U}) —
of the cohomology groups of X with coefficients in these presheaves. This

result however is not extended to an exact sequence of sheaves, unless X is
a paracompact space. Let

0—8 —S§ —8"—-0 (10.7.15)

be a short exact sequence of sheaves on X. It yields the short exact sequence
of presheaves (10.7.5) where the presheaf Sj(’U} generates the sheaf S”. If
X is paracompact,

H*(X;Syy) = H*(X;8")
in accordance with Theorem 10.7.3, and we have the exact sequence of sheaf
cohomology
0— H(X;S) — H°X;S) — H°(X;S") —  (10.7.16)
HY(X;8') — - HP(X;S') — HP(X;S) —
HP(X;S") — HPTH(X;8) —---
Let us turn now to the abstract de Rham theorem which provides a

powerful tool of studying algebraic systems on paracompact spaces.
Let us consider an exact sequence of sheaves

0 1 P
08 gy g g, 2 (10.7.17)
It is said to be a resolution of the sheaf S if each sheaf S,>¢ is acyclic, i.e.,
its cohomology groups H*>(X; S,) vanish.
Any exact sequence of sheaves (10.7.17) yields the sequence of their

structure modules
1

0= S(X) M so(x) Mhsx) M s, M (10.7.18)

which is always exact at terms S(X) and Sp(X) (see the exact sequence
(10.7.4)). The sequence (10.7.18) is a cochain complex because

hE o P = 0.
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If X is a paracompact space and the exact sequence (10.7.17) is a res-
olution of S, the forthcoming abstract de Rham theorem establishes an
isomorphism of cohomology of the complex (10.7.18) to cohomology of X
with coefficients in the sheaf S [80].

Theorem 10.7.4. Given a resolution (10.7.17) of a sheaf S on a para-
compact topological space X and the induced complex (10.7.18), there are
isomorphisms

HY(X;S) = Kerh?, HY(X;S) = Kerh?/Tmh? ™, q>0.
(10.7.19)

We refer to the following minor modification of Theorem 10.7.4 [56;
150].

Theorem 10.7.5. Let

0 1 p—1 P
0— S h—>So h—>5'1 h—>---h—>Sp h—>Sp+1, p>1, (10.7.20)

be an exact sequence of sheaves on a paracompact topological space X, where
the sheaves S4, 0 < q < p, are acyclic, and let

0 1
0 S(X) 2 Sp(x) M8y (x) Lo (10.7.21)

he—t h®

— Sp(X) — Spya(X)
be the corresponding cochain complex of structure modules of these sheaves.
Then the isomorphisms (10.7.19) hold for 0 < q < p.

Any sheaf on a topological space admits the canonical resolution by
flabby sheaves as follows. A sheaf S on a topological space X is called
flabby (or flasque in the terminology of [152]), if the restriction morphism
S(X) — S(U) is an epimorphism for any open U C X, i.e., if any local
section of the sheaf S can be extended to a global section. A flabby sheaf
is acyclic. Indeed, given an arbitrary cover i of X, let us consider the
complex C*(U, S({U})) (10.7.8) for its canonical presheaf S({U}). Since S
is flabby, one can define a morphism

h: CP(U, S({UY})) — CP~H W, S{U}),  p>0,
hsP(io, . .. ip1) = j*sP(i0, . ip-1,7), (10.7.22)

where Uj is a fixed element of the cover Y and j*sP is an extension of

sP(ig, ... ip—1,7) onto Uy, N---NU;,_,. A direct verification shows that
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h (10.7.22) is a homotopy operator for the complex C*(U, S({U})) and,
consequently,
HP>(4; S({U})) = 0.

Given an arbitrary sheaf S on a topological space X, let S%({U}) denote
the presheaf of all (not-necessarily continuous) sections of the sheaf S. It
generates a sheaf S% on X, and coincides with the canonical presheaf of
this sheaf. There are the natural monomorphisms

S{UY) — Sp({Uy) S — Sp.
It is readily observed that the sheaf S% is flabby. Let us take the quotient
S%/S and construct the flabby sheaf

Sk = (Sp/9)r-
Continuing the procedure, we obtain the exact sequence of sheaves
0—8 —8% —8L — ... (10.7.23)
which is a resolution of S since all sheaves are flabby and, consequently,
acyclic. It is called the canonical flabby resolution of the sheaf S. The

exact sequence of sheaves (10.7.23) yields the complex of structure modules
of these sheaves

0— S(X) —SHX) — SH(X) —---. (10.7.24)
If X is paracompact, the cohomology of X with coefficients in the sheaf S
coincides with that of the complex (10.7.24) by virtue of Theorem 10.7.4.

Remark 10.7.5. An important peculiarity of flabby sheaves is that a short
exact sequence of flabby sheaves on an arbitrary topological space provides
the short exact sequence of their structure modules. Therefore, there is a
different definition of sheaf cohomology. Cohomology of a topological space
X with coefficients in a sheaf S is defined directly as cohomology of the
complex (10.7.24) [22]. For a paracompact space, this definition coincides
with the above mentioned one due to Theorem 10.7.4.

In the sequel, we also refer to a fine resolution of sheaves, i.e., a resolu-
tion by fine sheaves.

A sheaf S on a paracompact space X is called fine if, for each locally
finite open cover 4 = {U, }ier of X, there exists a system {h;} of endomor-
phisms h; : S — S such that:

(i) there is a closed subset V; C U; and h;(S,) =0if z € V;,

(ii) 3 h; is the identity map of S.

iel

Theorem 10.7.6. A fine sheaf on a paracompact space is acyclic.



346 Appendizes

There is the following important example of fine sheaves.

Theorem 10.7.7. Let X be a paracompact topological space which admits
a partition of unity performed by elements of the structure module A(X) of
some sheaf A of real functions on X. Then any sheaf S of A-modules on
X, including A itself, is fine.

In particular, the sheaf C% of continuous functions on a paracompact
topological space is fine, and so is any sheaf of C%-modules.

We complete our exposition of sheaf cohomology with the following
useful theorem [10].

Theorem 10.7.8. Let f : X — X' be a continuous map and S a sheaf
on X. Let either [ be a closed immersion or every point ¥’ € X' have a
base of open neighborhoods {U} such that the sheaves S | ;-1 are acyclic.
Then the cohomology groups H*(X;S) and H*(X'; f.S) are isomorphic.

10.8 Local-ringed spaces

Local-ringed spaces are sheafs of local rings. For instance, smooth mani-
folds, represented by sheaves of real smooth functions, make up a subcate-
gory of the category of local-ringed spaces (Section 10.9).

A sheaf PR on a topological space X is said to be a ringed space if its
stalk R, at each point z € X is a real commutative ring [152]. A ringed
space is often denoted by a pair (X, R) of a topological space X and a sheaf
R of rings on X. They are called the body and the structure sheaf of a
ringed space, respectively.

A ringed space is said to be a local-ringed space (a geometric space in
the terminology of [152]) if it is a sheaf of local rings.

For instance, the sheaf C% of continuous real functions on a topological
space X is a local-ringed space. Its stalk C?, # € X, contains the unique
maximal ideal of germs of functions vanishing at x.

Morphisms of local-ringed spaces are defined as those of sheaves on
different topological spaces as follows.

Let ¢ : X — X’ be a continuous map. Given a sheaf S on X, its direct
image ¢..S on X' is generated by the presheaf of assignments

X' DU — S H(U")

for any open subset U’ C X’. Conversely, given a sheaf S” on X', its inverse
image ©*S’ on X is defined as the pull-back onto X of the continuous fibre
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bundle " over X', i.e., p*S; = S,(;). This sheaf is generated by the
presheaf which associates to any open V' C X the direct limit of modules
S'(U) over all open subsets U C X’ such that V C f~1(U).

Remark 10.8.1. Let i : X — X’ be a closed subspace of X’. Then 4,5 is
a unique sheaf on X’ such that

i.S|x = 5, xS xnx = 0.
Indeed, if 2’ € X C X', then
iS(U")=8SU' NnX)
for any open neighborhood U of this point. If 2’ ¢ X, there exists its

neighborhood U’ such that U’ N X is empty, i.e., ,.5(U’) = 0. The sheaf
1.5 1s called the trivial extension of the sheaf S.

By a morphism of ringed spaces
(X, %) — (X', %)

is meant a pair (¢, ) of a continuous map ¢ : X — X’ and a sheaf
morphism @ : R — R or, equivalently, a sheaf morphisms p*R —
R. Restricted to each stalk, a sheaf morphism ® is assumed to be a ring
homomorphism. A morphism of ringed spaces is said to be:

e a monomorphism if ¢ is an injection and ® is an epimorphism,

e an epimorphism if ¢ is a surjection, while ® is a monomorphism.

Let (X,R) be a local-ringed space. By a sheaf DR of derivations of
the sheaf R is meant a subsheaf of endomorphisms of R such that any
section u of R over an open subset U C X is a derivation of the real ring
R(U). It should be emphasized that, since the monomorphism (10.7.1) is
not necessarily an isomorphism, a derivation of the ring 23(U) need not be
a section of the sheaf dR|y. Namely, it may happen that, given open sets
U’ C U, there is no restriction morphism

AR(V)) = d(R(T).

Given a local-ringed space (X, fR), a sheaf P on X is called a sheaf of R~
modules if every stalk P,, € X, is an R,-module or, equivalently, if P(U)
is an R(U)-module for any open subset U C X. A sheaf of R-modules P is
said to be locally free if there exists an open neighborhood U of every point
x € X such that P(U) is a free SR(U)-module. If all these free modules are
of finite rank (resp. of the same finite rank), one says that P is of finite
type (resp. of constant rank). The structure module of a locally free sheaf
is called a locally free module.
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The following is a generalization of Theorem 10.7.7 [80].

Theorem 10.8.1. Let X be a paracompact space which admits a partition
of unity by elements of the structure module S(X) of some sheaf S of real
functions on X. Let P be a sheaf of S-modules. Then P is fine and,
consequently, acyclic.

10.9 Cohomology of smooth manifolds

It should be emphasized that cohomology of smooth manifolds are their
topological invariants in the sense that they are the same for homotopic
topological spaces. The following two facts enable one to define them for
smooth manifolds.

(i) Smooth manifolds have the homotopy type of CW-complexes [35].

(ii) Assumed to be paracompact, a smooth manifold X admits a par-
tition of unity performed by smooth real functions. It follows that the
sheaf C of smooth real functions on X is fine, and so is any sheaf of
C$-modules, e.g., the sheaves of sections of smooth vector bundles over X.

Similarly to the sheaf C% of continuous functions, the sheaf C§ of
smooth real functions on a smooth manifold X is a local-ringed spaces. Its
stalk C2° at a point © € X has a unique maximal ideal p, of germs of
smooth functions vanishing at z. Though the sheaf CY¥ is defined on a
topological space X, it fixes a unique smooth manifold structure on X as
follows.

Theorem 10.9.1. Let X be a paracompact topological space and (X,R)
a local-ringed space. Let X admit an open cover {U;} such that the sheaf
R restricted to each U; is isomorphic to the local-ringed space (R™, C%).
Then X is an n-dimensional smooth manifold together with a natural iso-
morphism of local-ringed spaces (X,R) and (X,C¥).

One can think of this result as being an alternative definition of smooth
real manifolds in terms of local-ringed spaces. A smooth manifold X also is
algebraically reproduced as a certain subspace of the spectrum of the real
ring C*°(X) of smooth real functions on X as follows [6].

Let Spec A be the set of prime ideals of a commutative ring A. It is
called the spectrum of A. Let us assign to each ideal Z of A the set

V(Z)={xz € SpecA :TCx}. (10.9.1)
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These sets possess the properties

V{0}) = Spec A, V(A) =0,
NV(Z)=V(©TL), V@)UVIT)=VEIT).

In view of these properties, one can regard the sets (10.9.1) as closed sets
of some topology on the spectrum Spec A. It is called the Zariski topology.
A base for this topology consists of the closed sets

U(a) ={x € Spec A : a € v} = Spec A\ V(Aa) (10.9.2)

as a runs through A. In particular, the set of closed points is the set
Specm A of all maximal ideals of A. Endowed with the relative Zariski
topology, it is called the maximal spectrum of A. A ring morphism ( :
A — A’ induces the continuous map

¢": Spec A’ 3 2’ — ¢~(a') € Spec A. (10.9.3)

Let A be a real commutative ring. The real spectrum of A is the sub-
space SpecrA C Specm A of the maximal ideals Z such that the quotients
A/T are isomorphic to R. It is endowed with the relative Zariski topology.
There is the bijection between the set of R-algebra morphisms of A to the
field R and the real spectrum of A, namely,

Homg(A,R) 5 ¢ — Ker ¢ € Specy.A,
Specg A > ¢ — 7, € Homg(A,R), Tyt A— Afz =R

Any element a € A induces a real function
fa : Specg A D x — i (a)

on the real spectrum Specg.A. This function need not be continuous with
respect to the Zariski topology, but one can provide Specg.4 with another
topology, called the Gel’fand topology, which is the coarsest topology which
makes all such functions continuous.

Theorem 10.9.2. If A = C*°(X) is the real ring of smooth real functions
on a manifold X, the Zariski and Gel’fand topologies on its real spectrum
SpecgC*®(X) coincide with each other. Therefore, there is a homeomor-
phism

Xx : X 32— py € SpecgC(X). (10.9.4)
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Any smooth map v : X — X’ induces the R-ring morphism
7 C%(X!) > C=(X)
which associates to a function f on X’ the pull-back function
Vf="Fen
on X. Conversely, each R-ring morphism
CC=(XT) = C(X)
yields the continuous map ¢* (10.9.3) which sends
SpecgC°(X) C Spec C*°(X)
to
SpecrC*(X") C Spec C™(X")
so that the induced map
X}}Ch oxx: X — X'
is smooth. Thus, there is one-to-one correspondence between smooth ma-
nifold morphisms X — X’ and the R-ring morphisms C*°(X') — C*(X).

Remark 10.9.1. Let X x X’ be a manifold product. The ring C*°(X x X’)
is constructed from the rings C*°(X) and C°°(X’) as follows. Throughout
the book, by a topology on the ring C*°(X) is meant the topology of com-
pact convergence for all derivatives [129]. With this topology, C*°(X) is a
Fréchet ring, i.e., a complete metrizable locally convex topological vector
space. There is an isomorphism of Fréchet rings

C®(X)RC™®(X') = C®(X x X'), (10.9.5)

where the left-hand side, called the topological tensor product, is the com-
pletion of C*°(X) ® C°°(X’) with respect to Grothendieck’s topology, de-
fined as follows. If E; and E5 are locally convex topological vector spaces,
Grothendieck’s topology is the finest locally convex topology on E; ® Fs
such that the canonical mapping of E; x FEy to E; ® Fy is continuous
[129]. Furthermore, for any two open subsets U C X and U’ C X', let us
consider the topological tensor product of rings C°°(U)®C>(U’). These
tensor products define a local-ringed space (X x X', C}’(O@Cj?) Due to the
isomorphism (10.9.5) written for all U C X and U’ C X', we obtain the
sheaf isomorphism

CERCE = CLy xr- (10.9.6)



10.9. Cohomology of smooth manifolds 351

Since a smooth manifold admits a partition of unity by smooth func-
tions, it follows from Theorem 10.8.1 that any sheaf of C'SP-modules on X
is fine and, consequently, acyclic.

For instance, let Y — X be a smooth vector bundle. The germs of its
sections make up a sheaf of C-modules, called the structure sheaf Sy of
a vector bundle Y — X. The sheaf Sy is fine. The structure module of
this sheaf coincides with the structure module Y (X) of global sections of
a vector bundle Y — X. The following Serre-Swan theorem shows that
these modules exhaust all projective modules of finite rank over C*°(X).
Originally proved for bundles over a compact base X, this theorem has
been extended to an arbitrary X [60; 127].

Theorem 10.9.3. Let X be a smooth manifold. A C°°(X)-module P is
isomorphic to the structure module of a smooth vector bundle over X if and
only if it is a projective module of finite rank.

Proof. Let
{(Ue,be); 0ec},  &,¢=1,...,k,

be a finite atlas of a smooth vector bundle Y — X of fibre dimension m
in accordance with Theorem 1.1.9. Given a smooth partition of unity {fe}
subordinate to the cover {Ug}, let us set

le = fe(ff +-+ F)72
It is readily observed that {lg} also is a partition of unity subordinate to
{U¢}. Every element s € Y (X) defines an element of a free C*°(X')-module
of rank m + k as follows. Let us put s¢ = 9¢ o s|y,. It fulfils the relation

S¢ = ZQ&&%SC. (10.9.7)
¢

There are a module monomorphism

m+k
F:Y(X)3s— (ist,... lpsk) € @ C®(X)

and a module epimorphism
m+k ~ ~
o: @ C®(X) > (t1,...,tg) — (51,...,5k) € Y(X),
gi = Z Qijljtj.
J
In view of the relation (10.9.7),

doF =1dY(X),

i.e., Y(X) is a projective module of finite rank. The converse assertion is
proved similarly to that in [160]. O
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This theorem states the categorial equivalence between the vector bun-
dles over a smooth manifold X and projective modules of finite rank over
the ring C*°(X) of smooth real functions on X. The following are corol-
laries of this equivalence

e The structure module Y*(X) of the dual Y* — X of a vector bundle
Y — X isthe C*°(X)-dual Y (X)* of the structure module Y (X) of Y — X.

e Any exact sequence of vector bundles

0—-Y —Y —Y" =0 (10.9.8)
over the same base X yields the exact sequence
0—-Y(X) —Y'(X) —Y"(X)—0 (10.9.9)

of their structure modules, and wvice versa. In accordance with Theorem
1.1.12, the exact sequence (10.9.8) is always split. Every its splitting defines
that of the exact sequence (10.9.9), and vice versa.

e The derivation module of the real ring C*°(X) coincides with the
C*(X)-module 7 (X) of vector fields on X, i.e., with the structure module
of the tangent bundle TX of X. Hence, it is a projective C°°(X)-module
of finite rank. It is the C°°(X)-dual 7(X) = O (X)* of the structure
module O(X) of the cotangent bundle 7% X of X which is the module of
differential one-forms on X and, conversely,

O X) =T(X)*.

e Therefore, if P is a C°°(X)-module, one can reformulate Definition
10.2.2 of a connection on P as follows. A connection on a C'*°(X)-module
P is a C°°(X)-module morphism

V:P—-0YX)® P, (10.9.10)
which satisfies the Leibniz rule
V(fp)=df @p+ fV(p), feC®(X), peP.

It associates to any vector field 7 € 7(X) on X a first order differential
operator V.. on P which obeys the Leibniz rule

V(fp) = (ldf)p+ fV-p. (10.9.11)

In particular, let Y — X be a vector bundle and Y (X)) its structure module.
The notion of a connection on the structure module Y (X) is equivalent to

the standard geometric notion of a connection on a vector bundle Y — X
[112].
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Since the derivation module of the real ring C*°(X) is the C*(X)-
module 7 (X) of vector fields on X and

the Chevalley—Eilenberg differential calculus over the real ring C*°(X) is
exactly the differential graded algebra (O*(X),d) of exterior forms on X,
where the Chevalley—Eilenberg coboundary operator d (10.6.5) coincides
with the exterior differential. Moreover, one can show that (O*(X),d) is a
minimal differential calculus, i.e., the C°°(X)-module O'(X) is generated
by elements df, f € C*°(X). Therefore, the de Rham complex (10.6.8) of
the real ring C*°(X) is the de Rham complex

d

0-R —C2(X) L 0o'(x) L d

LOMX) S (10.9.12)

of exterior forms on a manifold X.

The de Rham cohomology of the complex (10.9.12) is called the de
Rham cohomology Hpyi(X) of X. To describe them, let us consider the
de Rham complex

0-R —0P LoL 4.0k 4 (10.9.13)

of sheaves O%, k € N, of germs of exterior forms on X. These sheaves
are fine. Due to the Poincaré lemma, the complex (10.9.13) is exact and,
thereby, is a fine resolution of the constant sheaf R on a manifold X. Then
a corollary of Theorem 10.7.4 is the classical de Rham theorem.

Theorem 10.9.4. There is an isomorphism
HEL(X) = HF(X;R) (10.9.14)
of the de Rham cohomology H{yr(X) of a manifold X to cohomology of X

with coefficients in the constant sheaf R.

Cohomology H*(X;R) in turn is related to cohomology of other types
as follows. Let us consider the short exact sequence of constant sheaves

0—-7Z —R —U(1l)—0, (10.9.15)

where U(1) = R/Z is the circle group of complex numbers of unit modulus.
This exact sequence yields the long exact sequence of the sheaf cohomology
groups
0—-72 —R —U(l) —HY(X;Z) — H(X;R) —---
HP(X;Z) — HP(X;R) — HP(X;U(1)) — HPYN(X;Z) — -,
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where
HY(X;7) =17, H°(X;R)=R
and
HO(X;U(1)) =U(1).
This exact sequence defines the homomorphism
H*(X;Z)— H*(X;R)=H"(X;Z)®R (10.9.16)

of cohomology with coefficients in the constant sheaf Z to that with coeffi-
cients in R. Combining the isomorphism (10.9.14) and the homomorphism
(10.9.16) leads to the cohomology homomorphism

H*(X;7Z) — Hjp(X). (10.9.17)

Its kernel contains all cyclic elements of cohomology groups H*(X;7Z).

Since smooth manifolds are assumed to be paracompact, there is the
following isomorphism between their sheaf cohomology and singular coho-
mology.

Theorem 10.9.5. The sheaf cohomology H*(X;Z) (resp. H*(X;Q),
H*(X;R)) of a paracompact topological space X with coefficients in the
constant sheaf Z (resp. Q, R) is isomorphic to the singular cohomology of
X with coefficients in the ring Z (resp. Q, R) [22; 1/6].

Note that singular cohomology of paracompact topological spaces co-
incides with the Cech and Alexandery ones. Since singular cohomology
is a topological invariant [146], the sheaf cohomology groups H*(X;Z),
H*(X;Q), H*(X;R) and, consequently, de Rham cohomology of smooth
manifolds also are topological invariants.

10.10 Leafwise and fibrewise cohomology

Let F be a (regular) foliation of a k-dimensional manifold Z provided with
the adapted coordinate atlas (1.1.30). The real Lie algebra 7 (F) of global
sections of the tangent bundle TF — Z to F is a C*°(Z)-submodule of
the derivation module of the real ring C°°(Z). Its kernel Sx(Z) C C*(2)
consists of functions constant on leaves of F. Therefore, T (F) is the Lie
S (Z)-algebra of derivations of C*°(Z), regarded as a Sx(Z)-ring. Then
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one can introduce the leafwise differential calculus [57; 75 as the Chevalley—
Eilenberg differential calculus over the Sz(Z)-ring C*°(Z). It is defined as
a subcomplex

d

0— Sr(Z) —C=(Z) —=3F(Z) - i>§C‘imf(2) —0  (10.10.1)

of the Chevalley-Eilenberg complex of the Lie Sr(Z)-algebra 7 (F) with
coefficients in C*°(Z) which consists of C*°(Z)-multilinear skew-symmetric
maps

XT(F) — C™(Z), r=1,...,dimF.

These maps are global sections of exterior products ATF* of the dual
TF — Z of TF — Z. They are called the leafwise forms on a foliated
manifold (Z, F), and are given by the coordinate expression

1 - N
¢= ﬁﬁbil...irdz“ Ao Adz
il

where {dz'} are the duals of the holonomic fibre bases {9;} for TF and
w is the exterior product (10.6.6). Then one can think of the Chevalley—
Eilenberg coboundary operator

~ ~ 1 ~ ~ . ~
dp = dzF N opg = ﬁak@l_,,“dzk ANdZY A - Ndzt (10.10.2)

as being the leafwise exterior differential. The Chevalley—Eilenberg differ-
ential calculus §*(Z) as like as O*(Z) is minimal. Accordingly, the complex
(10.10.1) is called the leafwise de Rham complex (or the tangential de Rham
complex in the terminology of [75]). This is the complex (A%*, dy) in [159].
Its cohomology H}(Z), called the leafwise de Rham cohomology, equals
the cohomology H*(Z; Sx) of Z with coefficients in the sheaf Sz of germs
of elements of Sz(Z) [88].

In order to relate the leafwise de Rham cohomology H;(Z) with the de
Rham cohomology of Z, let us consider the exact sequence (1.1.32) of vector
bundles over Z. Since it admits a splitting, the epimorphism ¢’ yields that
of the algebra O*(Z) of exterior forms on Z to the algebra §*(Z) of leafwise
forms. It obeys the condition

irod=doi},
and provides the cochain morphism

it (R,0%(2),d) — (Sr(2), F*(2),d), (10.10.3)

dz* >0, dzf — Jzi,
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of the de Rham complex of Z to the leafwise de Rham complex (10.10.1)
and the corresponding homomorphism

i3] Hyp(Z) — Hi(2) (10.10.4)

of the de Rham cohomology of Z to the leafwise one. Let us note that
[i%]">° need not be epimorphisms [159].
Given a leaf ip : F — Z of F, we have the pull-back homomorphism

(R, 0%(2),d) — (R, O*(F), d) (10.10.5)

of the de Rham complex of Z to that of ' and the corresponding homo-
morphism of the de Rham cohomology groups

Hye(2) — Hiyp(F). (10.10.6)

Theorem 10.10.1. The homomorphisms (10.10.5) — (10.10.6) factorize
through the homomorphisms (10.10.3) — (10.10.4).

Proof. It isreadily observed that the pull-back bundles i}, 7 F and i}, T F*
over F' are isomorphic to the tangent and the cotangent bundles of F,
respectively. Moreover, a direct computation shows that

ip(do) = d(i)

for any leafwise form ¢. It follows that the cochain morphism (10.10.5) fac-
torizes through the cochain morphism (10.10.3) and the cochain morphism

it (SE(2),54(2),d) —» (R,0*(F),d),  dz' — dz', (10.10.7)
of the leafwise de Rham complex of (Z,F) to the de Rham complex of
F'. Accordingly, the cohomology morphism (10.10.6) factorizes through the
leafwise cohomology

Hin(2) 2 w2y Y g (). (10.10.8)

Let Y — X be a fibred manifold endowed with fibred coordinates
(J:>‘, y'). Treating it as a particular foliated manifold, we come to the notion
of the fibrewise de Rham complex and the fibrewise de Rham cohomology.
This complex V*(Y) consists of sections of the exterior bundle AV*Y — Y
where V*Y is the vertical cotangent bundle of Y provided with linear bun-
dle coordinates (x, y*, ;) relative to coframes {dy’}. These sections, called
the fibrewise forms, are given by the coordinate expression

: dy’ =i
¢:F¢i1..‘irdy1/\.../\dy7'
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The C*°(X)-linear fibrewise exterior differential (10.10.2 acting on these
forms reads

o 1 _ . .
de = dy* A Opg = ﬁakﬁbil...udyk Ady™ A Ady'T

In particular, there is the cochain morphism (10.10.7) dy’ — dy’ of the

fibrewise de Rham complex (C*°(X),V*(Y),d) to the de Rham complex
(R,0*(V;),d) of a fibre V,,, © € X, of a fibred manifold Y — X. This
cochain morphism yields the corresponding cohomology morphism

Hy(Y) — Hiyg(Va) (10.10.9)

of the fibrewise cohomology to the de Rham cohomology of V.
For instance, let Y — X be an affine bundle. Then

HpR(Ve) =0
for any x € X. Let us show the following.

Theorem 10.10.2. If Y — X is an affine bundle, its fibrewise de Rham
complez is acyclic, i.e., cohomology HY<*(Y') is trivial.

Proof. Let an affine bundle Y — X be provided with bundle coordinates
(2}, y*) possessing linear transition functions (see Theorem 1.1.13). Given
a coordinate chart (U x V; 2, y%) of Y over a domain U C X, let us consider
the homotopy operator

h: VEY) - VFH(Y),

1 1 iNT, i =i
h#)= /[(k— 1)'tk Y G (2 by )y A N dy™ | dt
0

This operator is globally defined due to linear transition functions of fibre
coordinates y°. O

Remark 10.10.1. If
Y =R" x R™ — R",

Theorem 10.10.2 reproduces the so called relative Poincaré lemma [53]. For
instance, let ¢ = p A w be an exact (r + n)-form on R™ x R™. Then, ¢ is
brought into the form ¢ = do A w where o is an (r — 1)-form on R™ x R™.
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