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Preface

Contemporary quantum field theory is mainly developed as quantization of
classical fields. Classical field theory thus is a necessary step towards quan-
tum field theory. This book provides an exhaust mathematical foundation
of Lagrangian classical field theory and its BRST extension for the purpose
of quantization.

Lagrangian theory of Grassmann-graded (even and odd) fields on fibre
bundles and graded manifolds is presented in the book in a very general
setting. It is adequately formulated in geometric and algebraic topological
terms of the jet manifolds and the variational bicomplex. The main ingre-
dients in this formulation are cohomology of the variational bicomplex, the
global first variational formula, variational symmetries and supersymme-
tries, the first Noether theorem, Noether identities, the direct and inverse
second Noether theorems, and gauge symmetries.

Degenerate Lagrangian field theories are comprehensively investigated.
The hierarchies of their non-trivial reducible Noether identities and gauge
symmetries are described in homology terms. The relevant direct and in-
verse second Noether theorems are formulated in a very general setting.

The study of degeneracy of Lagrangian field theory straightforwardly
leads to its BRST extension by Grassmann-graded antifields and ghosts
which constitute the chain and cochain complexes of non-trivial Noether
identities and gauge symmetries. In particular, a gauge operator is pro-
longed to a nilpotent BRST operator, and an original field Lagrangian is
extended to a non-trivial solution of the classical master equation of La-
grangian BRST theory. This is a preliminary step towards quantization of
classical Lagrangian field theory in terms of functional integrals.

The basic field theories, including gauge theory on principal bundles,
gravitation theory on natural bundles, theory of spinor fields and topolog-

v
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vi Preface

ical field theory, are presented in the book in a very complete way.
Our book addresses to a wide audience of theoreticians and mathemat-

ical physicists, and aims to be a guide to advanced differential geometric
and algebraic topological methods in field theory.

With respect to mathematical prerequisites, the reader is expected to
be familiar with the basics of differential geometry of fibre bundles. We
have tried to give the necessary mathematical background, thus making
the exposition self-contained. For the sake of convenience of the reader,
several relevant mathematical topics are compiled in Appendixes.
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Introduction

Contemporary quantum field theory is mainly developed as quantization
of classical fields. In particular, a generating functional of Green functions
in perturbative quantum field theory depends on an action functional of
classical fields. In contrast with quantum field theory, classical field theory
can be formulated in a strict mathematical way.

Observable classical fields are an electromagnetic field, Dirac spinor
fields and a gravitational field on a world real smooth manifold. Their dy-
namic equations are Euler–Lagrange equations derived from a Lagrangian.
One also considers classical non-Abelian gauge fields and Higgs fields. Bas-
ing on these models, we study Lagrangian theory of classical Grassmann-
graded (even and odd) fields on an arbitrary smooth manifold in a very
general setting. Geometry of principal bundles is known to provide the
adequate mathematical formulation of classical gauge theory. Generalizing
this formulation, we define even classical fields as sections of smooth fibre
bundles and, accordingly, develop their Lagrangian theory as Lagrangian
theory on fibre bundles.

Note that, treating classical field theory, we are in the category of finite-
dimensional smooth real manifolds, which are Hausdorff, second-countable
and paracompact. Let X be such a manifold. If classical fields form a
projective C∞(X)-module of finite rank, their representation by sections of
a fibre bundle follows from the well-known Serre–Swan theorem.

Lagrangian theory on fibre bundles is adequately formulated in algebraic
terms of the variational bicomplex of exterior forms on jet manifolds [3; 17;
59]. This formulation is straightforwardly extended to Lagrangian theory
of even and odd fields by means of the Grassmann-graded variational bi-
complex [9; 14; 59]. Cohomology of this bicomplex provides the global first
variational formula for Lagrangians and Euler–Lagrange operators, the first

1
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2 Introduction

Noether theorem and conservation laws in a general case of supersymme-
tries depending on derivatives of fields of any order.

Note that there are different descriptions of odd fields on graded man-
ifolds [27; 118] and supermanifolds [29; 45]. Both graded manifolds and
supermanifolds are described in terms of sheaves of graded commutative
algebras [10]. However, graded manifolds are characterized by sheaves
on smooth manifolds, while supermanifolds are constructed by gluing of
sheaves on supervector spaces. Treating odd fields on a smooth manifold
X, we follow the Serre–Swan theorem generalized to graded manifolds [14].
It states that, if a Grassmann C∞(X)-algebra is an exterior algebra of some
projective C∞(X)-module of finite rank, it is isomorphic to the algebra of
graded functions on a graded manifold whose body is X.

Quantization of Lagrangian field theory essentially depends on its degen-
eracy characterized by a family of non-trivial reducible Noether identities [9;
15; 63]. A problem is that any Euler–Lagrange operator satisfies Noether
identities which therefore must be separated into the trivial and non-trivial
ones. These Noether identities can obey first-stage Noether identities,
which in turn are subject to the second-stage ones, and so on. If cer-
tain conditions hold, this hierarchy of Noether identities is described by
the exact Koszul–Tate chain complex of antifields possessing the boundary
operator whose nilpotentness is equivalent to all non-trivial Noether and
higher-stage Noether identities [14; 15].

The inverse second Noether theorem formulated in homology terms as-
sociates to this Koszul–Tate complex the cochain sequence of ghosts with
the ascent operator, called the gauge operator, whose components are non-
trivial gauge and higher-stage gauge symmetries of Lagrangian field theory
[15]. These gauge symmetries are parameterized by odd and even ghosts
so that k-stage gauge symmetries act on (k − 1)-stage ghosts.

It should be emphasized that the gauge operator unlike the Koszul–
Tate one is not nilpotent, unless gauge symmetries are Abelian. Gauge
symmetries are said to be algebraically closed if this gauge operator admits
a nilpotent extension where k-stage gauge symmetries are extended to k-
stage BRST (Becchi–Rouet–Stora–Tyitin) transformations acting both on
(k − 1)-stage and k-stage ghosts [61]. This nilpotent extension is called
the BRST operator. If the BRST operator exists, the cochain sequence of
ghosts is brought into the BRST complex.

The Koszul–Tate and BRST complexes provide a BRST extension of
original Lagrangian field theory. This extension exemplifies so called field-
antifield theory whose Lagrangians are required to satisfy a certain con-
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dition, called the classical master equation. An original Lagrangian is ex-
tended to a proper solution of the master equation if the BRST operator
exists [15]. This extended Lagrangian, dependent on original fields, ghosts
and antifields, is a first step towards quantization of classical field theory
in terms of functional integrals [9; 63].

The basic field theories, including gauge theory on principal bundles
(Chapter 5), gravitation theory on natural bundles (Chapter 6), theory
of spinor fields (Chapter 7) and topological field theory (Chapter 8) are
presented in the book in a complete way.

The reader also can find a number of original topics, including: gen-
eral theory of connections (Section 1.3), geometry of composite bundles
(Section 1.4), infinite-order jet formalism (Section 1.7), generalized sym-
metries (Section 2.2), Grassmann-graded Lagrangian field theory (Section
3.5), second Noether theorems in a general setting (Section 4.2), the BRST
complex (Section 4.3), classical Higgs field theory (Section 5.10), gauge
theory of gravity as a Higgs field (Section 6.5), gauge energy-momentum
conservation laws (Section 6.6), composite spinor bundles (Section 7.3),
global Chern–Simons topological field theory (Section 8.2), topological BF
(background field) theory (Section 8.3), covariant Hamiltonian field theory
(Chapter 9).

For the sake of convenience of the reader, several relevant mathematical
topics are compiled in Chapter 10.
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Chapter 1

Differential calculus on fibre bundles

This Chapter summarizes the relevant material on fibre bundles, jet man-
ifolds and connections which find application in classical field theory. The
material is presented in a fairly informal way. It is tacitly assumed that the
reader has some familiarity with the basics of differential geometry [69; 92;
147; 164].

1.1 Geometry of fibre bundles

Throughout the book, all morphisms are smooth (i.e. of class C∞) and
manifolds are smooth real and finite-dimensional. A smooth real manifold

is customarily assumed to be Hausdorff and second-countable (i.e., it has
a countable base for topology). Consequently, it is a locally compact space
which is a union of a countable number of compact subsets, a separable
space (i.e., it has a countable dense subset), a paracompact and completely
regular space. Being paracompact, a smooth manifold admits a partition
of unity by smooth real functions (see Remark 10.7.4). One can also show
that, given two disjoint closed subsets N and N ′ of a smooth manifold X,
there exists a smooth function f on X such that f |N = 0 and f |N ′ = 1.
Unless otherwise stated, manifolds are assumed to be connected (and, con-
sequently, arcwise connected). We follow the notion of a manifold without
boundary.

The standard symbols ⊗, ∨, and ∧ stand for the tensor, symmetric,
and exterior products, respectively. The interior product (contraction) is
denoted by c. By ∂AB are meant the partial derivatives with respect to
coordinates with indices BA .

5
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6 Differential calculus on fibre bundles

If Z is a manifold, we denote by

πZ : TZ → Z, π∗Z : T ∗Z → Z

its tangent and cotangent bundles, respectively. Given coordinates (zα)
on Z, they are equipped with the holonomic coordinates

(zλ, żλ), ż′λ =
∂z′λ

∂zµ
żµ,

(zλ, żλ), ż′λ =
∂z′µ

∂zλ
żµ,

with respect to the holonomic frames {∂λ} and coframes {dzλ} in the tan-
gent and cotangent spaces to Z, respectively. Any manifold morphism
f : Z → Z ′ yields the tangent morphism

Tf : TZ → TZ ′, ż′λ ◦ Tf =
∂fλ

∂xµ
żµ.

The symbol C∞(Z) stands for the ring of smooth real functions on a ma-
nifold Z.

1.1.1 Manifold morphisms

Let us consider manifold morphisms of maximal rank. They are immersions
(in particular, imbeddings) and submersions. An injective immersion is a
submanifold, and a surjective submersion is a fibred manifold (in particular,
a fibre bundle).

Given manifolds M and N , by the rank of a morphism f : M → N at
a point p ∈M is meant the rank of the linear morphism

Tpf : TpM → Tf(p)N.

For instance, if f is of maximal rank at p ∈M , then Tpf is injective when
dimM ≤ dimN and surjective when dimN ≤ dimM . In this case, f is
called an immersion and a submersion at a point p ∈M , respectively.

Since p→ rankpf is a lower semicontinuous function, then the morphism
Tpf is of maximal rank on an open neighbourhood of p, too. It follows from
the inverse function theorem that:
• if f is an immersion at p, then it is locally injective around p.
• if f is a submersion at p, it is locally surjective around p.

If f is both an immersion and a submersion, it is called a local diffeomor-

phism at p. In this case, there exists an open neighbourhood U of p such
that

f : U → f(U)
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is a diffeomorphism onto an open set f(U) ⊂ N .
A manifold morphism f is called the immersion (resp. submersion) if

it is an immersion (resp. submersion) at all points of M . A submersion is
necessarily an open map, i.e., it sends open subsets of M onto open subsets
of N . If an immersion f is open (i.e., f is a homeomorphism onto f(M)
equipped with the relative topology from N), it is called the imbedding.

A pair (M,f) is called a submanifold of N if f is an injective immersion.
A submanifold (M,f) is an imbedded submanifold if f is an imbedding. For
the sake of simplicity, we usually identify (M,f) with f(M). If M ⊂ N , its
natural injection is denoted by iM : M → N .

There are the following criteria for a submanifold to be imbedded.

Theorem 1.1.1. Let (M,f) be a submanifold of N .
(i) The map f is an imbedding if and only if, for each point p ∈ M ,

there exists a (cubic) coordinate chart (V, ψ) of N centered at f(p) so that
f(M)∩V consists of all points of V with coordinates (x1, . . . , xm, 0, . . . , 0).

(ii) Suppose that f : M → N is a proper map, i.e., the pre-images of
compact sets are compact. Then (M,f) is a closed imbedded submanifold
of N . In particular, this occurs if M is a compact manifold.

(iii) If dimM = dimN , then (M,f) is an open imbedded submanifold
of N .

1.1.2 Fibred manifolds and fibre bundles

A triple

π : Y → X, dimX = n > 0, (1.1.1)

is called a fibred manifold if a manifold morphism π is a surjective submer-
sion, i.e., the tangent morphism

Tπ : TY → TX

is a surjection. One says that Y is a total space of a fibred manifold (1.1.1),
X is its base, π is a fibration, and Yx = π−1(x) is a fibre over x ∈ X.

Any fibre is an imbedded submanifold of Y of dimension dimY −dimX.
Unless otherwise stated, we assume that

dimY 6= dimX,

i.e., fibred manifolds with discrete fibres are not considered.

Theorem 1.1.2. A surjection (1.1.1) is a fired manifold if and only if a
manifold Y admits an atlas of coordinate charts (UY ;xλ, yi) such that (xλ)
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8 Differential calculus on fibre bundles

are coordinates on π(UY ) ⊂ X and coordinate transition functions read

x′λ = fλ(xµ), y′i = f i(xµ, yj).

These coordinates are called fibred coordinates compatible with a fibration
π.

By a local section of a surjection (1.1.1) is meant an injection s : U → Y

of an open subset U ⊂ X such that π ◦ s = IdU , i.e., a section sends any
point x ∈ X into the fibre Yx over this point. A local section also is defined
over any subset N ∈ X as the restriction to N of a local section over an
open set containing N . If U = X, one calls s the global section. Hereafter,
by a section is meant both a global section and a local section (over an
open subset).

Theorem 1.1.3. A surjection π (1.1.1) is a fibred manifold if and only if,
for each point y ∈ Y , there exists a local section s of π : Y → X passing
through y.

The range s(U) of a local section s : U → Y of a fibred manifold Y → X

is an imbedded submanifold of Y . It also is a closed map, which sends closed
subsets of U onto closed subsets of Y . If s is a global section, then s(X) is
a closed imbedded submanifold of Y . Global sections of a fibred manifold
need not exist.

Theorem 1.1.4. Let Y → X be a fibred manifold whose fibres are diffeo-
morphic to Rm. Any its section over a closed imbedded submanifold (e.g.,
a point) of X is extended to a global section [147]. In particular, such a
fibred manifold always has a global section.

Given fibred coordinates (UY ;xλ, yi), a section s of a fibred manifold
Y → X is represented by collections of local functions {si = yi ◦ s} on
π(UY ).

A fibred manifold Y → X is called a fibre bundle if admits a fibred
coordinate atlas {(π−1(Uξ);xλ, yi)} over a cover {π−1(Uι)} of Y which is
the inverse image of a cover U = {Uξ} is a cover of X. In this case,
there exists a manifold V , called a typical fibre, such that Y is locally
diffeomorphic to the splittings

ψξ : π−1(Uξ)→ Uξ × V, (1.1.2)

glued together by means of transition functions

%ξζ = ψξ ◦ ψ−1
ζ : Uξ ∩ Uζ × V → Uξ ∩ Uζ × V (1.1.3)
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1.1. Geometry of fibre bundles 9

on overlaps Uξ ∩ Uζ . Transition functions %ξζ fulfil the cocycle condition

%ξζ ◦ %ζι = %ξι (1.1.4)

on all overlaps Uξ ∩ Uζ ∩ Uι. Restricted to a point x ∈ X, trivialization

morphisms ψξ (1.1.2) and transition functions %ξζ (1.1.3) define diffeomor-
phisms of fibres

ψξ(x) : Yx → V, x ∈ Uξ, (1.1.5)

%ξζ(x) : V → V, x ∈ Uξ ∩ Uζ . (1.1.6)

Trivialization charts (Uξ, ψξ) together with transition functions %ξζ (1.1.3)
constitute a bundle atlas

Ψ = {(Uξ, ψξ), %ξζ} (1.1.7)

of a fibre bundle Y → X. Two bundle atlases are said to be equivalent

if their union also is a bundle atlas, i.e., there exist transition functions
between trivialization charts of different atlases.

A fibre bundle Y → X is uniquely defined by a bundle atlas. Given
an atlas Ψ (1.1.7), there is a unique manifold structure on Y for which
π : Y → X is a fibre bundle with the typical fibre V and the bundle atlas
Ψ. All atlases of a fibre bundle are equivalent.

Remark 1.1.1. The notion of a fibre bundle introduced above is the notion
of a smooth locally trivial fibre bundle. In a general setting, a continuous

fibre bundle is defined as a continuous surjective submersion of topological
spaces Y → X. A continuous map π : Y → X is called a submersion if,
for any point y ∈ Y , there exists an open neighborhood U of the point
π(y) and a right inverse σ : U → Y of π such that σ ◦ π(y) = y, i.e., there
exists a local section of π. The notion of a locally trivial continuous fibre

bundle is a repetition of that of a smooth fibre bundle, where trivialization
morphisms ψξ and transition functions %ξζ are continuous.

We have the following useful criteria for a fibred manifold to be a fibre
bundle.

Theorem 1.1.5. If a fibration π : Y → X is a proper map, then Y → X is
a fibre bundle. In particular, a fibred manifold with a compact total space
is a fibre bundle.

Theorem 1.1.6. A fibred manifold whose fibres are diffeomorphic either
to a compact manifold or Rr is a fibre bundle [115].
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A comprehensive relation between fibred manifolds and fibre bundles is
given in Remark 1.3.2. It involves the notion of an Ehresmann connection.

Unless otherwise stated, we restrict our consideration to fibre bundles.
Without a loss of generality, we further assume that a cover U for a bun-
dle atlas of Y → X also is a cover for a manifold atlas of the base X.
Then, given a bundle atlas Ψ (1.1.7), a fibre bundle Y is provided with the
associated bundle coordinates

xλ(y) = (xλ ◦ π)(y), yi(y) = (yi ◦ ψξ)(y), y ∈ π−1(Uξ),

where xλ are coordinates on Uξ ⊂ X and yi, called fibre coordinates, are
coordinates on a typical fibre V .

The forthcoming Theorems 1.1.7 – 1.1.9 describe the particular covers
which one can choose for a bundle atlas. Throughout the book, only proper

covers of manifolds are considered, i.e., Uξ 6= Uζ if ζ 6= ξ. Recall that a
cover U′ is a refinement of a cover U if, for each U ′ ∈ U′, there exists U ∈ U

such that U ′ ⊂ U . Of course, if a fibre bundle Y → X has a bundle atlas
over a cover U of X, it admits a bundle atlas over any refinement of U.

A fibred manifold Y → X is called trivial if Y is diffeomorphic to the
product X × V . Different trivializations of Y → X differ from each other
in surjections Y → V .

Theorem 1.1.7. Any fibre bundle over a contractible base is trivial.

However, a fibred manifold over a contractible base need not be trivial,
even its fibres are mutually diffeomorphic.

It follows from Theorem 1.1.7 that any cover of a base X consisting of
domains (i.e., contractible open subsets) is a bundle cover.

Theorem 1.1.8. Every fibre bundle Y → X admits a bundle atlas over
a countable cover U of X where each member Uξ of U is a domain whose
closure Uξ is compact [69].

If a base X is compact, there is a bundle atlas of Y over a finite cover
of X which obeys the condition of Theorem 1.1.8.

Theorem 1.1.9. Every fibre bundle Y → X admits a bundle atlas over a
finite cover U of X, but its members need not be contractible and connected.

Proof. Let Ψ be a bundle atlas of Y → X over a cover U of X. For any
cover U of a manifold X, there exists its refinement {Uij}, where j ∈ N and
i runs through a finite set such that Uij ∩ Uik = ∅, j 6= k. Let {(Uij , ψij)}
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be the corresponding bundle atlas of a fibre bundle Y → X. Then Y has
the finite bundle atlas

Ui =∪
j
Uij , ψi(x) =ψij(x), x ∈ Uij ⊂ Ui.

�

Morphisms of fibre bundles, by definition, are fibrewise morphisms,
sending a fibre to a fibre. Namely, a bundle morphism of a fibre bun-
dle π : Y → X to a fibre bundle π′ : Y ′ → X ′ is defined as a pair (Φ, f) of
manifold morphisms which form a commutative diagram

Y
Φ−→ Y ′

π
? ?

π′

X
f−→ X ′

, π′ ◦ Φ = f ◦ π.

Bundle injections and surjections are called bundle monomorphisms and

epimorphisms, respectively. A bundle diffeomorphism is called a bundle

isomorphism, or a bundle automorphism if it is an isomorphism to itself.
For the sake of brevity, a bundle morphism over f = IdX is often said to
be a bundle morphism over X, and is denoted by Y −→

X
Y ′. In particular,

a bundle automorphism over X is called a vertical automorphism.
A bundle monomorphism Φ : Y → Y ′ over X is called a subbundle of a

fibre bundle Y ′ → X if Φ(Y ) is a submanifold of Y ′. There is the following
useful criterion for an image and an inverse image of a bundle morphism to
be subbundles.

Theorem 1.1.10. Let Φ : Y → Y ′ be a bundle morphism over X. Given
a global section s of the fibre bundle Y ′ → X such that s(X) ⊂ Φ(Y ), by
the kernel of a bundle morphism Φ with respect to a section s is meant the
inverse image

Ker sΦ = Φ−1(s(X))

of s(X) by Φ. If Φ : Y → Y ′ is a bundle morphism of constant rank over
X, then Φ(Y ) and Ker sΦ are subbundles of Y ′ and Y , respectively.

In conclusion, let us describe the following standard constructions of
new fibre bundles from the old ones.
•Given a fibre bundle π : Y → X and a manifold morphism f : X ′ → X,

the pull-back of Y by f is called the manifold

f∗Y = {(x′, y) ∈ X ′ × Y : π(y) = f(x′)} (1.1.8)
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together with the natural projection (x′, y) → x′. It is a fibre bundle over
X ′ such that the fibre of f∗Y over a point x′ ∈ X ′ is that of Y over the
point f(x′) ∈ X. There is the canonical bundle morphism

fY : f∗Y 3 (x′, y)|π(y)=f(x′) →
f
y ∈ Y. (1.1.9)

Any section s of a fibre bundle Y → X yields the pull-back section

f∗s(x′) = (x′, s(f(x′))

of f∗Y → X ′.
• If X ′ ⊂ X is a submanifold of X and iX′ is the corresponding natural

injection, then the pull-back bundle

i∗X′Y = Y |X′

is called the restriction of a fibre bundle Y to the submanifold X ′ ⊂ X. If
X ′ is an imbedded submanifold, any section of the pull-back bundle

Y |X′ → X ′

is the restriction to X ′ of some section of Y → X.
• Let π : Y → X and π′ : Y ′ → X be fibre bundles over the same base

X. Their bundle product Y ×X Y ′ over X is defined as the pull-back

Y ×
X
Y ′ = π∗Y ′ or Y ×

X
Y ′ = π′

∗
Y

together with its natural surjection onto X. Fibres of the bundle product
Y × Y ′ are the Cartesian products Yx × Y ′x of fibres of fibre bundles Y and
Y ′.

1.1.3 Vector and affine bundles

A vector bundle is a fibre bundle Y → X such that:
• its typical fibre V and all the fibres Yx = π−1(x), x ∈ X, are real

finite-dimensional vector spaces;
• there is a bundle atlas Ψ (1.1.7) of Y → X whose trivialization mor-

phisms ψξ (1.1.5) and transition functions %ξζ (1.1.6) are linear isomor-
phisms.
Accordingly, a vector bundle is provided with linear bundle coordinates (yi)
possessing linear transition functions y′i = Aij(x)y

j . We have

y = yiei(π(y)) = yiψξ(π(y))−1(ei), π(y) ∈ Uξ, (1.1.10)

where {ei} is a fixed basis for the typical fibre V of Y , and {ei(x)} are the
fibre bases (or the frames) for the fibres Yx of Y associated to the bundle
atlas Ψ.
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By virtue of Theorem 1.1.4, any vector bundle has a global section,
e.g., the canonical global zero-valued section 0̂(x) = 0. Global sections of
a vector bundle Y → X constitute a projective C∞(X)-module Y (X) of
finite rank. It is called the structure module of a vector bundle.

Theorem 1.1.11. Let a vector bundle Y → X admit m = dimV nowhere
vanishing global sections si which are linearly independent, i.e.,

m
∧ si 6= 0.

Then Y is trivial.

Proof. Values of these sections define the frames {si(x)} for all fibres
Vx, x ∈ X. Linear fibre coordinates (yi) with respect to these frames
form a bundle coordinate atlas with identity transition functions of fibre
coordinates. �

Theorem 10.9.2 and Serre–Swan Theorem 10.9.3 state the categorial
equivalence between the vector bundles over a smooth manifold X and
projective C∞(X)-modules of finite rank. Therefore, the differential cal-
culus (including linear differential operators, linear connections) on vector
bundles can be algebraically formulated as the differential calculus on these
modules. We however follow fibre bundle formalism because classical field
theory is not restricted to vector bundles.

By a morphism of vector bundles is meant a linear bundle morphism,
which is a linear fibrewise map whose restriction to each fibre is a linear
map.

Given a linear bundle morphism Φ : Y ′ → Y of vector bundles over X,
its kernel KerΦ is defined as the inverse image Φ−1(0̂(X)) of the canoni-
cal zero-valued section 0̂(X) of Y . By virtue of Theorem 1.1.10, if Φ is of
constant rank, its kernel and its range are vector subbundles of the vector
bundles Y ′ and Y , respectively. For instance, monomorphisms and epimor-
phisms of vector bundles fulfil this condition.

There are the following particular constructions of new vector bundles
from the old ones.
• Let Y → X be a vector bundle with a typical fibre V . By Y ∗ → X is

denoted the dual vector bundle with the typical fibre V ∗ dual of V . The
interior product of Y and Y ∗ is defined as a fibred morphism

c : Y ⊗ Y ∗ −→
X

X × R.

• Let Y → X and Y ′ → X be vector bundles with typical fibres V and
V ′, respectively. Their Whitney sum Y ⊕

X
Y ′ is a vector bundle over X with

the typical fibre V ⊕ V ′.



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

14 Differential calculus on fibre bundles

• Let Y → X and Y ′ → X be vector bundles with typical fibres V
and V ′, respectively. Their tensor product Y ⊗

X
Y ′ is a vector bundle over

X with the typical fibre V ⊗ V ′. Similarly, the exterior product of vector
bundles Y ∧

X
Y ′ is defined. The exterior product

∧Y = X × R⊕
X
Y ⊕
X

2
∧Y ⊕

X
· · ·

k
∧Y, k = dimY − dimX, (1.1.11)

is called the exterior bundle.

Remark 1.1.2. Given vector bundles Y and Y ′ over the same base X,
every linear bundle morphism

Φ : Yx 3 {ei(x)} → {Φki (x)e′k(x)} ∈ Y ′x
over X defines a global section

Φ : x→ Φki (x)e
i(x)⊗ e′k(x)

of the tensor product Y ⊗ Y ′∗, and vice versa.

A sequence

Y ′
i−→Y

j−→Y ′′

of vector bundles over the same base X is called exact at Y if Ker j = Im i.
A sequence of vector bundles

0→ Y ′
i−→Y

j−→Y ′′ → 0 (1.1.12)

over X is said to be a short exact sequence if it is exact at all terms Y ′,
Y , and Y ′′. This means that i is a bundle monomorphism, j is a bundle
epimorphism, and Ker j = Im i. Then Y ′′ is the factor bundle Y/Y ′ whose
structure module is the quotient Y (X)/Y ′(X) of the structure modules of
Y and Y ′. Given an exact sequence of vector bundles (1.1.12), there is the
exact sequence of their duals

0→ Y ′′∗
j∗−→Y ∗

i∗−→Y ′∗ → 0.

One says that an exact sequence (1.1.12) is split if there exists a bundle
monomorphism s : Y ′′ → Y such that j ◦ s = IdY ′′ or, equivalently,

Y = i(Y ′)⊕ s(Y ′′) = Y ′ ⊕ Y ′′.

Theorem 1.1.12. Every exact sequence of vector bundles (1.1.12) is split
[80].
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This theorem is a corollary of the Serre–Swan Theorem 10.9.3 and The-
orem 10.1.3.

The tangent bundle TZ and the cotangent bundle T ∗Z of a manifold Z
exemplify vector bundles.

Remark 1.1.3. Given an atlas ΨZ = {(Uι, φι)} of a manifold Z, the tan-
gent bundle is provided with the holonomic bundle atlas

ΨT = {(Uι, ψι = Tφι)}, (1.1.13)

where Tφι is the tangent morphism to φι. The associated linear bundle
coordinates are holonomic (or induced) coordinates (żλ) with respect to
the holonomic frames {∂λ} in tangent spaces TzZ.

The tensor product of tangent and cotangent bundles

T = (
m
⊗TZ)⊗ (

k
⊗T ∗Z), m, k ∈ N, (1.1.14)

is called a tensor bundle, provided with holonomic bundle coordinates
ẋα1···αm

β1···βk
possessing transition functions

ẋ′α1···αm

β1···βk
=
∂x′α1

∂xµ1
· · · ∂x

′αm

∂xµm

∂xν1

∂x′β1
· · · ∂x

νk

∂x′βk
ẋµ1···µm
ν1···νk

.

Let πY : TY → Y be the tangent bundle of a fibre bundle π : Y → X.
Given bundle coordinates (xλ, yi) on Y , it is equipped with the holonomic
coordinates (xλ, yi, ẋλ, ẏi). The tangent bundle TY → Y has the subbundle
V Y = Ker (Tπ), which consists of the vectors tangent to fibres of Y . It is
called the vertical tangent bundle of Y and is provided with the holonomic
coordinates (xλ, yi, ẏi) with respect to the vertical frames {∂i}. Every bun-
dle morphism Φ : Y → Y ′ yields the linear bundle morphism over Φ of the
vertical tangent bundles

V Φ : V Y → V Y ′, ẏ′i ◦ V Φ =
∂Φi

∂yj
ẏj . (1.1.15)

It is called the vertical tangent morphism.
In many important cases, the vertical tangent bundle V Y → Y of a

fibre bundle Y → X is trivial, and is isomorphic to the bundle product

V Y = Y ×
X
Y (1.1.16)

where Y → X is some vector bundle. It follows that V Y can be provided
with bundle coordinates (xλ, yi, yi) such that transition functions of coor-
dinates yi are independent of coordinates yi. One calls (1.1.16) the vertical
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splitting. For instance, every vector bundle Y → X admits the canonical

vertical splitting

V Y = Y ⊕
X
Y. (1.1.17)

The vertical cotangent bundle V ∗Y → Y of a fibre bundle Y → X is
defined as the dual of the vertical tangent bundle V Y → Y . It is not a sub-
bundle of the cotangent bundle T ∗Y , but there is the canonical surjection

ζ : T ∗Y 3 ẋλdxλ + ẏidy
i → ẏidy

i ∈ V ∗Y, (1.1.18)

where {dyi}, possessing transition functions

dy′i =
∂y′i

∂yj
dyj ,

are the duals of the holonomic frames {∂i} of the vertical tangent bundle
V Y .

For any fibre bundle Y , there exist the exact sequences of vector bundles

0→ V Y −→TY
πT−→Y ×

X
TX → 0, (1.1.19)

0→ Y ×
X
T ∗X → T ∗Y → V ∗Y → 0. (1.1.20)

Their splitting, by definition, is a connection on Y → X.
For the sake of simplicity, we agree to denote the pull-backs

Y ×
X
TX, Y ×

X
T ∗X

by TX and T ∗X, respectively.
Let π : Y → X be a vector bundle with a typical fibre V . An affine

bundle modelled over the vector bundle Y → X is a fibre bundle π : Y → X

whose typical fibre V is an affine space modelled over V such that the
following conditions hold.
• All the fibres Yx of Y are affine spaces modelled over the corresponding

fibres Y x of the vector bundle Y .
• There is an affine bundle atlas

Ψ = {(Uα, ψχ), %χζ}

of Y → X whose local trivializations morphisms ψχ (1.1.5) and transition
functions %χζ (1.1.6) are affine isomorphisms.

Dealing with affine bundles, we use only affine bundle coordinates (yi)
associated to an affine bundle atlas Ψ. There are the bundle morphisms

Y ×
X
Y −→

X
Y, (yi, yi)→ yi + yi,

Y ×
X
Y −→

X
Y , (yi, y′i)→ yi − y′i,
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where (yi) are linear coordinates on the vector bundle Y .
By virtue of Theorem 1.1.4, affine bundles have global sections, but

in contrast with vector bundles, there is no canonical global section of an
affine bundle. Let π : Y → X be an affine bundle. Every global section s

of an affine bundle Y → X modelled over a vector bundle Y → X yields
the bundle morphisms

Y 3 y → y − s(π(y)) ∈ Y , (1.1.21)

Y 3 y → s(π(y)) + y ∈ Y. (1.1.22)

In particular, every vector bundle Y has a natural structure of an affine
bundle due to the morphisms (1.1.22) where s = 0̂ is the canonical zero-
valued section of Y . For instance, the tangent bundle TX of a manifold X
is naturally an affine bundle ATX called the affine tangent bundle.

Theorem 1.1.13. Any affine bundle Y → X admits bundle coordinates
(xλ, ỹi) possessing linear transition functions ỹ′i = Aij(x)ỹ

j (see Example
5.10.2).

Proof. Let s be a global section of Y → X. Given fibre coordinates
y → (yi), let us consider the fibre coordinates

y → (ỹi = yi − si(π(y))).

Due to the morphism (1.1.21), they possess linear transition functions. �

One can define the Whitney sum Y
′⊕Y of a vector bundle Y

′ → X and
an affine bundle Y → X modelled over a vector bundle Y → X. This is an
affine bundle modelled over the Whitney sum of vector bundles Y

′ ⊕ Y .
By a morphism of affine bundles is meant a bundle morphism Φ : Y →

Y ′ whose restriction to each fibre of Y is an affine map. It is called an affine

bundle morphism. Every affine bundle morphism Φ : Y → Y ′ of an affine
bundle Y modelled over a vector bundle Y to an affine bundle Y ′ modelled
over a vector bundle Y

′
yields an unique linear bundle morphism

Φ : Y → Y
′
, y′i ◦ Φ =

∂Φi

∂yj
yj , (1.1.23)

called the linear derivative of Φ.
Similarly to vector bundles, if Φ : Y → Y ′ is an affine morphism of

affine bundles of constant rank, then Φ(Y ) and Ker Φ are affine subbundles
of Y ′ and Y , respectively.

Every affine bundle Y → X modelled over a vector bundle Y → X

admits the canonical vertical splitting

V Y = Y ×
X
Y . (1.1.24)
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Note that Theorems 1.1.8 and 1.1.9 on a particular cover for bundle
atlases remain true in the case of linear and affine atlases of vector and
affine bundles.

1.1.4 Vector fields, distributions and foliations

Vector fields on a manifold Z are global sections of the tangent bundle
TZ → Z.

The set T (Z) of vector fields on Z is both a C∞(Z)-module and a real
Lie algebra with respect to the Lie bracket

u = uλ∂λ, v = vλ∂λ,

[v, u] = (vλ∂λuµ − uλ∂λvµ)∂µ.

Given a vector field u on X, a curve

c : R ⊃ ()→ Z

in Z is said to be an integral curve of u if Tc = u(c). Every vector field
u on a manifold Z can be seen as an infinitesimal generator of a local
one-parameter group of diffeomorphisms (a flow), and vice versa [92]. One-
dimensional orbits of this group are integral curves of u. A vector field is
called complete if its flow is a one-parameter group of diffeomorphisms of
Z. For instance, every vector field on a compact manifold is complete.

A vector field u on a fibre bundle Y → X is called projectable if it
projects onto a vector field on X, i.e., there exists a vector field τ on X

such that

τ ◦ π = Tπ ◦ u.

A projectable vector field takes the coordinate form

u = uλ(xµ)∂λ + ui(xµ, yj)∂i, τ = uλ∂λ. (1.1.25)

Its flow is a local one-parameter group of automorphisms of Y → X over a
local one-parameter group of diffeomorphisms of X whose generator is τ .
A projectable vector field is called vertical if its projection onto X vanishes,
i.e., if it lives in the vertical tangent bundle V Y .

A vector field τ = τλ∂λ on a base X of a fibre bundle Y → X gives rise
to a vector field on Y by means of a connection on this fibre bundle (see
the formula (1.3.6)). Nevertheless, every tensor bundle (1.1.14) admits the
canonical lift of vector fields

τ̃ = τµ∂µ + [∂ντα1 ẋνα2···αm

β1···βk
+ . . .− ∂β1τ

ν ẋα1···αm

νβ2···βk
− . . .]∂̇β1···βk

α1···αm
, (1.1.26)
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where we employ the compact notation

∂̇λ =
∂

∂ẋλ
. (1.1.27)

This lift is functorial, i.e., it is an R-linear monomorphism of the Lie algebra
T (X) of vector fields on X to the Lie algebra T (Y ) of vector fields on Y

(see Section 6.1). In particular, we have the functorial lift

τ̃ = τµ∂µ + ∂ντ
αẋν

∂

∂ẋα
(1.1.28)

of vector fields on X onto the tangent bundle TX and their functorial lift

τ̃ = τµ∂µ − ∂βτν ẋν
∂

∂ẋβ
(1.1.29)

onto the cotangent bundle T ∗X.
A fibre bundle admitting functorial lift of vector fields on its base is

called the natural bundle [94; 153] (see Section 6.1).
A subbundle T of the tangent bundle TZ of a manifold Z is called a

regular distribution (or, simply, a distribution). A vector field u on Z is
said to be subordinate to a distribution T if it lives in T. A distribution T
is called involutive if the Lie bracket of T-subordinate vector fields also is
subordinate to T.

A subbundle of the cotangent bundle T ∗Z of Z is called a codistribution

T∗ on a manifold Z. For instance, the annihilator AnnT of a distribution
T is a codistribution whose fibre over z ∈ Z consists of covectors w ∈ T ∗z
such that vcw = 0 for all v ∈ Tz.

Theorem 1.1.14. Let T be a distribution and AnnT its annihilator. Let
∧AnnT(Z) be the ideal of the exterior algebra O∗(Z) which is generated
by sections of AnnT→ Z. A distribution T is involutive if and only if the
ideal ∧AnnT(Z) is a differential ideal [164], i.e.,

d(∧AnnT(Z)) ⊂ ∧AnnT(Z).

The following local coordinates can be associated to an involutive dis-
tribution [164].

Theorem 1.1.15. Let T be an involutive r-dimensional distribution on a
manifold Z, dimZ = k. Every point z ∈ Z has an open neighborhood
U which is a domain of an adapted coordinate chart (z1, . . . , zk) such that,
restricted to U , the distribution T and its annihilator AnnT are spanned by
the local vector fields ∂/∂z1, · · · , ∂/∂zr and the one-forms dzr+1, . . . , dzk,
respectively.
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A connected submanifold N of a manifold Z is called an integral ma-

nifold of a distribution T on Z if TN ⊂ T. Unless otherwise stated, by
an integral manifold is meant an integral manifold of dimension of T. An
integral manifold is called maximal if no other integral manifold contains
it. The following is the classical theorem of Frobenius.

Theorem 1.1.16. Let T be an involutive distribution on a manifold Z. For
any z ∈ Z, there exists a unique maximal integral manifold of T through z,
and any integral manifold through z is its open subset.

Maximal integral manifolds of an involutive distribution on a manifold
Z are assembled into a regular foliation F of Z. A regular r-dimensional
foliation (or, simply, a foliation) F of a k-dimensional manifold Z is defined
as a partition of Z into connected r-dimensional submanifolds (the leaves

of a foliation) Fι, ι ∈ I, which possesses the following properties [126;
151]. A foliated manifold (Z,F) admits an adapted coordinate atlas

{(Uξ; zλ; zi)}, λ = 1, . . . , n− r, i = 1, . . . , r, (1.1.30)

such that transition functions of coordinates zλ are independent of the re-
maining coordinates zi and, for each leaf F of a foliation F , the connected
components of F ∩ Uξ are given by the equations zλ =const. These con-
nected components and coordinates (zi) on them make up a coordinate
atlas of a leaf F . It follows that tangent spaces to leaves of a foliation F
constitute an involutive distribution TF on Z, called the tangent bundle

to the foliation F . The factor bundle

V F = TZ/TF ,

called the normal bundle to F , has transition functions independent of
coordinates zi. Let TF∗ → Z denote the dual of TF → Z. There are the
exact sequences

0→ TF iF−→TX −→V F → 0, (1.1.31)

0→ AnnTF −→T ∗X
i∗F−→TF∗ → 0 (1.1.32)

of vector bundles over Z.
It should be emphasized that leaves of a foliation need not be closed or

imbedded submanifolds. Every leaf has an open tubular neighborhood U ,
i.e., if z ∈ U , then a leaf through z also belongs to U .

A pair (Z,F) where F is a foliation of Z is called a foliated manifold.
For instance, any submersion f : Z →M yields a foliation

F = {Fp = f−1(p)}p∈f(Z)
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of Z indexed by elements of f(Z), which is an open submanifold of M , i.e.,
Z → f(Z) is a fibred manifold. Leaves of this foliation are closed imbedded
submanifolds. Such a foliation is called simple. It is a fibred manifold over
f(Z). Any (regular) foliation is locally simple.

1.1.5 Exterior and tangent-valued forms

An exterior r-form on a manifold Z is a section

φ =
1
r!
φλ1...λrdz

λ1 ∧ · · · ∧ dzλr

of the exterior product
r
∧T ∗Z → Z, where

dzλ1 ∧ · · · ∧ dzλr =
1
r!
ελ1...λr

µ1...µr
dxµ1 ⊗ · · · ⊗ dxµr ,

ε...λi...λj ...
...µp...µk... = −ε...λj ...λi...

...µp...µk... = −ε...λi...λj ...
...µk...µp...,

ελ1...λr
λ1...λr = 1.

Sometimes, it is convenient to write

φ = φ′λ1...λr
dzλ1 ∧ · · · ∧ dzλr

without the coefficient 1/r!.
Let Or(Z) denote the vector space of exterior r-forms on a manifold

Z. By definition, O0(Z) = C∞(Z) is the ring of smooth real functions on
Z. All exterior forms on Z constitute the N-graded commutative algebra
O∗(Z) of global sections of the exterior bundle ∧T ∗Z (1.1.11) endowed with
the exterior product

φ =
1
r!
φλ1...λrdz

λ1 ∧ · · · ∧ dzλr , σ =
1
s!
σµ1...µsdz

µ1 ∧ · · · ∧ dzµs ,

φ ∧ σ =
1
r!s!

φν1...νrσνr+1...νr+sdz
ν1 ∧ · · · ∧ dzνr+s =

1
r!s!(r + s)!

εν1...νr+s
α1...αr+sφν1...νrσνr+1...νr+sdz

α1 ∧ · · · ∧ dzαr+s ,

such that

φ ∧ σ = (−1)|φ||σ|σ ∧ φ,

where the symbol |φ| stands for the form degree. The algebra O∗(Z) also
is provided with the exterior differential

dφ = dzµ ∧ ∂µφ =
1
r!
∂µφλ1...λr

dzµ ∧ dzλ1 ∧ · · · ∧ dzλr
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which obeys the relations

d ◦ d = 0, d(φ ∧ σ) = d(φ) ∧ σ + (−1)|φ|φ ∧ d(σ).

The exterior differential d makes O∗(Z) into a differential graded algebra
which is the minimal Chevalley–Eilenberg differential calculus O∗A over
the real ring A = C∞(Z). Its de Rham complex is (10.9.12).

Given a manifold morphism f : Z → Z ′, any exterior k-form φ on Z ′

yields the pull-back exterior form f∗φ on Z given by the condition

f∗φ(v1, . . . , vk)(z) = φ(Tf(v1), . . . , T f(vk))(f(z))

for an arbitrary collection of tangent vectors v1, · · · , vk ∈ TzZ. We have
the relations

f∗(φ ∧ σ) = f∗φ ∧ f∗σ,
df∗φ = f∗(dφ).

In particular, given a fibre bundle π : Y → X, the pull-back onto
Y of exterior forms on X by π provides the monomorphism of graded
commutative algebras O∗(X) → O∗(Y ). Elements of its range π∗O∗(X)
are called basic forms. Exterior forms

φ : Y →
r
∧T ∗X,

φ =
1
r!
φλ1...λr

dxλ1 ∧ · · · ∧ dxλr ,

on Y such that ucφ = 0 for an arbitrary vertical vector field u on Y are said
to be horizontal forms. Horizontal forms of degree n = dimX are called
densities. We use for them the compact notation

L =
1
n!
Lµ1...µn

dxµ1 ∧ · · · ∧ dxµn = Lω, L = L1...n,

ω = dx1 ∧ · · · ∧ dxn =
1
n!
εµ1...µn

dxµ1 ∧ · · · ∧ dxµn , (1.1.33)

ωλ = ∂λcω, ωµλ = ∂µc∂λcω,

where ε is the skew-symmetric Levi–Civita symbol with the component
εµ1...µn

= 1.
The interior product (or contraction) of a vector field u and an exterior

r-form φ on a manifold Z is given by the coordinate expression

ucφ =
r∑

k=1

(−1)k−1

r!
uλkφλ1...λk...λrdz

λ1 ∧ · · · ∧ d̂z
λk ∧ · · · ∧ dzλr =

1
(r − 1)!

uµφµα2...αr
dzα2 ∧ · · · ∧ dzαr ,
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where the caret ̂ denotes omission. It obeys the relations

φ(u1, . . . , ur) = urc · · ·u1cφ,
uc(φ ∧ σ) = ucφ ∧ σ + (−1)|φ|φ ∧ ucσ.

The Lie derivative of an exterior form φ along a vector field u is

Luφ = ucdφ+ d(ucφ),

Lu(φ ∧ σ) = Luφ ∧ σ + φ ∧ Luσ.

It is a derivation of the graded algebra O∗(Z) such that

Lu ◦ Lu′ − Lu′ ◦ Lu = L[u,u′].

In particular, if f is a function, then

Luf = u(f) = ucdf.
An exterior form φ is invariant under a local one-parameter group of

diffeomorphisms G(t) of Z (i.e., G(t)∗φ = φ) if and only if its Lie derivative
along the infinitesimal generator u of this group vanishes, i.e.,

Luφ = 0.

A tangent-valued r-form on a manifold Z is a section

φ =
1
r!
φµλ1...λr

dzλ1 ∧ · · · ∧ dzλr ⊗ ∂µ (1.1.34)

of the tensor bundle
r
∧T ∗Z ⊗ TZ → Z.

Remark 1.1.4. There is one-to-one correspondence between the tangent-
valued one-forms φ on a manifold Z and the linear bundle endomorphisms

φ̂ : TZ → TZ, φ̂ : TzZ 3 v → vcφ(z) ∈ TzZ, (1.1.35)

φ̂∗ : T ∗Z → T ∗Z, φ̂∗ : T ∗z Z 3 v∗ → φ(z)cv∗ ∈ T ∗z Z, (1.1.36)

over Z (see Remark 1.1.2). For instance, the canonical tangent-valued one-

form

θZ = dzλ ⊗ ∂λ (1.1.37)

on Z corresponds to the identity morphisms (1.1.35) and (1.1.36).

Remark 1.1.5. Let Z = TX, and let TTX be the tangent bundle of TX.
There is the bundle endomorphism

J(∂λ) = ∂̇λ, J(∂̇λ) = 0 (1.1.38)

of TTX over X. It corresponds to the canonical tangent-valued form

θJ = dxλ ⊗ ∂̇λ (1.1.39)

on the tangent bundle TX. It is readily observed that J ◦ J = 0.
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The space O∗(Z)⊗ T (Z) of tangent-valued forms is provided with the
Frölicher–Nijenhuis bracket

[ , ]FN : Or(Z)⊗ T (Z)×Os(Z)⊗ T (Z)→ Or+s(Z)⊗ T (Z),

[α⊗ u, β ⊗ v]FN = (α ∧ β)⊗ [u, v] + (α ∧ Luβ)⊗ v − (1.1.40)

(Lvα ∧ β)⊗ u+ (−1)r(dα ∧ ucβ)⊗ v + (−1)r(vcα ∧ dβ)⊗ u,
α ∈ Or(Z), β ∈ Os(Z), u, v ∈ T (Z).

Its coordinate expression is

[φ, σ]FN =
1
r!s!

(φνλ1...λr
∂νσ

µ
λr+1...λr+s

− σνλr+1...λr+s
∂νφ

µ
λ1...λr

−

rφµλ1...λr−1ν
∂λrσ

ν
λr+1...λr+s

+ sσµνλr+2...λr+s
∂λr+1φ

ν
λ1...λr

)

dzλ1 ∧ · · · ∧ dzλr+s ⊗ ∂µ,
φ ∈ Or(Z)⊗ T (Z), σ ∈ Os(Z)⊗ T (Z).

There are the relations

[φ, σ]FN = (−1)|φ||ψ|+1[σ, φ]FN, (1.1.41)

[φ, [σ, θ]FN]FN = [[φ, σ]FN, θ]FN + (−1)|φ||σ|[σ, [φ, θ]FN]FN, (1.1.42)

φ, σ, θ ∈ O∗(Z)⊗ T (Z).

Given a tangent-valued form θ, the Nijenhuis differential on O∗(Z) ⊗
T (Z) is defined as the morphism

dθ : ψ → dθψ = [θ, ψ]FN, ψ ∈ O∗(Z)⊗ T (Z).

By virtue of (1.1.42), it has the property

dφ[ψ, θ]FN = [dφψ, θ]FN + (−1)|φ||ψ|[ψ, dφθ]FN.

In particular, if θ = u is a vector field, the Nijenhuis differential is the Lie

derivative of tangent-valued forms

Luσ = duσ = [u, σ]FN =
1
s!

(uν∂νσ
µ
λ1...λs

− σνλ1...λs
∂νu

µ +

sσµνλ2...λs
∂λ1u

ν)dxλ1 ∧ · · · ∧ dxλs ⊗ ∂µ, σ ∈ Os(Z)⊗ T (Z).

Let Y → X be a fibre bundle. We consider the following subspaces of
the space O∗(Y )⊗ T (Y ) of tangent-valued forms on Y :
• horizontal tangent-valued forms

φ : Y →
r
∧T ∗X ⊗

Y
TY,

φ = dxλ1 ∧ · · · ∧ dxλr ⊗ 1
r!

[φµλ1...λr
(y)∂µ + φiλ1...λr

(y)∂i],
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• projectable horizontal tangent-valued forms

φ = dxλ1 ∧ · · · ∧ dxλr ⊗ 1
r!

[φµλ1...λr
(x)∂µ + φiλ1...λr

(y)∂i],

• vertical-valued form

φ : Y →
r
∧T ∗X ⊗

Y
V Y,

φ =
1
r!
φiλ1...λr

(y)dxλ1 ∧ · · · ∧ dxλr ⊗ ∂i,

• vertical-valued one-forms, called soldering forms,

σ = σiλ(y)dx
λ ⊗ ∂i,

• basic soldering forms

σ = σiλ(x)dx
λ ⊗ ∂i.

Remark 1.1.6. The tangent bundle TX is provided with the canonical
soldering form θJ (1.1.39). Due to the canonical vertical splitting

V TX = TX ×
X
TX, (1.1.43)

the canonical soldering form (1.1.39) on TX defines the canonical tangent-
valued form θX (1.1.37) on X. By this reason, tangent-valued one-forms
on a manifold X also are called soldering forms.

Remark 1.1.7. Let Y → X be a fibre bundle, f : X ′ → X a manifold
morphism, f∗Y → X ′ the pull-back of Y by f , and

fY : f∗Y → Y

the corresponding bundle morphism (1.1.9). Since

V f∗Y = f∗V Y = f∗Y V Y, Vy′Y
′ = VfY (y′)Y,

one can define the pull-back f∗φ onto f∗Y of any vertical-valued form f

on Y in accordance with the relation

f∗φ(v1, . . . , vr)(y′) = φ(TfY (v1), . . . , T fY (vr))(fY (y′)).

We also mention the TX-valued forms

φ : Y →
r
∧T ∗X ⊗

Y
TX, (1.1.44)

φ =
1
r!
φµλ1...λr

dxλ1 ∧ · · · ∧ dxλr ⊗ ∂µ,
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and V ∗Y -valued forms

φ : Y →
r
∧T ∗X ⊗

Y
V ∗Y, (1.1.45)

φ =
1
r!
φλ1...λridx

λ1 ∧ · · · ∧ dxλr ⊗ dyi.

It should be emphasized that (1.1.44) are not tangent-valued forms, while
(1.1.45) are not exterior forms. They exemplify vector-valued forms. Given
a vector bundle E → X, by a E-valued k-form on X, is meant a section of
the fibre bundle

(
k
∧T ∗X)⊗

X
E∗ → X.

1.2 Jet manifolds

This Section addresses first and second order jet manifolds of sections of
fibre bundles [94; 145].

Given a fibre bundle Y → X with bundle coordinates (xλ, yi), let us
consider the equivalence classes j1xs of its sections s, which are identified
by their values si(x) and the values of their partial derivatives ∂µsi(x) at a
point x ∈ X. They are called the first order jets of sections at x. One can
justify that the definition of jets is coordinate-independent. The key point
is that the set J1Y of first order jets j1xs, x ∈ X, is a smooth manifold with
respect to the adapted coordinates (xλ, yi, yiλ) such that

yiλ(j
1
xs) = ∂λs

i(x), y′
i
λ =

∂xµ

∂x′λ
(∂µ + yjµ∂j)y

′i. (1.2.1)

It is called the first order jet manifold of a fibre bundle Y → X. We call
(yiλ) the jet coordinate.

Remark 1.2.1. Note that there are different notions of jets. Jets of sec-
tions are the particular jets of maps [94; 126] and the jets of submanifolds
[53; 96] (see Section 8.4). Let us also mention the jets of modules over a
commutative ring [96; 112] which are representative objects of differential
operators on modules [71; 96]. In particular, given a smooth manifold X,
the jets of a projective C∞(X)-module P of finite rank are exactly the jets
of sections of the vector bundle over X whose module of sections is P in
accordance with the Serre–Swan Theorem 10.9.3. The notion of jets is ex-
tended to modules over graded commutative rings [60]. However, the jets
of modules over a noncommutative ring can not be defined [60].
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The jet manifold J1Y admits the natural fibrations

π1 : J1Y 3 j1xs→ x ∈ X, (1.2.2)

π1
0 : J1Y 3 j1xs→ s(x) ∈ Y. (1.2.3)

A glance at the transformation law (1.2.1) shows that π1
0 is an affine bundle

modelled over the vector bundle

T ∗X ⊗
Y
V Y → Y. (1.2.4)

It is convenient to call π1 (1.2.2) the jet bundle, while π1
0 (1.2.3) is said to

be the affine jet bundle.
Let us note that, if Y → X is a vector or an affine bundle, the jet bundle

π1 (1.2.2) is so.
Jets can be expressed in terms of familiar tangent-valued forms as fol-

lows. There are the canonical imbeddings

λ(1) : J1Y →
Y
T ∗X ⊗

Y
TY,

λ(1) = dxλ ⊗ (∂λ + yiλ∂i) = dxλ ⊗ dλ, (1.2.5)

θ(1) : J1Y →
Y
T ∗Y ⊗

Y
V Y,

θ(1) = (dyi − yiλdxλ)⊗ ∂i = θi ⊗ ∂i, (1.2.6)

where dλ are said to be total derivatives, and θi are called local contact

forms.

Remark 1.2.2. We further identify the jet manifold J1Y with its images
under the canonical morphisms (1.2.5) and (1.2.6), and represent the jets
j1xs = (xλ, yi, yiµ) by the tangent-valued forms λ(1) (1.2.5) and θ(1) (1.2.6).

Sections and morphisms of fibre bundles admit prolongations to jet man-
ifolds as follows.

Any section s of a fibre bundle Y → X has the jet prolongation to the
section

(J1s)(x) = j1xs, yiλ ◦ J1s = ∂λs
i(x),

of the jet bundle J1Y → X. A section of the jet bundle J1Y → X is called
integrable if it is the jet prolongation of some section of a fibre bundle
Y → X.

Remark 1.2.3. By virtue of Theorem 1.1.4, the affine jet bundle J1Y → Y

admits global sections. For instance, if Y = X×V is a trivial bundle, there
is the canonical zero section 0̂(Y ) of J1Y → Y which takes its values into
centers of its affine fibres.
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Any bundle morphism Φ : Y → Y ′ over a diffeomorphism f admits a
jet prolongation to a bundle morphism of affine jet bundles

J1Φ : J1Y −→
Φ

J1Y ′, (1.2.7)

y′
i
λ ◦ J1Φ =

∂(f−1)µ

∂x′λ
dµΦi.

Any projectable vector field u (1.1.25) on a fibre bundle Y → X has a
jet prolongation to the projectable vector field

J1u = r1 ◦ J1u : J1Y → J1TY → TJ1Y,

J1u = uλ∂λ + ui∂i + (dλui − yiµ∂λuµ)∂λi , (1.2.8)

on the jet manifold J1Y . In order to obtain (1.2.8), the canonical bundle
morphism

r1 : J1TY → TJ1Y, ẏiλ ◦ r1 = (ẏi)λ − yiµẋ
µ
λ

is used. In particular, there is the canonical isomorphism

V J1Y = J1V Y, ẏiλ = (ẏi)λ. (1.2.9)

Taking the first order jet manifold of the jet bundle J1Y → X, we obtain
the repeated jet manifold J1J1Y provided with the adapted coordinates

(xλ, yi, yiλ, ŷ
i
µ, y

i
µλ)

possessing transition functions

y′iλ =
∂xα

∂x′λ
dαy

′i, ŷ′iλ =
∂xα

∂x′λ
d̂αy

′i, y′
i
µλ =

∂xα

∂x′µ
d̂αy

′i
λ,

dα = ∂α + ŷjα∂j + yjνα∂
ν
j , d̂α = ∂α + ŷjα∂j + yjνα∂

ν
j .

There exist two different affine fibrations of J1J1Y over J1Y :
• the familiar affine jet bundle (1.2.3):

π11 : J1J1Y → J1Y, yiλ ◦ π11 = yiλ, (1.2.10)

• the affine bundle

J1π1
0 : J1J1Y → J1Y, yiλ ◦ J1π1

0 = ŷiλ. (1.2.11)

In general, there is no canonical identification of these fibrations. The
points q ∈ J1J1Y , where

π11(q) = J1π1
0(q),

form an affine subbundle Ĵ2Y → J1Y of J1J1Y called the sesquiholonomic

jet manifold. It is given by the coordinate conditions ŷiλ = yiλ, and is
coordinated by (xλ, yi, yiλ, y

i
µλ).
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The second order jet manifold J2Y of a fibre bundle Y → X can be
defined as the affine subbundle of the fibre bundle Ĵ2Y → J1Y given by
the coordinate conditions

yiλµ = yiµλ.

It is modelled over the vector bundle
2
∨T ∗X ⊗

J1Y
V Y → J1Y,

and is endowed with adapted coordinates (xλ, yi, yiλ, y
i
λµ = yiµλ), possessing

transition functions

y′iλ =
∂xα

∂x′λ
dαy

′i, y′
i
µλ =

∂xα

∂x′µ
dαy

′i
λ. (1.2.12)

The second order jet manifold J2Y also can be introduced as the set of
the equivalence classes j2xs of sections s of the fibre bundle Y → X, which
are identified by their values and the values of their first and second order
partial derivatives at points x ∈ X, i.e.,

yiλ(j
2
xs) = ∂λs

i(x), yiλµ(j
2
xs) = ∂λ∂µs

i(x).

The equivalence classes j2xs are called the second order jets of sections.
Let s be a section of a fibre bundle Y → X, and let J1s be its jet

prolongation to a section of the jet bundle J1Y → X. The latter gives rise
to the section J1J1s of the repeated jet bundle J1J1Y → X. This section
takes its values into the second order jet manifold J2Y . It is called the
second order jet prolongation of a section s, and is denoted by J2s.

Theorem 1.2.1. Let s be a section of the jet bundle J1Y → X, and let J1s

be its jet prolongation to a section of the repeated jet bundle J1J1Y → X.
The following three facts are equivalent:
• s = J1s where s is a section of a fibre bundle Y → X,
• J1s takes its values into Ĵ2Y ,
• J1s takes its values into J2Y .

1.3 Connections on fibre bundles

There are several equivalent definitions of a connection on a fibre bundle.
We start with the traditional notion of a connection as a splitting of the
exact sequences (1.1.19) – (1.1.20), but then follow its definition as a global
section of an affine jet bundle [94; 112; 145]. In the case of vector bundles,
there is an equivalent definition (10.9.10) of a linear connection on their
structure modules.
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1.3.1 Connections as tangent-valued forms

A connection on a fibre bundle Y → X is defined traditionally as a linear
bundle monomorphism

Γ : Y ×
X
TX → TY, (1.3.1)

Γ : ẋλ∂λ → ẋλ(∂λ + Γiλ∂i),

over Y which splits the exact sequence (1.1.19), i.e.,

πT ◦ Γ = Id (Y ×
X
TX).

This also is a definition of connections on fibred manifolds (see Remark
1.3.2).

By virtue of Theorem 1.1.12, a connection always exists. The local
functions Γiλ(y) in (1.3.1) are said to be components of the connection Γ
with respect to the bundle coordinates (xλ, yi) on Y → X.

The image of Y ×TX by the connection Γ defines the horizontal distri-

bution HY ⊂ TY which splits the tangent bundle TY as follows:

TY = HY ⊕
Y
V Y, (1.3.2)

ẋλ∂λ + ẏi∂i = ẋλ(∂λ + Γiλ∂i) + (ẏi − ẋλΓiλ)∂i.

Its annihilator is locally generated by the one-forms dyi − Γiλdx
λ.

Given the horizontal splitting (1.3.2), the surjection

Γ : TY →
Y
V Y, (1.3.3)

ẏi ◦ Γ = ẏi − Γiλẋ
λ,

defines a connection on Y → X in an equivalent way.
The linear morphism Γ over Y (1.3.1) yields uniquely the horizontal

tangent-valued one-form

Γ = dxλ ⊗ (∂λ + Γiλ∂i) (1.3.4)

on Y which projects onto the canonical tangent-valued form θX (1.1.37) on
X. With this form called the connection form, the morphism (1.3.1) reads

Γ : ∂λ → ∂λcΓ = ∂λ + Γiλ∂i.

Given a connection Γ and the corresponding horizontal distribution
(1.3.2), a vector field u on a fibre bundle Y → X is called horizontal if
it lives in HY . A horizontal vector field takes the form

u = uλ(y)(∂λ + Γiλ∂i). (1.3.5)
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In particular, let τ be a vector field on the base X. By means of the
connection form Γ (1.3.4), we obtain the projectable horizontal vector field

Γτ = τcΓ = τλ(∂λ + Γiλ∂i) (1.3.6)

on Y , called the horizontal lift of τ by means of a connection Γ. Conversely,
any projectable horizontal vector field u on Y is the horizontal lift Γτ of its
projection τ on X. Moreover, the horizontal distribution HY is generated
by the horizontal lifts Γτ (1.3.6) of vector fields τ on X. The horizontal lift

T (X) 3 τ → Γτ ∈ T (Y ) (1.3.7)

is a C∞(X)-linear module morphism.
Given the splitting (1.3.1), the dual splitting of the exact sequence

(1.1.20) is

Γ : V ∗Y → T ∗Y, Γ : dyi → dyi − Γiλdx
λ. (1.3.8)

Hence, a connection Γ on Y → X is represented by the vertical-valued form

Γ = (dyi − Γiλdx
λ)⊗ ∂i (1.3.9)

such that the morphism (1.3.8) reads

Γ : dyi → Γcdyi = dyi − Γiλdx
λ.

We call Γ (1.3.9) the vertical connection form. The corresponding horizon-
tal splitting of the cotangent bundle T ∗Y takes the form

T ∗Y = T ∗X ⊕
Y

Γ(V ∗Y ), (1.3.10)

ẋλdx
λ + ẏidy

i = (ẋλ + ẏiΓiλ)dx
λ + ẏi(dyi − Γiλdx

λ).

Then we have the surjection

Γ = pr1 : T ∗Y → T ∗X, ẋλ ◦ Γ = ẋλ + ẏiΓiλ, (1.3.11)

which also defines a connection on a fibre bundle Y → X.

Remark 1.3.1. Treating a connection as the vertical-valued form (1.3.9),
we come to the following important construction. Given a fibre bundle
Y → X, let f : X ′ → X be a morphism and f∗Y → X ′ the pull-back of Y
by f . Any connection Γ (1.3.9) on Y → X induces the pull-back connection

f∗Γ =
(
dyi − (Γ ◦ fY )iλ

∂fλ

∂x′µ
dx′µ

)
⊗ ∂i (1.3.12)

on f∗Y → X ′ (see Remark 1.1.7).
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Remark 1.3.2. Let π : Y → X be a fibred manifold. Any connection Γ
on Y → X yields a horizontal lift of a vector field on X onto Y , but need
not defines the similar lift of a path in X into Y . Let

R ⊃ [] 3 t→ x(t) ∈ X, R 3 t→ y(t) ∈ Y,

be smooth paths in X and Y , respectively. Then t → y(t) is called a
horizontal lift of x(t) if

π(y(t)) = x(t), ẏ(t) ∈ Hy(t)Y, t ∈ R,

where HY ⊂ TY is the horizontal subbundle associated to the connection
Γ. If, for each path x(t) (t0 ≤ t ≤ t1) and for any y0 ∈ π−1(x(t0)), there
exists a horizontal lift y(t) (t0 ≤ t ≤ t1) such that y(t0) = y0, then Γ is
called the Ehresmann connection. A fibred manifold is a fibre bundle if and
only if it admits an Ehresmann connection [69].

1.3.2 Connections as jet bundle sections

Throughout the book, we follow the equivalent definition of connections on
a fibre bundle Y → X as sections of the affine jet bundle J1Y → Y .

Let Y → X be a fibre bundle, and J1Y its first order jet manifold. Given
the canonical morphisms (1.2.5) and (1.2.6), we have the corresponding
morphisms

λ̂(1) : J1Y ×
X
TX 3 ∂λ → dλ = ∂λcλ(1) ∈ J1Y ×

Y
TY, (1.3.13)

θ̂(1) : J1Y ×
Y
V ∗Y 3 dyi → θi = θ(1)cdyi ∈ J1Y ×

Y
T ∗Y (1.3.14)

(see Remark 1.1.2). These morphisms yield the canonical horizontal split-

tings of the pull-back bundles

J1Y ×
Y
TY = λ̂(1)(TX) ⊕

J1Y
V Y, (1.3.15)

ẋλ∂λ + ẏi∂i = ẋλ(∂λ + yiλ∂i) + (ẏi − ẋλyiλ)∂i,
J1Y ×

Y
T ∗Y = T ∗X ⊕

J1Y
θ̂(1)(V ∗Y ), (1.3.16)

ẋλdx
λ + ẏidy

i = (ẋλ + ẏiy
i
λ)dx

λ + ẏi(dyi − yiλdxλ).

Let Γ be a global section of J1Y → Y . Substituting the tangent-valued
form

λ(1) ◦ Γ = dxλ ⊗ (∂λ + Γiλ∂i)
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in the canonical splitting (1.3.15), we obtain the familiar horizontal split-
ting (1.3.2) of TY by means of a connection Γ on Y → X. Accordingly,
substitution of the tangent-valued form

θ(1) ◦ Γ = (dyi − Γiλdx
λ)⊗ ∂i

in the canonical splitting (1.3.16) leads to the dual splitting (1.3.10) of T ∗Y
by means of a connection Γ.

Theorem 1.3.1. There is one-to-one correspondence between the connec-
tions Γ on a fibre bundle Y → X and the global sections

Γ : Y → J1Y, (xλ, yi, yiλ) ◦ Γ = (xλ, yi,Γiλ), (1.3.17)
of the affine jet bundle J1Y → Y .

There are the following corollaries of this theorem.
• Since J1Y → Y is affine, a connection on a fibre bundle Y → X exists

in accordance with Theorem 1.1.4.
• Connections on a fibre bundle Y → X make up an affine space mod-

elled over the vector space of soldering forms on Y → X, i.e., sections of
the vector bundle (1.2.4).
• Connection components possess the coordinate transformation law

Γ′iλ =
∂xµ

∂x′λ
(∂µ + Γjµ∂j)y

′i.

• Every connection Γ (1.3.17) on a fibre bundle Y → X yields the first
order differential operator

DΓ : J1Y →
Y
T ∗X ⊗

Y
V Y, (1.3.18)

DΓ = λ(1) − Γ ◦ π1
0 = (yiλ − Γiλ)dx

λ ⊗ ∂i,
on Y called the covariant differential relative to the connection Γ. If s :
X → Y is a section, from (1.3.18) we obtain its covariant differential

∇Γs = DΓ ◦ J1s : X → T ∗X ⊗ V Y, (1.3.19)

∇Γs = (∂λsi − Γiλ ◦ s)dxλ ⊗ ∂i,
and the covariant derivative

∇Γ
τ = τc∇Γ

along a vector field τ on X. A section s is said to be an integral section

of a connection Γ if it belongs to the kernel of the covariant differential DΓ

(1.3.18), i.e.,
∇Γs = 0 or J1s = Γ ◦ s. (1.3.20)

Theorem 1.3.2. For any global section s : X → Y , there always exists a
connection Γ such that s is an integral section of Γ.
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Proof. This connection Γ is an extension of the local section
s(x)→ J1s(x)

of the affine jet bundle J1Y → Y over the closed imbedded submanifold
s(X) ⊂ Y in accordance with Theorem 1.1.4. �

Treating connections as jet bundle sections, one comes to the following
two constructions.

(i) Let Y and Y ′ be fibre bundles over the same base X. Given a
connection Γ on Y → X and a connection Γ′ on Y ′ → X, the fibre bundle

Y ×
X
Y ′ → X

is provided with the product connection

Γ× Γ′ : Y ×
X
Y ′ → J1(Y ×

X
Y ′) = J1Y ×

X
J1Y ′,

Γ× Γ′ = dxλ ⊗
(
∂λ + Γiλ

∂

∂yi
+ Γ′jλ

∂

∂y′j

)
. (1.3.21)

(ii) Let iY : Y → Y ′ be a subbundle of a fibre bundle Y ′ → X and Γ′ a
connection on Y ′ → X. If there exists a connection Γ on Y → X such that
the diagram

Y ′
Γ′−→ J1Y

iY 6 6 J1iY

Y
Γ−→ J1Y ′

is commutative, we say that Γ′ is reducible to a connection Γ. The following
conditions are equivalent:
• Γ′ is reducible to Γ;
• TiY (HY ) = HY ′|iY (Y ), where HY ⊂ TY and HY ′ ⊂ TY ′ are the

horizontal subbundles determined by Γ and Γ′, respectively;
• for every vector field τ on X, the vector fields Γτ and Γ′τ are related

as follows:
TiY ◦ Γτ = Γ′τ ◦ iY . (1.3.22)

1.3.3 Curvature and torsion

Let Γ be a connection on a fibre bundle Y → X. Its curvature is defined
as the Nijenhuis differential

R =
1
2
dΓΓ =

1
2
[Γ,Γ]FN : Y →

2
∧T ∗X ⊗ V Y, (1.3.23)

R =
1
2
Riλµdx

λ ∧ dxµ ⊗ ∂i, (1.3.24)

Riλµ = ∂λΓiµ − ∂µΓiλ + Γjλ∂jΓ
i
µ − Γjµ∂jΓ

i
λ.
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This is a V Y -valued horizontal two-form on Y . Given vector fields τ , τ ′ on
X and their horizontal lifts Γτ and Γτ ′ (1.3.6) on Y , we have the relation

R(τ, τ ′) = −Γ[τ, τ ′] + [Γτ,Γτ ′] = τλτ ′µRiλµ∂i. (1.3.25)

The curvature (1.3.23) obeys the identities

[R,R]FN = 0, (1.3.26)

dΓR = [Γ, R]FN = 0. (1.3.27)

They result from the identity (1.1.41) and the graded Jacobi identity
(1.1.42), respectively. The identity (1.3.27) is called the second Bianchi

identity. It takes the coordinate form∑
(λµν)

(∂λRiµν + Γjλ∂jR
i
µν − ∂jΓiλRjµν) = 0, (1.3.28)

where the sum is cyclic over the indices λ, µ and ν.
In the same manner, given a soldering form σ, one defines the soldered

curvature

ρ =
1
2
dσσ =

1
2
[σ, σ]FN : Y →

2
∧T ∗X ⊗ V Y, (1.3.29)

ρ =
1
2
ρiλµdx

λ ∧ dxµ ⊗ ∂i,

ρiλµ = σjλ∂jσ
i
µ − σjµ∂jσiλ.

It fulfills the identities

[ρ, ρ]FN = 0,

dσρ = [σ, ρ]FN = 0,

similar to (1.3.26) – (1.3.27).
Given a connection Γ and a soldering form σ, the torsion form of Γ with

respect to σ is defined as

T = dΓσ = dσΓ : Y →
2
∧T ∗X ⊗ V Y,

T = (∂λσiµ + Γjλ∂jσ
i
µ − ∂jΓiλσjµ)dxλ ∧ dxµ ⊗ ∂i. (1.3.30)

It obeys the first Bianchi identity

dΓT = d2
Γσ = [R, σ]FN = −dσR. (1.3.31)

If Γ′ = Γ + σ, we have the relations

T ′ = T + 2ρ, (1.3.32)

R′ = R+ ρ+ T. (1.3.33)
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1.3.4 Linear connections

A connection Γ on a vector bundle Y → X is called the linear connection

if the section

Γ : Y → J1Y, Γ = dxλ ⊗ (∂λ + Γλij(x)yj∂i), (1.3.34)

is a linear bundle morphism over X. Note that linear connections are
principal connections, and they always exist (see Assertion 5.4.1).

The curvature R (1.3.24) of a linear connection Γ (1.3.34) reads

R =
1
2
Rλµ

i
j(x)yjdxλ ∧ dxµ ⊗ ∂i,

Rλµ
i
j = ∂λΓµij − ∂µΓλij + ΓλhjΓµih − ΓµhjΓλih. (1.3.35)

Due to the vertical splitting (1.1.17), we have the linear morphism

R : Y 3 yiei →
1
2
Rλµ

i
jy
jdxλ ∧ dxµ ⊗ ei ∈ O2(X)⊗ Y. (1.3.36)

There are the following standard constructions of new linear connections
from the old ones.
• Let Y → X be a vector bundle, coordinated by (xλ, yi), and Y ∗ → X

its dual, coordinated by (xλ, yi). Any linear connection Γ (1.3.34) on a
vector bundle Y → X defines the dual linear connection

Γ∗ = dxλ ⊗ (∂λ − Γλji(x)yj∂i) (1.3.37)

on Y ∗ → X.
• Let Γ and Γ′ be linear connections on vector bundles Y → X and

Y ′ → X, respectively. The direct sum connection Γ ⊕ Γ′ on the Whitney
sum Y ⊕ Y ′ of these vector bundles is defined as the product connection
(1.3.21).
• Let Y coordinated by (xλ, yi) and Y ′ coordinated by (xλ, ya) be vector

bundles over the same base X. Their tensor product Y ⊗Y ′ is endowed with
the bundle coordinates (xλ, yia). Linear connections Γ and Γ′ on Y → X

and Y ′ → X define the linear tensor product connection

Γ⊗ Γ′ = dxλ ⊗
[
∂λ + (Γλijyja + Γ′λ

a
by
ib)

∂

∂yia

]
(1.3.38)

on

Y ⊗
X
Y ′ → X.

An important example of linear connections is a linear connection

Γ = dxλ ⊗ (∂λ + Γλµν ẋν ∂̇µ) (1.3.39)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

1.3. Connections on fibre bundles 37

on the tangent bundle TX of a manifold X. We agree to call it a world

connection on a manifold X. The dual world connection (1.3.37) on the
cotangent bundle T ∗X is

Γ∗ = dxλ ⊗ (∂λ − Γλµν ẋµ∂̇ν). (1.3.40)

Then, using the construction of the tensor product connection (1.3.38), one
can introduce the corresponding linear world connection on an arbitrary

tensor bundle T (1.1.14).

Remark 1.3.3. It should be emphasized that the expressions (1.3.39) and
(1.3.40) for a world connection differ in a minus sign from those usually
used in the physical literature.

The curvature of a world connection is defined as the curvature R

(1.3.35) of the connection Γ (1.3.39) on the tangent bundle TX. It reads

R =
1
2
Rλµ

α
β ẋ

βdxλ ∧ dxµ ⊗ ∂̇α, (1.3.41)

Rλµ
α
β = ∂λΓµαβ − ∂µΓλαβ + ΓλγβΓµαγ − ΓµγβΓλαγ .

By the torsion of a world connection is meant the torsion (1.3.30) of
the connection Γ (1.3.39) on the tangent bundle TX with respect to the
canonical soldering form θJ (1.1.39):

T =
1
2
Tµ

ν
λdx

λ ∧ dxµ ⊗ ∂̇ν , (1.3.42)

Tµ
ν
λ = Γµνλ − Γλνµ.

A world connection is said to be symmetric if its torsion (1.3.42) vanishes,
i.e.,

Γµνλ = Γλνµ.

Remark 1.3.4. For any vector field τ on a manifold X, there exists a
connection Γ on the tangent bundle TX → X such that τ is an integral
section of Γ, but this connection is not necessarily linear. If a vector field
τ is non-vanishing at a point x ∈ X, then there exists a local symmetric
world connection Γ (1.3.39) around x for which τ is an integral section

∂ντ
α = Γναβτβ . (1.3.43)

Then the canonical lift τ̃ (1.1.28) of τ onto TX can be seen locally as the
horizontal lift Γτ (1.3.6) of τ by means of this connection.
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Remark 1.3.5. Every manifold X can be provided with a non-degenerate
fibre metric

g ∈
2
∨O1(X), g = gλµdx

λ ⊗ dxµ,

in the tangent bundle TX, and with the corresponding metric

g ∈
2
∨T 1(X), g = gλµ∂λ ⊗ ∂µ,

in the cotangent bundle T ∗X. We call it a world metric on X. For any
world metric g, there exists a unique symmetric world connection Γ (1.3.39)
with the components

Γλνµ = {λνµ} = −1
2
gνρ(∂λgρµ + ∂µgρλ − ∂ρgλµ), (1.3.44)

called the Christoffel symbols, such that g is an integral section of Γ, i.e.

∂λ g
αβ = gαγ{λβγ}+ gβγ{λαγ}.

It is called the Levi–Civita connection associated to g.

1.3.5 Affine connections

Let Y → X be an affine bundle modelled over a vector bundle Y → X. A
connection Γ on Y → X is called an affine connection if the section Γ : Y →
J1Y (1.3.17) is an affine bundle morphism over X. Affine connections are
associated to principal connections, and they always exist (see Assertion
5.4.1).

For any affine connection Γ : Y → J1Y , the corresponding linear deriva-
tive Γ : Y → J1Y (1.1.23) defines a unique associated linear connection on
the vector bundle Y → X. Since every vector bundle has a natural struc-
ture of an affine bundle, any linear connection on a vector bundle also is an
affine connection.

With respect to affine bundle coordinates (xλ, yi) on Y , an affine con-
nection Γ on Y → X reads

Γiλ = Γλij(x)yj + σiλ(x). (1.3.45)

The coordinate expression of the associated linear connection is

Γ
i

λ = Γλij(x)yj , (1.3.46)

where (xλ, yi) are the associated linear bundle coordinates on Y .
Affine connections on an affine bundle Y → X constitute an affine

space modelled over the soldering forms on Y → X. In view of the vertical
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splitting (1.1.24), these soldering forms can be seen as global sections of
the vector bundle

T ∗X ⊗
X
Y → X.

If Y → X is a vector bundle, both the affine connection Γ (1.3.45) and
the associated linear connection Γ are connections on the same vector bun-
dle Y → X, and their difference is a basic soldering form on Y . Thus,
every affine connection on a vector bundle Y → X is the sum of a linear
connection and a basic soldering form on Y → X.

Given an affine connection Γ on a vector bundle Y → X, let R and R

be the curvatures of a connection Γ and the associated linear connection Γ,
respectively. It is readily observed that

R = R+ T,

where the V Y -valued two-form

T = dΓσ = dσΓ : X →
2
∧T ∗X ⊗

X
V Y, (1.3.47)

T =
1
2
T iλµdx

λ ∧ dxµ ⊗ ∂i,

T iλµ = ∂λσ
i
µ − ∂µσiλ + σhλΓµih − σhµΓλih,

is the torsion (1.3.30) of the connection Γ with respect to the basic soldering
form σ.

In particular, let us consider the tangent bundle TX of a manifold X.
We have the canonical soldering form σ = θJ = θX (1.1.39) on TX. Given
an arbitrary world connection Γ (1.3.39) on TX, the corresponding affine
connection

A = Γ + θX , Aµλ = Γλµν ẋν + δµλ , (1.3.48)

on TX is called the Cartan connection. Since the soldered curvature ρ

(1.3.29) of θJ equals zero, the torsion (1.3.32) of the Cartan connection
coincides with the torsion T (1.3.42) of the world connection Γ, while its
curvature (1.3.33) is the sum R+ T of the curvature and the torsion of Γ.

1.3.6 Flat connections

By a flat or curvature-free connection is meant a connection which satisfies
the following equivalent conditions.

Theorem 1.3.3. Let Γ be a connection on a fibre bundle Y → X. The
following assertions are equivalent.
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(i) The curvature R of a connection Γ vanishes identically, i.e., R ≡ 0.
(ii) The horizontal lift (1.3.7) of vector fields on X onto Y is an R-linear

Lie algebra morphism (in accordance with the formula (1.3.25)).
(iii) The horizontal distribution is involutive.
(iv) There exists a local integral section for a connection Γ through any

point y ∈ Y .

By virtue of Theorem 1.1.16 and item (iii) of Theorem 1.3.3, a flat
connection Γ on a fibre bundle Y → X yields a horizontal foliation on Y ,
transversal to the fibration Y → X. The leaf of this foliation through a
point y ∈ Y is defined locally by an integral section sy for the connection
Γ through y. Conversely, let a fibre bundle Y → X admit a transversal
foliation such that, for each point y ∈ Y , the leaf of this foliation through
y is locally defined by a section sy of Y → X through y. Then the map

Γ : Y → J1Y, Γ(y) = j1xsy, π(y) = x,

introduces a flat connection on Y → X. Thus, there is one-to-one corre-
spondence between the flat connections and the transversal foliations of a
fibre bundle Y → X.

Given a transversal foliation on a fibre bundle Y → X, there exists the
associated atlas of bundle coordinates (xλ, yi) of Y such that every leaf
of this foliation is locally generated by the equations yi =const., and the
transition functions yi → y′

i(yj) are independent of the base coordinates
xλ [53]. This is called the atlas of constant local trivializations. Two such
atlases are said to be equivalent if their union also is an atlas of constant
local trivializations. They are associated to the same horizontal foliation.
Thus, we come to the following assertion.

Theorem 1.3.4. There is one-to-one correspondence between the flat con-
nections Γ on a fibre bundle Y → X and the equivalence classes of atlases
of constant local trivializations of Y such that

Γ = dxλ ⊗ ∂λ

relative to these atlases.

In particular, if Y → X is a trivial bundle, one associates to each its
trivialization a flat connection represented by the global zero section 0̂(Y )
of J1Y → Y with respect to this trivialization (see Remark 1.2.3).
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1.3.7 Second order connections

A second order connection Γ̃ on a fibre bundle Y → X is defined as a
connection

Γ̃ = dxλ ⊗ (∂λ + Γ̃iλ∂i + Γ̃iλµ∂
µ
i ) (1.3.49)

on the jet bundle J1Y → X, i.e., this is a section of the affine bundle

π11 : J1J1Y → J1Y.

Every connection on a fibre bundle Y → X gives rise to the second order
one by means of a world connection on X as follows. The first order jet
prolongation J1Γ of a connection Γ on Y → X is a section of the repeated
jet bundle J1π1

0 (1.2.11), but not of π11. Given a world connection K

(1.3.40) on X, one can construct the affine morphism

sK : J1J1Y → J1J1Y,

(xλ, yi, yiλ, ŷ
i
λ, y

i
λµ) ◦ sK = (xλ, yi, ŷiλ, y

i
λ, y

i
µλ −Kλ

ν
µ(ŷiν − yiν)),

such that

π11 = J1π1
0 ◦ sK

[53]. Then Γ gives rise to the second order connection

Γ̃ = sK ◦ J1Γ : J1Y → J1J1Y, (1.3.50)

Γ̃ = dxλ ⊗ (∂λ + Γiλ∂i + [∂λΓiµ + yjλ∂jΓ
i
µ +Kλ

ν
µ(yiν − Γiν)]∂

µ
i ),

which is an affine morphism

J1Y
Γ̃−→ J1J1Y

π1
0

? ?
π11

Y
Γ−→ J1Y

over the connection Γ. Note that the curvature R (1.3.23) of a connection
Γ on a fibre bundle Y → X can be seen as a soldering form

R = Riλµdx
λ ⊗ ∂µi

on the jet bundle J1Y → X. Therefore, Γ̃ − R also is a connection on
J1Y → X.

A second order connection Γ̃ (1.3.49) is said to be holonomic if it takes
its values into the subbundle J2Y of J1J1Y . There is one-to-one corre-
spondence between the global sections of the jet bundle J2Y → J1Y and
the holonomic second order connections on Y → X. Since the jet bundle
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J2Y → J1Y is affine, a holonomic second order connection on a fibre bundle
Y → X always exists. It is characterized by the coordinate conditions

Γ̃iλ = yiλ, Γ̃iλµ = Γ̃iµλ,

and takes the form

Γ̃ = dxλ ⊗ (∂λ + yiλ∂i + Γ̃iλµ∂
µ
i ). (1.3.51)

By virtue of Theorem 1.2.1, every integral section

s : X → J1Y

of the holonomic second order connection (1.3.51) is integrable, i.e., s =
J1s.

1.4 Composite bundles

Let us consider the composition

π : Y → Σ→ X (1.4.1)

of fibre bundles

πY Σ : Y → Σ, (1.4.2)

πΣX : Σ→ X. (1.4.3)

One can show that it is a fibre bundle, called the composite bundle [53]. It
is provided with bundle coordinates (xλ, σm, yi), where (xλ, σm) are bundle
coordinates on the fibre bundle (1.4.3), i.e., transition functions of coordi-
nates σm are independent of coordinates yi.

For instance, the tangent bundle TY of a fibre bundle Y → X is a
composite bundle

TY → Y → X.

The following two assertions make composite bundles useful for physical
applications.

Theorem 1.4.1. Given a composite bundle (1.4.1), let h be a global section
of the fibre bundle Σ→ X. Then the restriction

Y h = h∗Y (1.4.4)

of the fibre bundle Y → Σ to h(X) ⊂ Σ is a subbundle of the fibre bundle
Y → X.
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Theorem 1.4.2. Given a section h of the fibre bundle Σ→ X and a section
sΣ of the fibre bundle Y → Σ, their composition

s = sΣ ◦ h
is a section of the composite bundle Y → X (1.4.1). Conversely, every
section s of the fibre bundle Y → X is a composition of the section

h = πY Σ ◦ s
of the fibre bundle Σ→ X and some section sΣ of the fibre bundle Y → Σ
over the closed imbedded submanifold h(X) ⊂ Σ.

Let us consider the jet manifolds J1Σ, J1
ΣY , and J1Y of the fibre bundles

Σ→ X, Y → Σ, Y → X,

respectively. They are provided with the adapted coordinates

(xλ, σm, σmλ ), (xλ, σm, yi, ỹiλ, y
i
m), (xλ, σm, yi, σmλ , y

i
λ).

One can show the following [145].

Theorem 1.4.3. There is the canonical map

% : J1Σ×
Σ
J1

ΣY −→
Y

J1Y, (1.4.5)

yiλ ◦ % = yimσ
m
λ + ỹiλ.

Using the canonical map (1.4.5), we can get the relations between con-
nections on the fibre bundles Y → X, Y → Σ and Σ→ X. These connec-
tions are given by the corresponding connection forms

γ = dxλ ⊗ (∂λ + γmλ ∂m + γiλ∂i), (1.4.6)

AΣ = dxλ ⊗ (∂λ +Aiλ∂i) + dσm ⊗ (∂m +Aim∂i), (1.4.7)

Γ = dxλ ⊗ (∂λ + Γmλ ∂m). (1.4.8)

A connection γ (1.4.6) on the fibre bundle Y → X is called projectable

onto a connection Γ (1.4.8) on the fibre bundle Σ → X if, for any vector
field τ on X, its horizontal lift γτ on Y by means of the connection γ is
a projectable vector field over the horizontal lift Γτ of τ on Σ by means
of the connection Γ. This property takes place if and only if γmλ = Γmλ ,
i.e., components γmλ of the connection γ (1.4.6) must be independent of the
fibre coordinates yi.

A connection AΣ (1.4.7) on the fibre bundle Y → Σ and a connection
Γ (1.4.8) on the fibre bundle Σ→ X define a connection on the composite
bundle Y → X as the composition of bundle morphisms

γ : Y ×
X
TX

(Id ,Γ)−→ Y ×
Σ
TΣ AΣ−→TY.
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It is called the composite connection [112; 145]. This composite connection
reads

γ = dxλ ⊗ (∂λ + Γmλ ∂m + (Aiλ +AimΓmλ )∂i). (1.4.9)

It is projectable onto Γ. Moreover, this is a unique connection such that the
horizontal lift γτ on Y of a vector field τ on X by means of the composite
connection γ (1.4.9) coincides with the composition AΣ(Γτ) of horizontal
lifts of τ on Σ by means of the connection Γ and then on Y by means of
the connection AΣ. For the sake of brevity, let us write γ = AΣ ◦ Γ.

Given a composite bundle Y (1.4.1), there are the exact sequences of
vector bundles over Y :

0→ VΣY −→V Y → Y ×
Σ
V Σ→ 0, (1.4.10)

0→ Y ×
Σ
V ∗Σ −→V ∗Y → V ∗ΣY → 0, (1.4.11)

where VΣY and V ∗ΣY are the vertical tangent and the vertical cotangent
bundles of the fibre bundle Y → Σ which are coordinated by (xλ, σm, yi, ẏi)
and (xλ, σm, yi, ẏi), respectively. Let us consider a splitting of these exact
sequences

B : V Y 3 ẏi∂i + σ̇m∂m → (ẏi∂i + σ̇m∂m)cB = (1.4.12)

(ẏi − σ̇mBim)∂i ∈ VΣY,

B : V ∗ΣY 3 dyi → Bcdyi = dyi −Bimdσm ∈ V ∗Y, (1.4.13)

given by the form

B = (dyi −Bimdσm)⊗ ∂i. (1.4.14)

Then the connection γ (1.4.6) on Y → X and the splitting B (1.4.12) define
the connection

AΣ = B ◦ γ : TY → V Y → VΣY, (1.4.15)

AΣ = dxλ ⊗ (∂λ + (γiλ −Bimγmλ )∂i) + dσm ⊗ (∂m +Bim∂i),

on the fibre bundle Y → Σ.
Conversely, every connection AΣ (1.4.7) on the fibre bundle Y → Σ

yields the splitting

AΣ : TY ⊃ V Y 3 ẏi∂i + σ̇m∂m → (ẏi −Aimσ̇m)∂i (1.4.16)

of the exact sequence (1.4.10). Using this splitting, one can construct a
first order differential operator

D̃ : J1Y → T ∗X ⊗
Y
VΣY, (1.4.17)

D̃ = dxλ ⊗ (yiλ −Aiλ −Aimσmλ )∂i,
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on the composite bundle Y → X. It is called the vertical covariant differ-

ential. This operator also can be defined as the composition

D̃ = pr1 ◦Dγ : J1Y → T ∗X ⊗
Y
V Y → T ∗X ⊗

Y
V YΣ,

where Dγ is the covariant differential (1.3.18) relative to some compos-
ite connection AΣ ◦ Γ (1.4.9), but D̃ does not depend on the choice of a
connection Γ on the fibre bundle Σ→ X.

The vertical covariant differential (1.4.17) possesses the following im-
portant property. Let h be a section of the fibre bundle Σ → X, and let
Y h → X be the restriction (1.4.4) of the fibre bundle Y → Σ to h(X) ⊂ Σ.
This is a subbundle

ih : Y h → Y

of the fibre bundle Y → X. Every connection AΣ (1.4.7) induces the pull-
back connection

Ah = i∗hAΣ = dxλ ⊗ [∂λ + ((Aim ◦ h)∂λhm + (A ◦ h)iλ)∂i] (1.4.18)

on Y h → X. Then the restriction of the vertical covariant differential D̃
(1.4.17) to

J1ih(J1Y h) ⊂ J1Y

coincides with the familiar covariant differentialDAh (1.3.18) on Y h relative
to the pull-back connection Ah (1.4.18).

Remark 1.4.1. Let Γ : Y → J1Y be a connection on a fibre bundle
Y → X. In accordance with the canonical isomorphism V J1Y = J1V Y

(1.2.9), the vertical tangent map

V Γ : V Y → V J1Y

to Γ defines the connection

V Γ : V Y → J1V Y,

V Γ = dxλ ⊗ (∂λ + Γiλ∂i + ∂jΓiλẏ
j ∂̇i), (1.4.19)

on the composite vertical tangent bundle

V Y → Y → X.

This is called the vertical connection to Γ. Of course, the connection V Γ
projects onto Γ. Moreover, V Γ is linear over Γ. Then the dual connection
of V Γ on the composite vertical cotangent bundle

V ∗Y → Y → X
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reads

V ∗Γ : V ∗Y → J1V ∗Y,

V ∗Γ = dxλ ⊗ (∂λ + Γiλ∂i − ∂jΓiλẏi∂̇j). (1.4.20)

It is called the covertical connection to Γ. If Y → X is an affine bundle, the
connection V Γ (1.4.19) can be seen as the composite connection generated
by the connection Γ on Y → X and the linear connection

Γ̃ = dxλ ⊗ (∂λ + ∂jΓiλẏ
j ∂̇i) + dyi ⊗ ∂i (1.4.21)

on the vertical tangent bundle V Y → Y .

1.5 Higher order jet manifolds

The notion of first and second order jets of sections of a fibre bundle is
naturally extended to higher order jets [53; 94; 145].

Let Y → X be a fibre bundle. Given its bundle coordinates (xλ, yi),
a multi-index Λ of the length |Λ| = k throughout denotes a collection of
indices (λ1...λk) modulo permutations. By Λ + Σ is meant a multi-index
(λ1 . . . λkσ1 . . . σr). For instance λ+ Λ = (λλ1...λr). By ΛΣ is denoted the
union of collections (λ1 . . . λk;σ1 . . . σr) where the indices λi and σj are not
permitted. Summation over a multi-index Λ means separate summation
over each its index λi. We use the compact notation

∂Λ = ∂λk
◦ · · · ◦ ∂λ1 , Λ = (λ1...λk).

The r-order jet manifold JrY of sections of a fibre bundle Y → X is
defined as the disjoint union of the equivalence classes jrxs of sections s of
Y → X such that sections s and s′ belong to the same equivalence class
jrxs if and only if

si(x) = s′
i(x), ∂Λs

i(x) = ∂Λs
′i(x), 0 < |Λ| ≤ r.

In brief, one can say that sections of Y → X are identified by the r+1 terms
of their Taylor series at points of X. The particular choice of coordinates
does not matter for this definition. The equivalence classes jrxs are called
the r-order jets of sections. Their set JrY is endowed with an atlas of the
adapted coordinates

(xλ, yiΛ), yiΛ ◦ s = ∂Λs
i(x), 0 ≤ |Λ| ≤ r, (1.5.1)

possessing transition functions

y′
i
λ+Λ =

∂xµ

∂′xλ
dµy
′i
Λ, (1.5.2)
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where the symbol dλ stands for the higher order total derivative

dλ = ∂λ +
∑

0≤|Λ|≤r−1

yiΛ+λ∂
Λ
i , d′λ =

∂xµ

∂x′λ
dµ. (1.5.3)

These derivatives act on exterior forms on JrY and obey the relations
[dλ, dµ] = 0, dλ ◦ d = d ◦ dλ,
dλ(φ ∧ σ) = dλ(φ) ∧ σ + φ ∧ dλ(σ),

dλ(dφ) = d(dλ(φ)).
For instance,

dλ(dxµ) = 0, dλ(dyiΛ) = dyiλ+Λ.

We use the compact notation
dΛ = dλr

◦ · · · ◦ dλ1 , Λ = (λr...λ1).
The coordinates (1.5.1) bring the set JrY into a smooth manifold of

finite dimension

dim JrY = n+m

r∑
i=0

(n+ i− 1)!
i!(n− 1)!

.

The coordinates (1.5.1) are compatible with the natural surjections
πrk : JrY → JkY, r > k,

which form the composite bundle

πr : JrY
πr

r−1−→ Jr−1Y
πr−1

r−2−→· · · π1
0−→Y

π−→X

with the properties
πks ◦ πrk = πrs , πs ◦ πrs = πr.

A glance at the transition functions (1.5.2), when |Λ| = r, shows that the
fibration

πrr−1 : JrY → Jr−1Y

is an affine bundle modelled over the vector bundle
r
∨T ∗X ⊗

Jr−1Y
V Y → Jr−1Y. (1.5.4)

Remark 1.5.1. Let us recall that a base of any affine bundle is a strong
deformation retract of its total space. Consequently, Y is a strong defor-
mation retract of J1Y , which in turn is a strong deformation retract of
J2Y , and so on. It follows that a fibre bundle Y is a strong deformation
retract of any finite order jet manifold JrY . Therefore, by virtue of the
Vietoris–Begle theorem [22], there is an isomorphism

H∗(JrY ; R) = H∗(Y ; R) (1.5.5)
of cohomology groups of JrY , 1 ≤ r, and Y with coefficients in the constant
sheaf R.
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Remark 1.5.2. To introduce higher order jet manifolds, one can use the
construction of repeated jet manifolds. Let us consider the r-order jet
manifold JrJkY of a jet bundle JkY → X. It is coordinated by (xµ, yiΣΛ),
|Λ| ≤ k, |Σ| ≤ r. There is a canonical monomorphism

σrk : Jr+kY → JrJkY, yiΣΛ ◦ σrk = yiΣ+Λ.

In the calculus in higher order jets, we have the r-order jet prolongation

functor such that, given fibre bundles Y and Y ′ over X, every bundle
morphism Φ : Y → Y ′ over a diffeomorphism f of X admits the r-order jet

prolongation to a morphism of r-order jet manifolds

JrΦ : JrY 3 jrxs→ jrf(x)(Φ ◦ s ◦ f
−1) ∈ JrY ′. (1.5.6)

The jet prolongation functor is exact. If Φ is an injection or a surjection, so
is JrΦ. It also preserves an algebraic structure. In particular, if Y → X is
a vector bundle, JrY → X is well. If Y → X is an affine bundle modelled
over the vector bundle Y → X, then JrY → X is an affine bundle modelled
over the vector bundle JrY → X.

Every section s of a fibre bundle Y → X admits the r-order jet prolon-

gation to the integrable section

(Jrs)(x) = jrxs

of the jet bundle JrY → X.
Let O∗k = O∗(JkY ) be the differential graded algebra of exterior forms

on a jet manifold JkY . Every exterior form φ on a jet manifold JkY gives
rise to the pull-back form πk+ik

∗φ on a jet manifold Jk+iY . We have the
direct sequence of C∞(X)-algebras

O∗(X) π∗−→O∗(Y )
π1
0
∗

−→O∗1
π2
1
∗

−→· · ·
πr

r−1
∗

−→ O∗r .

Remark 1.5.3. By virtue of de Rham Theorem 10.9.4, the cohomology of
the de Rham complex of O∗k equals the cohomology H∗(JkY ; R) of JkY
with coefficients in the constant sheaf R. The latter in turn coincides with
the sheaf cohomology H∗(Y ; R) of Y (see Remark 1.5.1) and, thus, it equals
the de Rham cohomology H∗DR(Y ) of Y .

Given a k-order jet manifold JkY of Y → X, there exists the canonical
bundle morphism

r(k) : JkTY → TJkY

over a surjection

JkY ×
X
JkTX → JkY ×

X
TX
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whose coordinate expression is

ẏiΛ ◦ r(k) = (ẏi)Λ −
∑

(ẏi)µ+Σ(ẋµ)Ξ, 0 ≤ |Λ| ≤ k,
where the sum is taken over all partitions Σ + Ξ = Λ and 0 < |Ξ|. In
particular, we have the canonical isomorphism over JkY

r(k) : JkV Y → V JkY, (ẏi)Λ = ẏiΛ ◦ r(k). (1.5.7)

As a consequence, every projectable vector field u (1.1.25) on a fibre bundle
Y → X has the following k-order jet prolongation to a vector field on JkY :

Jku = r(k) ◦ Jku : JkY → TJkY,

Jku = uλ∂λ + ui∂i +
∑

0<|Λ|≤k

(dΛ(ui − yiµuµ) + yiµ+Λu
µ)∂Λ

i , (1.5.8)

(cf. (1.2.8) for k = 1). In particular, the k-order jet prolongation (1.5.8) of
a vertical vector field u = ui∂i on Y → X is a vertical vector field

Jku = ui∂i +
∑

0<|Λ|≤k

dΛu
i∂Λ
i (1.5.9)

on JkY → X due to the isomorphism (1.5.7).
A vector field ur on an r-order jet manifold JrY is called projectable if,

for any k < r, there exists a projectable vector field uk on JkY such that

uk ◦ πrk = Tπrk ◦ ur.
A projectable vector field uk on JkY has the coordinate expression

uk = uλ∂λ +
∑

0≤|Λ|≤k

uiΛ∂
Λ
i

such that uλ depends only on coordinates xµ and every component uiΛ is
independent of coordinates yiΞ, |Ξ| > |Λ|. In particular, the k-order jet
prolongation Jku (1.5.8) of a projectable vector field on Y is a projectable
vector field on JkY . It is called an integrable vector field.

Let Pk denote a vector space of projectable vector fields on a jet ma-
nifold JkY . It is easily seen that Pr is a real Lie algebra and that the
morphisms Tπrk, k < r, constitute the inverse system

P0 Tπ1
0←−P1 Tπ2

1←−· · ·
Tπr−1

r−2←− Pr−1 Tπ
r
r−1←− Pr (1.5.10)

of these Lie algebras. One can show the following [149].

Theorem 1.5.1. The k-order jet prolongation (1.5.8) is a Lie algebra
monomorphism of the Lie algebra P0 of projectable vector fields on Y → X

to the Lie algebra Pk of projectable vector fields on JkY such that

Tπrk(J
ru) = Jku ◦ πrk. (1.5.11)
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Every projectable vector field uk on JkY is decomposed into the sum

uk = Jk(Tπk0 (uk)) + vk (1.5.12)

of the integrable vector field Jk(Tπk0 (uk)) and a projectable vector field vk
which is vertical with respect to a fibration JkY → Y .

Similarly to the canonical monomorphisms (1.2.5) – (1.2.6), there are
the canonical bundle monomorphisms over JkY :

λ(k) : Jk+1Y −→T ∗X ⊗
JkY

TJkY,

λ(k) = dxλ ⊗ dλ, (1.5.13)

θ(k) : Jk+1Y −→T ∗JkY ⊗
JkY

V JkY,

θ(k) =
∑
|Λ|≤k

(dyiΛ − yiλ+Λdx
λ)⊗ ∂Λ

i . (1.5.14)

The one-forms

θiΛ = dyiΛ − yiλ+Λdx
λ (1.5.15)

are called the local contact forms. The monomorphisms (1.5.13) – (1.5.14)
yield the bundle monomorphisms over Jk+1Y :

λ̂(k) : TX ×
X
Jk+1Y −→TJkY ×

JkY
Jk+1Y,

θ̂(k) : V ∗JkY ×
JkY

−→T ∗JkY ×
JkY

Jk+1Y

(cf. (1.3.13) – (1.3.14) for k = 1). These monomorphisms in turn define
the canonical horizontal splittings of the pull-back bundles

πk+1∗
k TJkY = λ̂(k)(TX ×

X
Jk+1Y ) ⊕

Jk+1Y
V JkY, (1.5.16)

ẋλ∂λ +
∑
|Λ|≤k

ẏiΛ∂
Λ
i = ẋλdλ +

∑
|Λ|≤k

(ẏiΛ − ẋλyiλ+Λ)∂Λ
i ,

πk+1∗
k T ∗JkY = T ∗X ⊕

Jk+1Y
θ̂(k)(V ∗JkY ×

JkY
Jk+1Y ), (1.5.17)

ẋλdx
λ +

∑
|Λ|≤k

ẏΛ
i dy

i
Λ = (ẋλ +

∑
|Λ|≤k

ẏΛ
i y

i
λ+Λ)dxλ +

∑
ẏΛ
i θ

i
Λ.

For instance, it follows from the canonical horizontal splitting (1.5.16)
that any vector field uk on JkY admits the canonical decomposition

uk = uH + uV = (uλ∂λ +
∑
|Λ|≤k

yiλ+Λ∂
Λ
i ) + (1.5.18)

∑
|Λ|≤k

(uiΛ − uλyiλ+Λ)∂Λ
i
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over Jk+1Y into the horizontal and vertical parts.
By virtue of the canonical horizontal splitting (1.5.17), every exterior

one-form φ on JkY admits the canonical splitting of its pull-back onto
Jk+1Y into the horizontal and vertical parts:

πk+1∗
k φ = φH + φV = h0φ+ (φ− h0(φ)), (1.5.19)

where h0 is the horizontal projection

h0(dxλ) = dxλ, h0(dyiλ1···λk
) = yiµλ1...λk

dxµ.

The vertical part of the splitting is called a contact one-form on Jk+1Y .
Let us consider an ideal of the algebra O∗k of exterior forms on JkY

which is generated by the contact one-forms on JkY . This ideal, called
the ideal of contact forms, is locally generated by the contact forms θiΛ
(1.5.15). One can show that an exterior form φ on the a manifold JkY is
a contact form if and only if its pull-back s∗φ onto a base X by means of
any integrable section s of JkY → X vanishes.

1.6 Differential operators and equations

Jet manifolds provides the conventional language of theory of differential
equations and differential operators if they need not be linear [24; 53; 96].

Definition 1.6.1. A system of k-order partial differential equations on
a fibre bundle Y → X is defined as a closed subbundle E of a jet bundle
JkY → X. For the sake of brevity, we agree to call E a differential equation.

Let JkY be provided with the adapted coordinates (xλ, yiΛ). There
exists a local coordinate system (zA), A = 1, . . . , codimE, on JkY such that
E is locally given (in the sense of item (i) of Theorem 1.1.1) by equations

EA(xλ, yiΛ) = 0, A = 1, . . . , codimE. (1.6.1)

Given a k-order differential equation E, one can always construct its
r-order jet prolongation as follows. Let us consider a repeated jet manifold

σrk : JrJkY → JkY. (1.6.2)

The s-order jet prolongation of the differential equation E is defined as a
subset

E(r) = (σrk)
−1(E)

⋂
Jk+rY.
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In particular, if E(r) is a smooth submanifold of Jk+rY , then the s-order
jet prolongation (E(r))(s) of E(r) coincides with the (r+s)-order jet prolon-
gation E(s+r) of E.

A differential equation E is called regular if all finite order jet prolon-
gations E(r) of E also are differential equations. Let E ⊂ JkY be a regular
k-order differential equation. If it is locally described by the system of
equations (1.6.1), its r-order jet prolongation E(r) is given by the system of
equations

EA = 0, dα1EA = 0, · · · , dα1 · · · dαr
EA = 0.

By a classical solution of a differential equation E on Y → X is meant
a section s of Y → X such that its k-order jet prolongation Jks lives in E.
If a differential equation E has a classical solution through a point q ∈ E,
this point gives rise to an element of every finite order jet prolongation
E(r) of a differential equation E. It follows that a necessary condition for a
differential equation E to admit a solution through everyone of its point is
that the mappings

ρk+rk = σrk|E(r) : E(r) → E (1.6.3)

are surjections. In this case, if E is a regular differential equation, there
is one-to-one correspondence between classical solutions of E and those of
its k-order jet prolongation E(k). If additionally every tangent vector to a
differential equation E is tangent to some classical solution of E, then the
mapping (1.6.3) is a submersion. A regular k-order differential equation E

is called formally integrable if the morphisms

ρk+r+1
k+r : E(r+1) → E(r), r ∈ N,

are fibred manifolds. One can show that if a differential equation E is
formally integrable and analytic, it admits an analytic classical solution
through any its point [53; 109].

In classical field theory, differential equations are mostly associated to
differential operators. There are several equivalent definitions of (non-
linear) differential operators. We start with the following.

Definition 1.6.2. Let Y → X and E → X be fibre bundles, which are
assumed to have global sections. A k-order E-valued differential operator

on a fibre bundle Y → X is defined as a section E of the pull-back bundle

pr1 : EkY = JkY ×
X
E → JkY. (1.6.4)
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Given bundle coordinates (xλ, yi) on Y and (xλ, χa) on E, the pull-back
(1.6.4) is provided with coordinates (xλ, yjΣ, χ

a), 0 ≤ |Σ| ≤ k. With respect
to these coordinates, a differential operator E seen as a closed imbedded
submanifold E ⊂ EkY is given by the equalities

χa = Ea(xλ, yjΣ). (1.6.5)

There is obvious one-to-one correspondence between the sections E
(1.6.5) of the fibre bundle (1.6.4) and the bundle morphisms

Φ : JkY −→
X

E, (1.6.6)

Φ = pr2 ◦ E ⇐⇒ E = (IdJkY,Φ).

Therefore, we come to the following equivalent definition of differential
operators on Y → X.

Definition 1.6.3. Let Y → X and E → X be fibre bundles. A bun-
dle morphism JkY → E over X is called a E-valued k-order differential

operator on Y → X.

It is readily observed that the differential operator Φ (1.6.6) sends each
section s of Y → X onto the section Φ ◦ Jks of E → X. The mapping

∆Φ : S(Y )→ S(E),

∆Φ : s→ Φ ◦ Jks, χa(x) = Ea(xλ, ∂Σs
j(x)),

is called the standard form of a differential operator.
Let e be a global section of a fibre bundle E → X, the kernel of a

E-valued differential operator Φ is defined as the kernel

Ker eΦ = Φ−1(e(X)) (1.6.7)

of the bundle morphism Φ (1.6.6). If it is a closed subbundle of the jet
bundle JkY → X, one says that Ker eΦ (1.6.7) is a differential equation

associated to the differential operator Φ. By virtue of Theorem 1.1.10, this
condition holds if Φ is a bundle morphism of constant rank.

If E → X is a vector bundle, by the kernel of a E-valued differential
operator is usually meant its kernel with respect to the canonical zero-
valued section 0̂ of E → X.

In the framework of Lagrangian formalism, we deal with differential
operators of the following type. Let

F → Y → X, E → Y → X



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

54 Differential calculus on fibre bundles

be composite bundles where E → Y is a vector bundle. By a k-order
differential operator on F → X taking its values into E → X is meant a
bundle morphism

Φ : JkF −→
Y

E, (1.6.8)

which certainly is a bundle morphism over X in accordance with Definition
1.6.3. Its kernel KerΦ is defined as the inverse image of the canonical zero-
valued section of E → Y . In an equivalent way, the differential operator
(1.6.8) is represented by a section EΦ of the vector bundle

JkF ×
Y
E → JkF.

Given bundle coordinates (xλ, yi, wr) on F and (xλ, yi, cA) on E with re-
spect to the fibre basis {eA} for E → Y , this section reads

EΦ = EA(xλ, yiΛ, w
r
Λ)eA, 0 ≤ |Λ| ≤ k. (1.6.9)

Then the differential operator (1.6.8) also is represented by a function

EΦ = EA(xλ, yiΛ, w
r
Λ)cA ∈ C∞(F ×

Y
E∗) (1.6.10)

on the product F ×Y E∗, where E∗ → Y is the dual of E → Y coordinated
by (xλ, yi, cA).

If F → Y is a vector bundle, a differential operator Φ (1.6.8) on the
composite bundle

F → Y → X

is called linear if it is linear on the fibres of the vector bundle JkF → JkY .
In this case, its representations (1.6.9) and (1.6.10) take the form

EΦ =
∑

0≤|Ξ|≤k

EA,Ξr (xλ, yiΛ)wrΞeA, 0 ≤ |Λ| ≤ k, (1.6.11)

EΦ =
∑

0≤|Ξ|≤k

EA,Ξr (xλ, yiΛ)wrΞcA, 0 ≤ |Λ| ≤ k. (1.6.12)

1.7 Infinite order jet formalism

The finite order jet manifolds JkY of a fibre bundle Y → X form the inverse
sequence

Y
π←− J1Y ←− · · ·Jr−1Y

πr
r−1←− JrY ←− · · · , (1.7.1)
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where πrr−1 are affine bundles modelled over the vector bundles (1.5.4).
Its inductive limit J∞Y is defined as a minimal set such that there exist
surjections

π∞ : J∞Y → X, π∞0 : J∞Y → Y, π∞k : J∞Y → JkY, (1.7.2)

obeying the relations

π∞r = πkr ◦ π∞k
for all admissible k and r < k. A projective limit of the inverse system
(1.7.1) always exists. It consists of those elements

(. . . , zr, . . . , zk, . . .), zr ∈ JrY, zk ∈ JkY,

of the Cartesian product
∏
k

JkY which satisfy the relations zr = πkr (zk) for

all k > r. One can think of elements of J∞Y as being infinite order jets of
sections of Y → X identified by their Taylor series at points of X.

The set J∞Y is provided with the projective limit topology. This is the
coarsest topology such that the surjections π∞r (1.7.2) are continuous. Its
base consists of inverse images of open subsets of JrY , r = 0, . . ., under the
maps π∞r . With this topology, J∞Y is a paracompact Fréchet (complete
metrizable, but not Banach) manifold modelled over a locally convex vector
space of formal number series {aλ, ai, aiλ, · · · } [150]. It is called the infinite

order jet manifold. One can show that the surjections π∞r are open maps
admitting local sections, i.e., J∞Y → JrY are continuous bundles. A
bundle coordinate atlas {UY , (xλ, yi)} of Y → X provides J∞Y with the
manifold coordinate atlas

{(π∞0 )−1(UY ), (xλ, yiΛ)}0≤|Λ|, y′
i
λ+Λ =

∂xµ

∂x′λ
dµy
′i
Λ. (1.7.3)

Theorem 1.7.1. A fibre bundle Y is a strong deformation retract of the
infinite order jet manifold J∞Y [4; 56].

Proof. To show that Y is a strong deformation retract of J∞Y , let us
construct a homotopy from J∞Y to Y in an explicit form. Let γ(k), k ≤ 1,
be global sections of the affine jet bundles JkY → Jk−1Y . Then we have a
global section

γ : Y 3 (xλ, yi)→ (xλ, yi, yiΛ = γ(|Λ|)
i
Λ◦γ(|Λ|−1)◦· · ·◦γ(1)) ∈ J∞Y. (1.7.4)

of the open surjection π∞0 : J∞Y → Y . Let us consider the map

[0, 1]× J∞Y 3 (t;xλ, yi, yiΛ)→ (xλ, yi, y′iΛ) ∈ J∞Y, (1.7.5)

y′iΛ = fk(t)yiΛ + (1− fk(t))γ(k)
i
Λ(xλ, yi, yiΣ), |Σ| < k = |Λ|,
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where fk(t) is a continuous monotone real function on [0, 1] such that

fk(t) =
{

0, t ≤ 1− 2−k,
1, t ≥ 1− 2−(k+1).

(1.7.6)

A glance at the transition functions (1.7.3) shows that, although written in
a coordinate form, this map is globally defined. It is continuous because,
given an open subset Uk ⊂ JkY , the inverse image of the open set

(π∞k )−1(Uk) ⊂ J∞Y
is an open subset

(tk, 1]× (π∞k )−1(Uk) ∪ (tk−1, 1]× (π∞k−1)
−1(πkk−1[Uk ∩ γ(k)(Jk−1Y )]) ∪

· · · ∪ [0, 1]× (π∞0 )−1(πk0 [Uk ∩ γ(k) ◦ · · · ◦ γ(1)(Y )])

of [0, 1]× J∞Y , where [tr, 1] = supp fr. Then, the map (1.7.5) is a desired
homotopy from J∞Y to Y which is identified with its image under the
global section (1.7.4). �

Corollary 1.7.1. By virtue of the Vietoris–Begle theorem [22], there is an
isomorphism

H∗(J∞Y ; R) = H∗(Y ; R) (1.7.7)

between the cohomology of J∞Y with coefficients in the constant sheaf R
and that of Y .

The inverse sequence (1.7.1) of jet manifolds yields the direct sequence of
graded differential algebrasO∗r of exterior forms on finite order jet manifolds

O∗(X) π∗−→O∗(Y )
π1
0
∗

−→O∗1 −→ · · ·O∗r−1

πr
r−1

∗

−→ O∗r −→ · · · , (1.7.8)

where πrr−1
∗ are the pull-back monomorphisms. Its direct limit

O∗∞Y =
→
limO∗r (1.7.9)

exists and consists of all exterior forms on finite order jet manifolds modulo
the pull-back identification. In accordance with Theorem 10.1.5, O∗∞Y is
a differential graded algebra which inherits the operations of the exterior
differential d and exterior product ∧ of exterior algebras O∗r . If there is no
danger of confusion, we denote O∗∞ = O∗∞Y .

Theorem 1.7.2. The cohomology H∗(O∗∞) of the de Rham complex

0 −→ R −→ O0
∞

d−→O1
∞

d−→· · · (1.7.10)

of the differential graded algebra O∗∞ equals the de Rham cohomology
H∗DR(Y ) of a fibre bundle Y [3; 17].
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Proof. By virtue of Theorem 10.3.2, the operation of taking homology
groups of cochain complexes commutes with the passage to a direct limit.
Since the differential graded algebra O∗∞ is a direct limit of differential
graded algebras O∗r , its cohomology H∗(O∗∞) is isomorphic to the direct
limit of the direct sequence

H∗DR(Y ) −→ H∗DR(J1Y ) −→ · · · (1.7.11)

H∗DR(Jr−1Y ) −→ H∗DR(JrY ) −→ · · ·

of the de Rham cohomology groups H∗DR(JrY ) of finite order jet manifolds
JrY . In accordance with Remark 1.5.3, all these groups equal the de Rham
cohomology H∗DR(Y ) of Y , and so is its direct limit H∗(O∗∞). �

Corollary 1.7.2. Any closed form φ ∈ O∗∞ is decomposed into the sum
φ = σ + dξ, where σ is a closed form on Y .

One can think of elements of O∗∞ as being differential forms on the
infinite order jet manifold J∞Y as follows. Let O∗r be a sheaf of germs of
exterior forms on JrY and O

∗
r the canonical presheaf of local sections of

O∗r . Since πrr−1 are open maps, there is the direct sequence of presheaves

O
∗
0

π1
0
∗

−→O
∗
1 · · ·

πr
r−1

∗

−→ O
∗
r −→ · · · .

Its direct limit O
∗
∞ is a presheaf of differential graded algebras on J∞Y .

Let Q∗∞ be the sheaf of differential graded algebras of germs of O
∗
∞ on

J∞Y . The structure module

Q∗∞ = Γ(Q∗∞) (1.7.12)

of global sections of Q∗∞ is a differential graded algebra such that, given an
element φ ∈ Q∗∞ and a point z ∈ J∞Y , there exist an open neighbourhood
U of z and an exterior form φ(k) on some finite order jet manifold JkY so
that

φ|U = π∞∗k φ(k)|U .

Therefore, one can think of Q∗∞ as being an algebra of locally exterior
forms on finite order jet manifolds. In particular, there is a monomorphism
O∗∞ → Q∗∞.

Theorem 1.7.3. The paracompact space J∞Y admits a partition of unity
by elements of the ring Q0

∞ [150].
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Since elements of the differential graded algebra Q∗∞ are locally exterior
forms on finite order jet manifolds, the following Poincaré lemma holds.

Lemma 1.7.1. Given a closed element φ ∈ Q∗∞, there exists a neighbour-
hood U of each point z ∈ J∞Y such that φ|U is exact.

Theorem 1.7.4. The cohomology H∗(Q∗∞) of the de Rham complex

0 −→ R −→ Q0
∞

d−→Q1
∞

d−→· · · . (1.7.13)

of the differential graded algebra Q∗∞ equals the de Rham cohomology of a
fibre bundle Y [4; 150].

Proof. Let us consider the de Rham complex of sheaves

0 −→ R −→ Q0
∞

d−→Q1
∞

d−→· · · (1.7.14)

on J∞Y . By virtue of Lemma 1.7.1, it is exact at all terms, except R.
Being sheaves of Q0

∞-modules, the sheaves Qr
∞ are fine and, consequently

acyclic because the paracompact space J∞Y admits the partition of unity
by elements of the ring Q0

∞. Thus, the complex (1.7.14) is a resolution
of the constant sheaf R on J∞Y . In accordance with abstract de Rham
Theorem 10.7.5, cohomology H∗(Q∗∞) of the complex (1.7.13) equals the
cohomology H∗(J∞Y ; R) of J∞Y with coefficients in the constant sheaf R.
Since Y is a strong deformation retract of J∞Y , there is the isomorphism
(1.5.5) and, consequently, a desired isomorphism

H∗(Q∗∞) = H∗DR(Y ).
�

Due to a monomorphism O∗∞ → Q∗∞, one can restrict O∗∞ to the coor-
dinate chart (1.7.3) where horizontal forms dxλ and contact one-forms

θiΛ = dyiΛ − yiλ+Λdx
λ

make up a local basis for theO0
∞-algebraO∗∞. Though J∞Y is not a smooth

manifold, elements of O∗∞ are exterior forms on finite order jet manifolds
and, therefore, their coordinate transformations are smooth. Moreover,
there is the canonical decomposition

O∗∞ = ⊕Ok,m∞
of O∗∞ into O0

∞-modules Ok,m∞ of k-contact andm-horizontal forms together
with the corresponding projectors

hk : O∗∞ → Ok,∗∞ , hm : O∗∞ → O∗,m∞ .
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Accordingly, the exterior differential on O∗∞ is decomposed into the sum

d = dV + dH

of the vertical differential

dV ◦ hm = hm ◦ d ◦ hm, dV (φ) = θiΛ ∧ ∂Λ
i φ, φ ∈ O∗∞,

and the total differential

dH ◦ hk = hk ◦ d ◦ hk, dH ◦ h0 = h0 ◦ d, dH(φ) = dxλ ∧ dλ(φ),

where

dλ = ∂λ + yiλ∂i +
∑

0<|Λ|

yiλ+Λ∂
Λ
i (1.7.15)

are the infinite order total derivatives. These differentials obey the nilpotent
conditions

dH ◦ dH = 0, dV ◦ dV = 0, dH ◦ dV + dV ◦ dH = 0, (1.7.16)

and make O∗,∗∞ into a bicomplex.
Let us consider the O0

∞-module dO0
∞ of derivations of the real ring O0

∞.

Theorem 1.7.5. The derivation module dO0
∞ is isomorphic to the O0

∞-
dual (O1

∞)∗ of the module of one-forms O1
∞ [59].

Proof. At first, let us show thatO∗∞ is generated by elements df , f ∈ O0
∞.

It suffices to justify that any element of O1
∞ is a finite O0

∞-linear combi-
nation of elements df , f ∈ O0

∞. Indeed, every φ ∈ O1
∞ is an exterior form

on some finite order jet manifold JrY . By virtue of Serre–Swan Theorem
10.9.3, the C∞(JrY )-moduleO1

r of one-forms on JrY is a projective module
of finite rank, i.e., φ is represented by a finite C∞(JrY )-linear combination
of elements df , f ∈ C∞(JrY ) ⊂ O0

∞. Any element Φ ∈ (O1
∞)∗ yields a

derivation ϑΦ(f) = Φ(df) of the real ring O0
∞. Since the module O1

∞ is
generated by elements df , f ∈ O0

∞, different elements of (O1
∞)∗ provide

different derivations of O0
∞, i.e., there is a monomorphism (O1

∞)∗ → dO0
∞.

By the same formula, any derivation ϑ ∈ dO0
∞ sends df → ϑ(f) and, since

O0
∞ is generated by elements df , it defines a morphism Φϑ : O1

∞ → O0
∞.

Moreover, different derivations ϑ provide different morphisms Φϑ. Thus,
we have a monomorphism dO0

∞ → (O1
∞)∗ and, consequently, isomorphism

dO0
∞ = (O1

∞)∗. �
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The proof of Theorem 1.7.5 gives something more. The differential
graded algebra O∗∞ is a minimal Chevalley–Eilenberg differential calculus
O∗A over the real ring A = O0

∞ of smooth real functions on finite order
jet manifolds of Y → X. Let ϑcφ, ϑ ∈ dO0

∞, φ ∈ O1
∞, denote the inte-

rior product. Extended to the differential graded algebra O∗∞, the interior
product c obeys the rule

ϑc(φ ∧ σ) = (ϑcφ) ∧ σ + (−1)|φ|φ ∧ (ϑcσ).

Restricted to a coordinate chart (1.7.3), O1
∞ is a free O0

∞-module gen-
erated by one-forms dxλ, θiΛ. Since dO0

∞ = (O1
∞)∗, any derivation of the

real ring O0
∞ takes the coordinate form

ϑ = ϑλ∂λ + ϑi∂i +
∑

0<|Λ|

ϑiΛ∂
Λ
i , (1.7.17)

where

∂Λ
i (yjΣ) = ∂Λ

i cdy
j
Σ = δji δ

Λ
Σ

up to permutations of multi-indices Λ and Σ. Its coefficients ϑλ, ϑi, ϑiΛ are
local smooth functions of finite jet order possessing the transformation law

ϑ′λ =
∂x′λ

∂xµ
ϑµ, ϑ′i =

∂y′i

∂yj
ϑj +

∂y′i

∂xµ
ϑµ,

ϑ′iΛ =
∑
|Σ|≤|Λ|

∂y′iΛ
∂yjΣ

ϑjΣ +
∂y′iΛ
∂xµ

ϑµ. (1.7.18)

Any derivation ϑ (1.7.17) of the ring O0
∞ yields a derivation (called

the Lie derivative) Lϑ of the differential graded algebra O∗∞ given by the
relations

Lϑφ = ϑcdφ+ d(ϑcφ),

Lϑ(φ ∧ φ′) = Lϑ(φ) ∧ φ′ + φ ∧ Lϑ(φ′).

Remark 1.7.1. In particular, the total derivatives (1.7.15) are defined as
the local derivations of O0

∞ and the corresponding Lie derivatives

dλφ = Ldλ
φ

of O∗∞. Moreover, the C∞(X)-ring O0
∞ possesses the canonical connection

∇ = dxλ ⊗ dλ (1.7.19)

in the sense of Definition 10.2.3 [112].



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

Chapter 2

Lagrangian field theory on fibre
bundles

This Chapter addresses general formulation of Lagrangian theory of even
fields on an arbitrary smooth manifold X, except the second Noether theo-
rems which involve odd antifields and ghosts. For the sake of convenience,
we call X a world manifold. Hereafter, it is assumed that dimX > 1 be-
cause dimX = 1 is the case of non-relativistic time-dependent mechanics
[111; 137]. We consider Lagrangian field theory of finite order, but it is
conventionally formulated in the framework of infinite order jet formalism.
Section 2.4 is especially devoted to first order Lagrangian field theory be-
cause the basic classical field models are of this type.

2.1 Variational bicomplex

Let Y → X be a fibre bundle. The graded differential algebra O∗∞ (1.7.9),
decomposed into the variational bicomplex, describes finite order Lagran-
gian theories on Y → X [3; 17; 56; 59; 123; 157]. One also considers
the variational bicomplex of the graded differential algebra Q∗∞ (1.7.12) [4;
150] and different variants of the variational sequence of finite jet order [3;
97; 162; 163].

In order to transform the bicomplex O∗,∗∞ into the variational one, let
us consider the following two operators acting on O∗,n∞ [53; 157].

(i) There exists an R-module endomorphism

% =
∑
k>0

1
k
% ◦ hk ◦ hn : O∗>0,n

∞ → O∗>0,n
∞ , (2.1.1)

%(φ) =
∑

0≤|Λ|

(−1)|Λ|θi ∧ [dΛ(∂Λ
i cφ)], φ ∈ O>0,n

∞ ,

possessing the following properties.

61
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Lemma 2.1.1. For any φ ∈ O>0,n
∞ , the form φ − %(φ) is locally dH-exact

on each coordinate chart (1.7.3).

Lemma 2.1.2. The operator % obeys the relation

(% ◦ dH)(ψ) = 0, ψ ∈ O>0,n−1
∞ . (2.1.2)

It follows from Lemmas 2.1.1 and 2.1.2 that % (2.1.1) is a projector, i.e.,
% ◦ % = %.

(ii) One defines the variational operator

δ = % ◦ d : O∗,n∞ → O∗+1,n
∞ . (2.1.3)

Lemma 2.1.3. The variational operator δ (2.1.3) is nilpotent, i.e., δ ◦ δ =
0, and it obeys the relation δ ◦ % = δ.

Let us denote Ek = %(Ok,n∞ ). Provided with the operators dH , dV , %
and δ, the differential graded algebra O∗∞ is decomposed into the variational

bicomplex

...
...

...
...

dV 6 dV 6 dV 6 −δ 6

0 → O1,0
∞

dH→ O1,1
∞

dH→ · · · O1,n
∞

%→ E1 → 0
dV 6 dV 6 dV 6 −δ 6

0→ R → O0
∞

dH→ O0,1
∞

dH→ · · · O0,n
∞ ≡ O0,n

∞

6 6 6

0→ R → O0(X) d→ O1(X) d→ · · · On(X) d→ 0

6 6 6
0 0 0

(2.1.4)
It possesses the following cohomology [56; 139] (see Section 2.5 for the
proof).

Theorem 2.1.1. The second row from the bottom and the last column of
the variational bicomplex (2.1.4) make up the variational complex

0→ R→ O0
∞

dH−→O0,1
∞ · · ·

dH−→O0,n
∞

δ−→E1
δ−→E2 −→· · · . (2.1.5)

Its cohomology is isomorphic to the de Rham cohomology of a fibre bundle
Y , namely,

Hk<n(dH ;O∗∞) = Hk<n
DR (Y ), Hk≥n(δ;O∗∞) = Hk≥n

DR (Y ). (2.1.6)
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Theorem 2.1.2. The rows of contact forms of the variational bicomplex
(2.1.4) are exact sequences.

Note that the cohomology isomorphism (2.1.6) gives something more.
Due to the relations dH ◦ h0 = h0 ◦ d and δ ◦ % = δ, we have the cochain
morphism

· · · → On−1
∞

d→ On∞
d→ On+1

∞
d→ On+2

∞ → · · ·
h0

?
h0

?
%

?
%

?
· · · → O0,n−1

∞
dH→ O0,n

∞
δ→ E1

δ→ E2 −→ · · ·
of the de Rham complex (1.7.10) of the differential graded algebra O∗∞ to its
variational complex (2.1.5). By virtue of Theorems 1.7.2 and 2.1.1, the cor-
responding homomorphism of their cohomology groups is an isomorphism.
Then the splitting of a closed form φ ∈ O∗∞ in Corollary 1.7.2 leads to the
following decompositions.

Theorem 2.1.3. Any dH-closed form φ ∈ O0,m, m < n, is represented by
a sum

φ = h0σ + dHξ, ξ ∈ Om−1
∞ , (2.1.7)

where σ is a closed m-form on Y . Any δ-closed form φ ∈ Ok,n is split into

φ = h0σ + dHξ, k = 0, ξ ∈ O0,n−1
∞ , (2.1.8)

φ = %(σ) + δ(ξ), k = 1, ξ ∈ O0,n
∞ , (2.1.9)

φ = %(σ) + δ(ξ), k > 1, ξ ∈ Ek−1, (2.1.10)

where σ is a closed (n+ k)-form on Y .

In Lagrangian formalism on fibre bundles, a finite order Lagrangian and
its Euler–Lagrange operator are defined as elements

L = Lω ∈ O0,n
∞ , (2.1.11)

δL = EL = Eiθi ∧ ω ∈ E1, (2.1.12)

Ei =
∑

0≤|Λ|

(−1)|Λ|dΛ(∂Λ
i L), (2.1.13)

of the variational complex (2.1.5) (see the notation (1.1.33)). Components
Ei (2.1.13) of the Euler–Lagrange operator (2.1.12) are called the variational

derivatives. Elements of E1 are called the Euler–Lagrange-type operators.

Hereafter, we call a pair (O∗∞, L) the Lagrangian system. The following
are corollaries of Theorem 2.1.3.
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Corollary 2.1.1. A finite order Lagrangian L (2.1.11) is variationally triv-

ial, i.e., δ(L) = 0 if and only if

L = h0σ + dHξ, ξ ∈ O0,n−1
∞ , (2.1.14)

where σ is a closed n-form on Y .

Corollary 2.1.2. A finite order Euler–Lagrange-type operator E ∈ E1 sat-
isfies the Helmholtz condition δ(E) = 0 if and only if

E = δL+ %(σ), L ∈ O0,n
∞ ,

where σ is a closed (n+ 1)-form on Y .

Remark 2.1.1. Corollaries 2.1.1 and 2.1.2 provide a solution of the so
called global inverse problem of the calculus of variations. This solu-
tion agrees with that of [3] obtained by computing cohomology of a vari-
ational sequence of bounded jet order, but without minimizing an or-
der of a Lagrangian (see also particular results of [98; 161]). A solu-
tion of the global inverse problem of the calculus of variations in the
case of a graded differential algebra Q∗∞ (1.7.12) has been found in [4;
150] (see Theorem 2.5.1).

A glance at the expression (2.1.12) shows that, if a Lagrangian L (2.1.11)
is of r-order, its Euler–Lagrange operator EL is of 2r-order. Its kernel
Ker EL ⊂ J2rY is called the Euler–Lagrange equation. It is locally given
by the equalities

Ei =
∑

0≤|Λ|

(−1)|Λ|dΛ(∂Λ
i L) = 0. (2.1.15)

However, it may happen that the Euler–Lagrange equation is not a differ-
ential equation in the strict sense of Definition 1.6.1 because Ker EL need
not be a closed subbundle of J2rY → X.

Euler–Lagrange equations (2.1.15) traditionally came from the varia-

tional formula

dL = δL− dHΞL (2.1.16)

of the calculus of variations. In formalism of the variational bicomplex, this
formula is a corollary of Theorem 2.1.2.

Corollary 2.1.3. The exactness of the row of one-contact forms of the
variational bicomplex (2.1.4) at the term O1,n

∞ relative to the projector %
provides the R-module decomposition

O1,n
∞ = E1 ⊕ dH(O1,n−1

∞ ).

In particular, any Lagrangian L admits the decomposition (2.1.16).
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Defined up to a dH -closed term, a form ΞL ∈ On∞ in the variational
formula (2.1.16) reads

ΞL = L+ [(∂λi L − dµF
µλ
i )θi +

∑
s=1

Fλνs...ν1
i θiνs...ν1 ] ∧ ωλ, (2.1.17)

F νk...ν1
i = ∂νk...ν1

i L − dµFµνk...ν1
i + σνk...ν1

i , k = 2, 3, . . . ,

where σνk...ν1
i are local functions such that

σ
(νkνk−1)...ν1
i = 0.

It is readily observed that the form ΞL (2.1.17) possesses the following
properties:
• h0(ΞL) = L,
• h0(ϑcdΞL) = ϑiEiω for any derivation ϑ (1.7.17).

Consequently, ΞL is a Lepage equivalent of a Lagrangian L.

Remark 2.1.2. Following the terminology of finite order jet formalism [53;
65; 99], we call an exterior n-form ρ ∈ On∞ the Lepage form if, for any
derivation ϑ (1.7.17), the density h0(ϑcdρ) depends only on the restriction
of ϑ to a derivation ϑλ∂λ + ϑi∂i of the subring C∞(Y ) ⊂ O0

∞. The Lepage
forms constitute a real vector space. In particular, closed n-forms and
(2 ≤ k)-contact n-forms are Lepage forms. Given a Lagrangian L, a Lepage
form ρ is called the Lepage equivalent of L if h0(ρ) = L. Any Lepage form
ρ is a Lepage equivalent of the Lagrangian h0(ρ). Conversely, any r-order
Lagrangian possesses a Lepage equivalent of (2r−1)-order [65]. The Lepage
equivalents of a Lagrangian L constitute an affine space modelled over a
vector space of contact Lepage forms. In particular, one can locally put
σνk...ν1
i = 0 in the formula (2.1.17).

Our special interest is concerned with Lagrangian theories on an affine
bundle Y → X. Since X is a strong deformation retract of an affine bundle
Y , the de Rham cohomology of Y equals that of X. In this case, the
cohomology (2.1.6) of the variational complex (2.1.5) equals the de Rham
cohomology of X, namely,

H<n(dH ;O∗∞) = H<n
DR(X),

Hn(δ;O∗∞) = Hn
DR(X), (2.1.18)

H>n(δ;O∗∞) = 0.

It follows that every dH -closed form φ ∈ O0,m<n
∞ is represented by the sum

φ = σ + dHξ, ξ ∈ O0,m−1
∞ , (2.1.19)
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where σ is a closed m-form on X. Similarly, any variationally trivial La-
grangian takes the form

L = σ + dHξ, ξ ∈ O0,n−1
∞ , (2.1.20)

where σ is an n-form on X.
In view of the cohomology isomorphism (2.1.18), if Y → X is an affine

bundle, let us restrict our consideration to the short variational complex

0→ R→ O0
∞

dH−→O0,1
∞ · · ·

dH−→O0,n
∞

δ−→E1, (2.1.21)

whose non-trivial cohomology equals that of the variational complex (2.1.5).
Let us consider a differential graded subalgebra P∗∞ ⊂ O∗∞ of exterior forms
whose coefficients are polynomials in jet coordinates yiΛ, 0 ≤ |Λ|, of the
continuous bundle J∞Y → X. This property is coordinate-independent
due to the transition functions (1.7.3).

Theorem 2.1.4. The cohomology of the short variational complex

0→ R→ P0
∞

dH−→P0,1
∞ · · ·

dH−→P0,n
∞

δ−→ 0 (2.1.22)

of the polynomial algebra P∗∞ equals that of the complex (2.1.21), i.e., the
de Rham cohomology of X [56] (see Section 2.5 for the proofs).

2.2 Lagrangian symmetries

Given a Lagrangian system (O∗∞, L), its infinitesimal transformations are
defined to be contact derivations of the ring O0

∞.
A derivation ϑ ∈ dO0

∞ (1.7.17) is called contact if the Lie derivative Lυ
preserves the ideal of contact forms of the differential graded algebra O∗∞,
i.e., the Lie derivative Lυ of a contact form is a contact form.

Lemma 2.2.1. A derivation ϑ (1.7.17) is contact if and only if it takes
the form

ϑ = υλ∂λ + υi∂i +
∑

0<|Λ|

[dΛ(υi − yiµυµ) + yiµ+Λυ
µ]∂Λ

i . (2.2.1)

Proof. The expression (2.2.1) results from a direct computation similar
to that of the first part of Bäcklund’s theorem [81]. One can then justify
that local functions (2.2.1) satisfy the transformation law (1.7.18). �
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A glance at the expression (1.5.8) enables one to regard a contact deriva-
tion ϑ (2.2.1) as an infinite order jet prolongation ϑ = J∞υ of its restriction

υ = υλ∂λ + υi∂i (2.2.2)

to the ring C∞(Y ). Since coefficients υλ and υi of υ (2.2.2) depend generally
on jet coordinates yiΛ, 0 < |Λ|, one calls υ (2.2.2) a generalized vector field.
It can be represented as a section of some pull-back bundle

JrY ×
Y
TY → JrY.

A contact derivation ϑ (2.2.1) is called projectable, if the generalized vector
field υ (2.2.2) projects onto a vector field υλ∂λ on X, i.e., its components
ϑλ depend only on coordinates on X.

Any contact derivation ϑ (2.2.1) admits the horizontal splitting

ϑ = ϑH + ϑV = υλdλ + [υiV ∂i +
∑

0<|Λ|

dΛυ
i
V ∂

Λ
i ], (2.2.3)

υ = υH + υV = υλdλ + (υi − yiµυµ)∂i, (2.2.4)

relative to the canonical connection ∇ (1.7.19) on the C∞(X)-ring O0
∞.

Lemma 2.2.2. Any vertical contact derivation

ϑ = υi∂i +
∑

0<|Λ|

dΛυ
i∂Λ
i (2.2.5)

obeys the relations

ϑcdHφ = −dH(ϑcφ), (2.2.6)

Lϑ(dHφ) = dH(Lϑφ), φ ∈ O∗∞. (2.2.7)

Proof. It is easily justified that, if φ and φ′ satisfy the relation (2.2.6),
then φ ∧ φ′ does well. Then it suffices to prove the relation (2.2.6) when φ
is a function and φ = θiΛ. The result follows from the equalities

ϑcθiΛ = υiΛ, dH(υiΛ) = υiλ+Λdx
λ, dHθ

i
λ = dxλ ∧ θiλ+Λ, (2.2.8)

dλ ◦ viΛ∂Λ
i = viΛ∂

Λ
i ◦ dλ. (2.2.9)

The relation (2.2.7) is a corollary of the equality (2.2.6). �

The global decomposition (2.1.16) leads to the following first variational
formula (Theorem 2.2.1) and the first Noether theorem (Theorem 2.2.2).

Theorem 2.2.1. Given a Lagrangian L ∈ O0,n
∞ , its Lie derivative LυL

along a contact derivation υ (2.2.3) fulfils the first variational formula

LϑL = υV cδL+ dH(h0(ϑcΞL)) + LdV (υHcω), (2.2.10)

where ΞL is the Lepage equivalent (2.1.17) of L.
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Proof. The formula (2.2.10) comes from the splitting (2.1.16) and the
relations (2.2.6) as follows:

LϑL = ϑcdL+ d(ϑcL) = [ϑV cdL− dV L ∧ υHcω] + [dH(υHcL) +

dV (LυHcω)] = ϑV cdL+ dH(υHcL) + LdV (υHcω) =

υV cδL− ϑV cdHΞL + dH(υHcL) + LdV (υHcω) =

υV cδL+ dH(ϑV cΞL + υHcL) + LdV (υHcω),

where

υV cΞL = h0(υV cΞL)

since ΞL − L is a one-contact form and

υHcL = h0(υHcΞL). �

A contact derivation ϑ (2.2.1) is called a variational symmetry of a
Lagrangian L if the Lie derivative LϑL is dH -exact, i.e.,

LϑL = dHσ. (2.2.11)

Lemma 2.2.3. A glance at the expression (2.2.10) shows the following.
(i) A contact derivation ϑ is a variational symmetry only if it is pro-

jectable.
(ii) Any projectable contact derivation is a variational symmetry of a

variationally trivial Lagrangian. It follows that, if ϑ is a variational sym-
metry of a Lagrangian L, it also is a variational symmetry of a Lagrangian
L+ L0, where L0 is a variationally trivial Lagrangian.

(iii) A projectable contact derivations ϑ is a variational symmetry if
and only if its vertical part υV (2.2.3) is well.

(iv) A projectable contact derivations ϑ is a variational symmetry if and
only if the density υV cδL is dH-exact.

It is readily observed that variational symmetries of a Lagrangian L

constitute a real vector subspace GL of the derivation module dO0
∞. By

virtue of item (ii) of Lemma 2.2.3, the Lie bracket

L[ϑ,ϑ′] = [Lϑ,Lϑ′ ]

of variational symmetries is a variational symmetry and, therefore, their
vector space GL is a real Lie algebra.

The following is the first Noether theorem.

Theorem 2.2.2. If a contact derivation ϑ (2.2.1) is a variational sym-
metry (2.2.11) of a Lagrangian L, the first variational formula (2.2.10)
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restricted to the kernel of the Euler–Lagrange operator Ker EL leads to the
weak conservation law

0 ≈ dH(h0(ϑcΞL)− σ) (2.2.12)

on the shell δL = 0.

A variational symmetry ϑ of a Lagrangian L is called its exact symmetry

or, simply, a symmetry if

LϑL = 0. (2.2.13)

Symmetries of a Lagrangian L constitute a real vector space, which is a real
Lie algebra. However, its vertical symmetries υ (2.2.5) obey the relation

LυL = υcdL

and, therefore, make up a O0
∞-module which is a Lie C∞(X)-algebra.

If ϑ is an exact symmetry of a Lagrangian L, the weak conservation law
(2.2.12) takes the form

0 ≈ dH(h0(ϑcΞL)) = −dHJυ, (2.2.14)

where

Jυ = J µυ ωµ = −h0(ϑcΞL) (2.2.15)

is called the symmetry current. Of course, the symmetry current (2.2.15)
is defined with the accuracy of a dH -closed term. Therefore, a Lagrangian
symmetry ϑ fails to define a unique conserved current, but Jυ (2.2.15) is
surely conserved.

Let ϑ be an exact symmetry of a Lagrangian L. Whenever L0 is a vari-
ationally trivial Lagrangian, ϑ is a variational symmetry of the Lagrangian
L+ L0 such that the weak conservation law (2.2.12) for this Lagrangian is
reduced to the weak conservation law (2.2.14) for a Lagrangian L as follows:

Lϑ(L+ L0) = dHσ ≈ dHσ − dHJυ.

Remark 2.2.1. In accordance with the standard terminology, varia-
tional and exact symmetries generated by generalized vector fields (2.2.2)
are called generalized symmetries because they depend on derivatives
of variables. Generalized symmetries of differential equations and La-
grangian systems have been intensively investigated [24; 40; 59; 81; 96;
123]. Accordingly, by variational symmetries and symmetries one means
only those generated by vector fields u on Y . We agree to call them classi-

cal symmetries.
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Let ϑ be a classical variational symmetry of a Lagrangian L, i.e., ϑ
(2.2.1) is the jet prolongation of a vector field u on Y . Then the relation

LϑEL = δ(LϑL) (2.2.16)

holds [53; 123]. It follows that ϑ also is a symmetry of the Euler–Lagrange
operator EL of L, i.e.,

LϑEL = 0.

However, the equality (2.2.16) fails to be true in the case of generalized
symmetries.

2.3 Gauge symmetries

Treating gauge symmetries of Lagrangian field theory, one is traditionally
based on an example of the Yang–Mills gauge theory of principal connec-
tions on a principal bundle (see Section 5.8). This notion of gauge symme-
tries is generalized to Lagrangian field theory on an arbitrary fibre bundle
Y → X as follows [12; 13].

Definition 2.3.1. Let E → X be a vector bundle and E(X) the C∞(X)
module E(X) of sections of E → X. Let ζ be a linear differential operator
on E(X) taking values into the vector space GL of variational symmetries
of a Lagrangian L (see Definition 10.2.1). Elements

uξ = ζ(ξ) (2.3.1)

of Im ζ are called the gauge symmetry of a Lagrangian L parameterized by
sections ξ of E → X. They are called the gauge parameters.

Remark 2.3.1. The differential operator ζ in Definition 2.3.1 takes its
values into the vector space GL as a subspace of the C∞(X)-module dO0

∞,
but it sends the C∞(X)-module E(X) into the real vector space GL ⊂ dO0

∞.
The differential operator ζ is assumed to be at least of first order (see
Remark 2.3.2).

Equivalently, the gauge symmetry (2.3.1) is given by a section ζ̃ of the
fibre bundle

(JrY ×
Y
JmE)×

Y
TY → JrY ×

Y
JmE

(see Definition 1.6.2) such that

uξ = ζ(ξ) = ζ̃ ◦ ξ
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for any section ξ of E → X. Hence, it is a generalized vector field uζ on
the product Y × E represented by a section of the pull-back bundle

Jk(Y ×
X
E)×

Y
T (Y ×

X
E)→ Jk(Y ×

X
E), k = max(r,m),

which lives in

TY ⊂ T (Y × E).

This generalized vector field yields a contact derivation J∞uζ (2.2.1) of the
real ring O0

∞[Y × E] which obeys the following condition.

Condition 2.3.1. Given a Lagrangian

L ∈ O0,n
∞ E ⊂ O0,n

∞ [Y × E],

let us consider its Lie derivative

LJ∞uζ
L = J∞uζcdL+ d(J∞uζcL) (2.3.2)

where d is the exterior differential of O0
∞[Y × E]. Then, for any section ξ

of E → X, the pull-back ξ∗Lϑ is dH -exact.

It follows at once from the first variational formula (2.2.10) for the
Lie derivative (2.3.2) that Condition 2.3.1 holds only if uζ projects onto a
generalized vector field on E and, in this case, if and only if the density
(uζ)V cE is dH -exact. Thus, we come to the following equivalent definition
of gauge symmetries.

Definition 2.3.2. Let E → X be a vector bundle. A gauge symmetry of a
Lagrangian L parameterized by sections ξ of E → X is defined as a contact
derivation ϑ = J∞u of the real ring O0

∞[Y × E] such that:
(i) it vanishes on the subring O0

∞E,
(ii) the generalized vector field u is linear in coordinates χaΛ on J∞E,

and it projects onto a generalized vector field on E, i.e., it takes the form

u =

 ∑
0≤|Λ|≤m

uλΛ
a (xµ)χaΛ

 ∂λ +

 ∑
0≤|Λ|≤m

uiΛa (xµ, yjΣ)χaΛ

 ∂i, (2.3.3)

(iii) the vertical part of u (2.3.3) obeys the equality

uV cE = dHσ. (2.3.4)
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For the sake of convenience, we also call a generalized vector field (2.3.3)
the gauge symmetry. By virtue of item (iii) of Definition 2.3.2, u (2.3.3) is
a gauge symmetry if and only if its vertical part is so.

Gauge symmetries possess the following particular properties.
(i) Let E′ → X be another vector bundle and ζ ′ a linear E(X)-valued

differential operator on the C∞(X)-module E′(X) of sections of E′ → X.
Then

uζ′(ξ′) = (ζ ◦ ζ ′)(ξ′)

also is a gauge symmetry of L parameterized by sections ξ′ of E′ → X. It
factorizes through the gauge symmetries uφ (2.3.1).

(ii) If a gauge symmetry is an exact Lagrangian symmetry, the corre-
sponding conserved symmetry current Ju (2.2.15) is reduced to a superpo-
tential (see Theorems 2.4.2 and 4.2.3).

(iii) The direct second Noether theorem associates to a gauge symmetry
of a Lagrangian L the Noether identities of its Euler–Lagrange operator δL.

Theorem 2.3.1. Let u (2.3.3) be a gauge symmetry of a Lagrangian L,
then its Euler–Lagrange operator δL obeys the Noether identities (2.3.5).

Proof. The density (2.3.4) is variationally trivial and, therefore, its vari-
ational derivatives with respect to variables χa vanish, i.e.,

Ea =
∑

0≤|Λ|

(−1)|Λ|dΛ[(uiΛa − yiλuλΛ
a )Ei] = (2.3.5)

∑
0≤|Λ|

η(uia − yiλuλa)ΛdΛEi = 0

(see Notation 4.2.2). In accordance with Definition 4.5.1, the equalities
(2.3.5) are the Noether identities for the Euler–Lagrange operator δL. �

For instance, if the gauge symmetry u (2.3.3) is of second jet order in
gauge parameters, i.e.,

uV = (uiaχ
a + uiµa χ

a
µ + uiνµa χaνµ)∂i, (2.3.6)

the corresponding Noether identities (2.3.5) take the form

uiaEi − dµ(uiµa Ei) + dνµ(uiνµa Ei) = 0, (2.3.7)

and vice versa.

Remark 2.3.2. A glance at the expression (2.3.7) shows that, if a gauge
symmetry is independent of derivatives of gauge parameters (i.e., the dif-
ferential operator ζ in Definition 2.3.1 is of zero order), then all variational
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derivatives of a Lagrangian equals zero, i.e., this Lagrangian is variationally
trivial. Therefore, such gauge symmetries usually are not considered (see
Example 4.3.1).

Remark 2.3.3. The notion of gauge symmetries can be generalized as
follows. Let a differential operator ζ in Definition 2.3.1 need not be linear.
Then elements of Im ζ are called a generalized gauge symmetry. However,
direct second Noether Theorem 2.3.1 is not relevant to generalized gauge
symmetries because, in this case, an Euler–Lagrange operator satisfies the
identities depending on gauge parameters.

It follows from direct second Noether Theorem 2.3.1 that gauge sym-
metries of Lagrangian field theory characterize its degeneracy. A prob-
lem is that any Lagrangian possesses gauge symmetries and, therefore,
one must separate them into the trivial and non-trivial ones. More-
over, gauge symmetries can be reducible, i.e., Ker ζ 6= 0. Another
problem is that gauge symmetries need not form an algebra [48; 61;
63]. The Lie bracket [uφ, uφ′ ] of gauge symmetries uφ, uφ′ ∈ Im ζ is a
variational symmetry, but it need not belong to Im ζ.

To solve these problems, we follow a different definition of gauge sym-
metries as those associated to non-trivial Noether identities by means of
inverse second Noether Theorem 4.2.1.

2.4 First order Lagrangian field theory

In first order Lagrangian field theory on a fibre bundle Y → X, a first order

Lagrangian

L = Lω : J1Y →
n
∧T ∗X (2.4.1)

is defined on the first order jet manifold J1Y , called the configuration space.
The corresponding second-order Euler–Lagrange operator (2.1.12) reads

EL : J2Y → T ∗Y ∧ (
n
∧T ∗X),

EL = (∂iL − dλπλi )θi ∧ ω, πλi = ∂λi L. (2.4.2)

Its kernel defines the second order Euler–Lagrange equation

(∂i − dλ∂λi )L = 0. (2.4.3)

Remark 2.4.1. Given a Lagrangian L, a holonomic second order connec-
tion Γ̃ (1.3.51) on a fibre bundle Y → X is called a Lagrangian connection
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if it takes its values into the kernel of the Euler–Lagrange operator EL, i.e.,
if it satisfies the equation

∂iL − ∂λπλi − y
j
λ∂jπ

λ
i − Γ̃jλµ∂

µ
j π

λ
i = 0. (2.4.4)

If a Lagrangian connection Γ̂ exists, it defines the second order dynamic
equation

yiλµ = Γ̃iλµ(x
ν , yj , yjν) (2.4.5)

on Y → X, whose solutions also are solutions of the Euler–Lagrange equa-
tion (2.4.3). Conversely, since the jet bundle J2Y → J1Y is affine, every
solution s of the Euler–Lagrange equation also is an integral section of a
holonomic second order connection Γ̃ which is the global extension of the
local section J1s(X)→ J2s(X) of this jet bundle over the closed imbedded
submanifold J1s(X) ⊂ J1Y . Hence, every solution of the Euler–Lagrange
equations also is a solution of some second order dynamic equation, but it
is not necessarily a Lagrangian connection.

Given a Lagrangian L, let us consider the vertical tangent map V L

(1.1.15) to L (2.4.1). Since J1Y → Y is an affine bundle, V L yields the
linear morphism

J1Y ×
Y

(T ∗X ⊗
Y
V Y ) −→ J1Y ×

Y
(
n
∧T ∗X)

over J1Y and the corresponding morphism

L̂ : J1Y → V ∗Y ⊗
Y

(
n
∧T ∗X)⊗

Y
TX (2.4.6)

over Y . It is called the Legendre map associated to a Lagrangian L. The
fibre bundle

Π = V ∗Y ⊗
Y

(
n
∧T ∗X)⊗

Y
TX = V ∗Y ∧

Y
(
n−1
∧ T ∗X) (2.4.7)

over Y is called the Legendre bundle. It is provided with the holonomic
coordinates (xλ, yi, pλi ), where the fibre coordinates pλi have the transition
functions

p′
λ
i = det

(
∂xε

∂x′ν

)
∂yj

∂y′i
∂x′

λ

∂xµ
pµj . (2.4.8)

With respect to these coordinates, the Legendre map (2.4.6) reads

pλi ◦ L̂ = πλi . (2.4.9)

Its range NL = L̂(J1Y ) is called the Lagrangian constraint space.
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Definition 2.4.1. A Lagrangian L is said to be:
• hyperregular if the Legendre map L̂ is a diffeomorphism;
• regular if L̂ is a local diffeomorphism, i.e., det(∂µi ∂

ν
j L) 6= 0;

• semiregular if the inverse image L̂−1(q) of any point q ∈ NL is a
connected submanifold of J1Y ;
• almost regular if the Lagrangian constraint spaceNL is a closed imbed-

ded subbundle

iN : NL → Π

of the Legendre bundle Π→ Y and the Legendre map

L̂ : J1Y → NL (2.4.10)

is a fibred manifold with connected fibres (i.e., a Lagrangian is semiregular).

Remark 2.4.2. A glance at the equation (2.4.4) shows that a regular La-
grangian L admits a unique Lagrangian connection. In this case, the Euler–
Lagrange equation for L is equivalent to the second order dynamic equation
associated to this Lagrangian connection.

2.4.1 Cartan and Hamilton–De Donder equations

Given a first order Lagrangian L, its Lepage equivalents ΞL (2.1.17) in the
variational formula (2.1.16) read

ΞL = L+ (πλi − dµσ
µλ
i )θi ∧ ωλ + σλµi θiµ ∧ ωλ, (2.4.11)

where σµλi = −σλµi are skew-symmetric local functions on Y . These Lepage
equivalents constitute an affine space modelled over a vector space of dH -
exact one-contact Lepage forms

ρ = −dµσµλi θi ∧ ωλ + σλµi θiµ ∧ ωλ.

Let us choose the Poincaré–Cartan form

HL = Lω + πλi θ
i ∧ ωλ (2.4.12)

as the origin of this affine space because it is defined on J1Y . In a general
setting, one also considers other Lepage equivalents of L [100; 101].

The Poincaré–Cartan form (2.4.12) takes its values into the subbundle

J1Y ×
Y

(T ∗Y ∧
Y
(
n−1
∧ T ∗X))

of
n
∧T ∗J1Y . Hence, it defines a morphism

ĤL : J1Y → ZY = T ∗Y ∧ (
n−1
∧ T ∗X), (2.4.13)
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whose range

ZL = ĤL(J1Y ) (2.4.14)

is an imbedded subbundle iL : ZL → ZY of the fibre bundle ZY → Y .
This morphism is called the homogeneous Legendre map. Accordingly, the
fibre bundle ZY → Y (2.4.13) is said to be the homogeneous Legendre

bundle. It is equipped with holonomic coordinates (xλ, yi, pλi , p) possessing
the transition functions

p′
λ
i = det

(
∂xε

∂x′ν

)
∂yj

∂y′i
∂x′

λ

∂xµ
pµj , (2.4.15)

p′ = det
(
∂xε

∂x′ν

)(
p− ∂yj

∂y′i
∂y′

i

∂xµ
pµj

)
.

With respect to these coordinates, the morphism ĤL (2.4.13) reads

(pµi , p) ◦ ĤL = (πµi ,L − y
i
µπ

µ
i ).

A glance at the transition functions (2.4.15) shows that ZY (2.4.13) is
a one-dimensional affine bundle

πZΠ : ZY → Π (2.4.16)

over the Legendre bundle Π (2.4.7). Moreover, the Legendre map L̂ (2.4.6)
is exactly the composition of morphisms

L̂ = πZΠ ◦HL : J1Y →
Y

Π. (2.4.17)

Being a Lepage equivalent of L, the Poincaré–Cartan form HL (2.4.12)
also is a Lepage equivalent of the first order Lagrangian

L = ĥ0(HL) = (L+ (ŷiλ − yiλ)πλi )ω, (2.4.18)

ĥ0(dyi) = ŷiλdx
λ,

on the repeated jet manifold J1J1Y , coordinated by

(xλ, yi, yiλ, ŷ
i
µ, y

i
µλ).

The Euler–Lagrange operator for L (called the Euler–Lagrange–Cartan op-

erator) reads

EL : J1J1Y → T ∗J1Y ∧ (
n
∧T ∗X),

EL = [(∂iL − d̂λπλi + ∂iπ
λ
j (ŷjλ − y

j
λ))dy

i + (2.4.19)

∂λi π
µ
j (ŷjµ − yjµ)dyiλ] ∧ ω,

d̂λ = ∂λ + ŷiλ∂i + yiλµ∂
µ
i .
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Its kernel Ker EL ⊂ J1J1Y defines the Cartan equation

∂λi π
µ
j (ŷjµ − yjµ) = 0, (2.4.20)

∂iL − d̂λπλi + (ŷjλ − y
j
λ)∂iπ

λ
j = 0 (2.4.21)

on J1Y . Since

EL|J2Y = EL,

the Cartan equation (2.4.20) – (2.4.21) is equivalent to the Euler–Lagrange
equation (2.4.3) on integrable sections of J1Y → X. These equations
are equivalent if a Lagrangian is regular. The Cartan equation (2.4.20)
– (2.4.21) on sections

s : X → J1Y

is equivalent to the relation

s∗(ucdHL) = 0, (2.4.22)

which is assumed to hold for all vertical vector fields u on J1Y → X.
The homogeneous Legendre bundle ZY (2.4.13) admits the canonical

multisymplectic Liouville form

ΞY = pω + pλi dy
i ∧ ωλ. (2.4.23)

Accordingly, its imbedded subbundle ZL (2.4.14) is provided with the pull-
back De Donder form ΞL = i∗LΞY . There is the equality

HL = Ĥ∗LΞL = Ĥ∗L(i∗LΞY ). (2.4.24)

By analogy with the Cartan equation (2.4.22), the Hamilton–De Donder

equation for sections r of ZL → X is written as

r∗(ucdΞL) = 0, (2.4.25)

where u is an arbitrary vertical vector field on ZL → X.

Theorem 2.4.1. Let the homogeneous Legendre map ĤL be a submersion.
Then a section s of J1Y → X is a solution of the Cartan equation (2.4.22)
if and only if ĤL ◦ s is a solution of the Hamilton–De Donder equation
(2.4.25), i.e., the Cartan and Hamilton–De Donder equations are quasi-

equivalent [65].

Remark 2.4.3. The Legendre bundle Π (2.4.7) and the homogeneous Leg-
endre bundle ZY (2.4.13) play the role of a momentum phase space and
homogeneous momentum phase space in polysymplectic and multisymplec-
tic Hamiltonian field theory, respectively (see Chapter 9).
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2.4.2 Lagrangian conservation laws

We restrict our study of symmetries of first order Lagrangian field theory
to classical symmetries, generated by projectable vector fields on a fibre
bundle Y → X. This is the case of all basic classical field models.

Let

u = uλ∂λ + ui∂i

be a projectable vector field on a fibre bundle Y → X. Its canonical
decomposition (1.5.18) into the horizontal and vertical parts over J1Y reads

u = uH + uV = (uλ∂λ + yiλ∂
λ
i ) + (ui∂i − yiλ∂λi ). (2.4.26)

Its first order jet prolongation (1.5.8) onto J1Y is

J1u = uλ∂λ + ui∂i + (dλui − yiµdλuµ)∂λi . (2.4.27)

Given a first order Lagrangian L, the first variational formula (2.2.10)
takes the form

LJ1uL = uV cEL + dH(h0(ucHL)), (2.4.28)

where ΞL = HL is the Poincaré–Cartan form (2.4.12). Its coordinate ex-
pression reads

∂λu
λL+ [uλ∂λ + ui∂i + (dλui − yiµ∂λuµ)∂λi ]L = (2.4.29)

(ui − yiλuλ)Ei − dλ[πλi (uµyiµ − ui)− uλL].

If u is an exact symmetry of L, we obtain the weak conservation law

0 ≈ −dλ[πλi (uµyiµ − ui)− uλL] (2.4.30)

(2.2.14) of the symmetry current

Ju = [πλi (uµyiµ − ui)− uλL]ωλ (2.4.31)

(2.2.15) along a vector field u.
The weak conservation law (2.4.30) leads to the differential conservation

law

∂λ(J λ ◦ s) = 0

on solutions s of the Euler–Lagrange equation (2.4.3). This differential
conservation law yields the integral conservation law∫

∂N

s∗Ju = 0, (2.4.32)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

2.4. First order Lagrangian field theory 79

where N is an n-dimensional oriented compact submanifold of X with a
boundary ∂N .

Remark 2.4.4. If we choose a different Lepage equivalent ΞL (2.4.11) in
the first variational formula, the corresponding symmetry current differs
from Ju (2.4.31) in the dH -exact term

dµ(σ
µλ
i (ui − yiνuν))ωλ.

This term is independent of a Lagrangian, and it does not contribute to the
integral conservation law (2.4.32).

It is readily observed that the symmetry current Ju (2.4.31) is linear in
a vector field u. Therefore, one can consider a superposition of symmetry
currents

Ju + Ju′ = Ju+u′ , Jcu = cJu, c ∈ R,

and a superposition of weak conservation laws (2.4.30) associated to differ-
ent symmetries u.

For instance, let u = ui∂i be a vertical vector field on Y → X. If it is a
symmetry of L, the weak conservation law (2.4.30) takes the form

0 ≈ −dλ(πλi ui). (2.4.33)

It is called the Noether conservation law of of the Noether current

J λ = −πλi ui. (2.4.34)

Given a connection Γ (1.3.4) on a fibre bundle Y → X, a vector field
τ on X gives rise to the projectable vector field Γτ (1.3.6) on Y . The
corresponding symmetry current (2.4.31) along Γτ reads

J λΓ = τµJΓ
λ
µ = τµ(πλi (yiµ − Γiµ)− δλµL). (2.4.35)

Its coefficients JΓ
λ
µ are components of the tensor field

JΓ = JΓ
λ
µdx

µ ⊗ ωλ, (2.4.36)

JΓ
λ
µ = πλi (yiµ − Γiµ)− δλµL,

called the energy-momentum tensor relative to a connection Γ [43; 112;
135]. If Γτ (1.3.6) is a symmetry of a Lagrangian L, we have the energy-

momentum conservation law

0 ≈ −dλ[πλi τµ(yiµ − Γiµ)− δλµτµL]. (2.4.37)
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For instance, let a fibre bundle Y → X admit a flat connection Γ. By
virtue of Theorem 1.3.4, there exist bundle coordinates such that Γiλ = 0,
and the corresponding energy-momentum tensor (2.4.36) takes the form

J0
λ
µ = πλi y

i
µ − δλµL

of the familiar canonical energy–momentum tensor. It obeys the first vari-
ational formula (2.4.29) which leads to the weak transformation law

∂µL ≈ −dλJ0
λ
µ. (2.4.38)

In a general setting, let

γ : T (X)→ T (Y )

be an R-linear module morphism which sends a vector field τ on X onto a
vector field

γτ = τλ∂λ + (γτ)i∂i (2.4.39)

on Y projected onto τ . Then we agree to call the symmetry current

Jγτ = πλi (τµyiµ − (γτ)i)− τλL (2.4.40)

along γτ (2.4.39) the energy-momentum current. For instance, this is the
case both of the above mentioned horizontal lift by means of a connection
and a functorial lift on natural bundles (see Section 6.6), e.g., the canonical
lift (1.1.26) on a tensor bundle.

2.4.3 Gauge conservation laws. Superpotential

If a Lagrangian L admits a gauge symmetry u (2.3.3) and if this is an
exact symmetry of L, i.e., LJ1uL = 0, the weak conservation law (2.4.30)
of the corresponding symmetry current Ju (2.4.31) holds. We call it the
gauge conservation law. Because gauge symmetries depend on derivatives
of gauge parameters, all gauge conservation laws in first order Lagrangian
field theory possess the following peculiarity.

Theorem 2.4.2. If u (2.3.3) is an exact gauge symmetry of a first order
Lagrangian L, the corresponding conserved symmetry current Ju (2.4.31)
takes the form

Ju = W + dHU = (Wµ + dνU
νµ)ωµ, (2.4.41)

where the term W vanishes on-shell, i.e., W ≈ 0, and U = Uνµωνµ is a
horizontal (n− 2)-form.
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Proof. Let a gauge symmetry be at most of jet order N in gauge param-
eters. Then the symmetry current Ju is decomposed into the sum

J µu = Jµµ1...µN
a χaµ1...µN

+
∑

1<k<N

Jµµk...µN
a χaµk...µN

+ (2.4.42)

JµµN
a χaµN

+ Jµa χ
a.

The first variational formula (2.4.29) takes the form

0 =

[
N∑
k=1

uiV
µk...µN
a χaµk...µN

+ uiV aχ
a

]
Ei +

dµ

(
N∑
k=1

Jµµk...µN
a χaµk...µN

+ Jµa χ
a

)
.

It falls into the set of equalities for each χaµµk...µN
, χaµk...µN

, k = 1, . . . , N ,
and χa as follows:

0 = J (µµ1)...µN
a , (2.4.43)

0 = uiV
µk...µN
a Ei − J (µkµk+1)...µN

a − dνJνµk...µN
a , (2.4.44)

0 = uiV
µ
aEi − Jµa − dνJνµa , (2.4.45)

0 = uiV aEi − dµJµa , (2.4.46)

where (µν) means symmetrization of indices in accordance with the split-
ting

Jµkµk+1...µN
a = J (µkµk+1)...µN

a + J [µkµk+1]...µN
a .

With the equalities (2.4.43) – (2.4.45), the decomposition (2.4.42) takes the
form

J µu = J [µµ1]...µN
a χaµ1...µN

+∑
1<k<N

[(uiV
µµk...µN
a Ei − dνJνµµk...µN

a + J [µµk]...µN
a )χaµk...µN

] +

(uiV
µµN
a Ei − dνJνµµN

a + J [µµN ]
a )χaµN

− (uiV
µ
aEi + dνJ

νµ
a )χa.
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A direct computation

J µu = dν(J [µν]µ2...µN
a χaµ2...µN

)− dνJ [µν]µ2...µN
a χaµ2...µN

+∑
1<k<N

[(uiV
µµk...µN
a Ei − dνJνµµk...µN

a )χaµk...µN
+

dν(J [µν]µk+1...µN
a χaµk+1...µN

)− dνJ [µν]µk+1...µN
a χaµk+1...µN

] +

[(uiV
µµN
a Ei − dνJνµµN

a )χaµN
+ dν(J [µν]

a χa)− dνJ [µν]
a χa] +

(uiV
µ
aEi − dνJνµa )χa

= dν(J [µν]µ2...µN
a χaµ2...µN

) +∑
1<k<N

[(uiV
µµk...µN
a Ei − dνJ (νµ)µk...µN

a )χaµk...µN
+

dν(J [µν]µk+1...µN
a χaµk+1...µN

)] +

[(uiV
µµN
a Ei − dνJ (νµ)µN

a )χaµN
+ dν(J [µν]

a χa)] + (uiV
µ
aEi − dνJ (νµ)

a )χa

leads to the expression

J µu =

 ∑
1<k≤N

uiV
µµk...µN
a χaµk...µN

+ uiV
µ
aχ

a

 Ei − (2.4.47)

 ∑
1<k≤N

dνJ
(νµ)µk...µNχaµk...µN

+ dνJ
(νµ)
a χa

−
dν

 ∑
1<k≤N

J [νµ]µk...µNχaµk...µN
+ J [νµ]

a χa

 .

The first summand of this expression vanishes on-shell. Its second one con-
tains the terms dνJ (νµk)µk+1...µN , k = 1, . . . , N . By virtue of the equalities
(2.4.44), every dνJ

(νµk)µk+1...µN is expressed into the terms vanishing on-
shell and the term dνJ

(νµk−1)µk...µN . Iterating the procedure and bearing
in mind the equality (2.4.43), one can easily show that the second sum-
mand of the expression (2.4.47) also vanishes on-shell. Thus, the symmetry
current Ju takes the form (2.4.41), where

Uνµ = −
∑

1<k≤N

J [νµ]µk...µN
a χaµk...µN

− J [νµ]
a χa. (2.4.48)

�

The term U in the expression (2.4.41) is called the superpotential. If
a symmetry current admits the decomposition (2.4.41), one says that it is
reduced to a superpotential [39; 53; 135].
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For instance, if a gauge symmetry

u = (uλaχ
a + uλµa χaµ)∂λ + (uiaχ

a + uiµa χ
a
µ)∂i (2.4.49)

of a Lagrangian L depends at most on the first jets of gauge parameters,
then the decomposition (2.4.41) takes the form

J µu = uiV
µ
aEiχa − dν(J [νµ]

a χa) = (2.4.50)

(uiµa − yiλuλµa )χaEi + dν [(ui[µa − yiλuλ[µ
a )χaπν]i + u[νµ]

a χaL].

Remark 2.4.5. Theorem 2.4.2 generalizes the result in [67] for gauge sym-
metries u whose gauge parameters χλ = uλ are components of the pro-
jection uλ∂λ of u onto X. In Section 4.3, Theorem 2.4.2 is extended to
Grassmann-graded Lagrangian theories of any order (see Theorem 4.2.3).

Remark 2.4.6. The proof of Theorem 2.4.2 gives something more. Let
us substitute the equality (2.4.46) into the equality (2.4.45), then the lat-
ter into the equality (2.4.44) for k = N − 1, and so on. Then we obtain
the Noether identities (2.3.5). However, it should be emphasized that the
conditions (2.4.43) – (2.4.46) and the Noether identities (2.3.5) are not
equivalent. The Noether identities characterize a variational gauge symme-
try of a Lagrangian, while (2.4.43) – (2.4.46) are the conditions of a gauge
symmetry to be exact.

If a symmetry current J reduces to a superpotential, the integral con-
servation law (2.4.32) becomes tautological. At the same time, the super-
potential form (2.4.41) of Ju implies the following integral relation∫

Nn−1

s∗Ju =
∫

∂Nn−1

s∗U, (2.4.51)

where Nn−1 is an (n− 1)-dimensional oriented compact submanifold of X
with the boundary ∂Nn−1.

2.4.4 Non-regular quadratic Lagrangians

This Section is devoted to the physically relevant case of almost regular
quadratic Lagrangians [112].

Given a fibre bundle Y → X, let us consider a quadratic Lagrangian L
given by the coordinate expression

L =
1
2
aλµij (xν , yk)yiλy

j
µ + bλi (x

ν , yk)yiλ + c(xν , yk), (2.4.52)
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where a, b and c are local functions on Y . This property is coordinate-
independent due to the affine transformation law (1.2.1) of the jet coordi-
nates yiλ. The associated Legendre map L̂ (2.4.6) is given by the coordinate
expression

pλi ◦ L̂ = aλµij y
j
µ + bλi , (2.4.53)

and is an affine morphism over Y . It defines the corresponding linear mor-
phism

â : T ∗X ⊗
Y
V Y →

Y
Π, (2.4.54)

pλi ◦ â = aλµij y
j
µ,

where yjµ are fibred coordinates on the vector bundle

T ∗X ⊗
Y
V Y → Y.

Let the Lagrangian L (2.4.52) be almost regular, i.e., the morphism
â (2.4.54) is of constant rank. Then the Lagrangian constraint space NL
(2.4.53) is an affine subbundle of the Legendre bundle Π → Y , modelled
over the vector subbundle NL (2.4.54) of Π → Y . Hence, NL → Y has
a global section s. For the sake of simplicity, let us assume that s = 0̂
is the canonical zero section of Π → Y . Then NL = NL. Accordingly,
the kernel of the Legendre map (2.4.53) is an affine subbundle of the affine
jet bundle J1Y → Y , modelled over the kernel of the linear morphism â

(2.4.54). Then there exists a connection

Γ : Y → Ker L̂ ⊂ J1Y, (2.4.55)

aλµij Γjµ + bλi = 0, (2.4.56)

on Y → X. Connections (2.4.55) constitute an affine space modelled over
the linear space of soldering forms

φ = φiλdx
λ ⊗ ∂i

on Y → X, satisfying the conditions

aλµij φ
j
µ = 0 (2.4.57)

and, as a consequence, the conditions

φiλb
λ
i = 0.

If the Lagrangian (2.4.52) is regular, the connection (2.4.55) is unique.

Remark 2.4.7. If s 6= 0̂, one can consider connections Γ taking their values
into Ker sL̂.
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The matrix a in the Lagrangian L (2.4.52) can be seen as a global section
of constant rank of the tensor bundle

n
∧T ∗X ⊗

Y
[
2
∨(TX ⊗

Y
V ∗Y )]→ Y.

Then it satisfies the following corollary of Theorem 1.1.12.

Corollary 2.4.1. Given a k-dimensional vector bundle E → Z, let a be a
fibre metric of rank r in E. There is a splitting

E = Ker a⊕
Z
E′ (2.4.58)

where E′ = E/Ker a is the quotient bundle, and a is a non-degenerate fibre
metric in E′.

Theorem 2.4.3. There exists a linear bundle map

σ : Π →
Y
T ∗X ⊗

Y
V Y, yiλ ◦ σ = σijλµp

µ
j , (2.4.59)

such that

â ◦ σ ◦ iN = iN .

Proof. The map (2.4.59) is a solution of the algebraic equations

aλµij σ
jk
µαa

αν
kb = aλνib . (2.4.60)

By virtue of Corollary 2.4.1, there exists the bundle splitting

TX∗⊗
Y
V Y = Ker a⊕

Y
E′ (2.4.61)

and an atlas of this bundle such that transition functions of Ker a and E′

are independent. Since a is a non-degenerate section of
n
∧T ∗X ⊗

Y
(
2
∨E′∗)→ Y,

there exist fibre coordinates (yA) on E′ such that a is brought into a di-
agonal matrix with non-vanishing components aAA. Due to the splitting
(2.4.61), we have the corresponding bundle splitting

TX ⊗
Y
V ∗Y = (Ker a)∗⊕

Y
E′∗.

Then a desired map σ is represented by a direct sum σ1⊕σ0 of an arbitrary
section σ1 of the fibre bundle

n
∧TX ⊗

Y
(
2
∨Ker a)→ Y
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and the section σ0 of the fibre bundle
n
∧TX ⊗

Y
(
2
∨E′)→ Y

which has non-vanishing components

σAA = (aAA)−1

with respect to the fibre coordinates (yA) on E′. The relations

σ0 = σ0 ◦ a ◦ σ0, a ◦ σ1 = 0, σ1 ◦ a = 0 (2.4.62)

hold. �

Remark 2.4.8. Using the relations (2.4.62), one can write the above as-
sumption, that the Lagrangian constraint space NL → Y admits a global
zero section, in the form

bµi = aµλij σ
jk
λνb

ν
k. (2.4.63)

With the relations (2.4.56), (2.4.60) and (2.4.62), we obtain the splitting

J1Y = S(J1Y )⊕
Y
F(J1Y ) = Ker L̂⊕

Y
Im(σ ◦ L̂), (2.4.64)

yiλ = Siλ + F iλ = [yiλ − σikλα(aαµkj y
j
µ + bαk )] + (2.4.65)

[σikλα(aαµkj y
j
µ + bαk )],

where, in fact, σ = σ0 owing to the relations (2.4.62) and (2.4.63). Then
with respect to the coordinates Siλ and F iλ (2.4.65), the Lagrangian (2.4.52)
reads

L =
1
2
aλµij F

i
λFjµ + c′, (2.4.66)

where

F iλ = σ0
ik
λαa

αµ
kj (yjµ − Γjµ) (2.4.67)

for some (Ker L̂)-valued connection Γ (2.4.55) on Y → X. Thus, the La-
grangian (2.4.52), written in the form (2.4.66), factorizes through the co-
variant differential relative to any such connection.

Note that, in gauge theory of principal connections (see Section 5.5),
we have the canonical (independent of a Lagrangian) variant (5.5.11) of
the splitting (2.4.64) where F is the strength form (5.5.8). The Yang–Mills
Lagrangian (9.5.4) of gauge theory is exactly of the form (2.4.66) where
c′ = 0.
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2.4.5 Reduced second order Lagrangians

Let us consider second order Lagrangians on the second order jet manifold
J2Y of Y which, however, lead to second order Euler-Lagrange equations.

Given a second order Lagrangian L, its four-order Euler–Lagrange op-
erator (2.1.12) reads

EL = (∂i − dλ∂λi + dµdλ∂
µλ
i )Lθi ∧ ω.

This operator is reduced to the second order one if a Lagrangian L obeys
the conditions

∂αβj ∂µνi L = 0, (2.4.68)

(∂νj ∂
µλ
i − ∂

µ
i ∂

νλ
j )L = 0. (2.4.69)

The relation (2.4.68) means that a Lagrangian L is linear in the jet coor-
dinates yiλµ, i.e., it is given by the coordinate expression

L = (L′ + σµλi yiµλ)ω, (2.4.70)

where L′ and σµλi are local functions on J1Y . Since this expression is
maintained under coordinate transformations (1.2.12), the functions σµλi
satisfy the transformation law

σ′µλi =
∂x′µ

∂xγ
∂yjν
∂y′iλ

σνγj .

Therefore, one can define the fibrewise form

σ = σµλi dyiµ ∧ ωλ
on the affine bundle J1Y → Y (see Section 10.10). Then the condition
(2.4.69) means that this form is d-closed, i.e.,

dσ = ∂νj σ
µλ
i dyjν ∧ dyiµ ∧ ωλ = 0.

In accordance with Theorem 10.10.2, any d-closed fibrewise form on an
affine bundle is d-exact. Consequently, there exists a form φ = φλωλ on
J1Y such that

σ = dφ = ∂µi φ
λdyiµ ∧ ωλ.

Let us consider the variationally trivial second order Lagrangian dHφ. It
is readily observed that the Lagrangian L − dHφ is of first order, but it
possesses the same second order Euler–Lagrange operator EL as the second
order Lagrangian L (2.4.70). Thus, the following has been proved.

Theorem 2.4.4. If an Euler–Lagrange operator of a second order Lagran-
gian also is of second order, it is an Euler–Lagrange operator of some first
order Lagrangian.
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In particular, if the functions σµλi are independent of the jet coordinates
yiµ, one can take

φ = σλµi (yiµ − Γiµ)ωλ,

where Γ is a connection on Y → X. Then a desired first order Lagrangian
reads

L− dλ[πλµi (yiµ − Γiµ)]ω.

One can think of a connection Γ in this Lagrangian as a background field.
For instance, this is the case of the Einstein–Hilbert gravitation Lagran-

gian of General Relativity (see Remark 6.5.2).

2.4.6 Background fields

In Lagrangian field theory on a fibre bundle Y → X, by background fields

are meant classical fields which do not obey Euler–Lagrange equations. Let
these fields be represented by sections of a fibre bundle Σ → X endowed
with bundle coordinates (xλ, σm). In order to formulate Lagrangian field
theory in the presence of background fields, let us consider the bundle
product

Ytot = Σ×
X
Y → X (2.4.71)

coordinated by (xλ, σm, yi) and its jet manifold

J1Ytot = J1Σ×
X
J1Y.

Let L be a first order Lagrangian on the configuration space J1Ytot. It can
be regarded as a total Lagrangian of field theory where background fields
are treated as the dynamic ones. Given a section h of Σ → X, we obtain
the pull-back Lagrangian

Lh = (J1h)∗L

on J1Y . It can be regarded as a Lagrangian of first order field theory on
the configuration space J1Y in the presence of a background field h.

Let us consider the variational formula (2.1.16):

dL− EL − dHΞ = 0,

for a total Lagrangian L. Its pull-back

(J2h)∗(dL− δL− dHΞ) = dLh − δLh − dHΞh (2.4.72)
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is exactly the variational formula for the Lagrangian Lh in the presence of
a background field h. The corresponding Euler–Lagrange operator in the
presence of a background field h reads

δLh = (J2h)∗(δL) = (J2h)∗(Eiθi + Emθm) ∧ ω = (J1h)∗(Ei)θiω.

The variational formula (2.4.72) enables us to obtain conservation laws
in the presence of a background field. Let

u = uλ(xµ)∂λ + um(xµ, σn)∂m + ui(xµ, σn, yj)∂i (2.4.73)

be a vector field on Y projected onto Σ and X. Its restriction

uh : Y ×
X
h(X) u−→TY ×

X
TΣ −→TY,

uh = u = uλ∂λ + uih∂i, (2.4.74)

uih(x
µ, yj) = ui(xµ, hn(x), yj),

is a vector field on Y . Let us suppose that u (2.4.73) is an exact symmetry of
a total Lagrangian L. The corresponding first variational formula (2.4.28)
leads to the equality

0 = (um − ymλ uλ)∂mL+ πλmdλ(u
m − ymµ uµ) +

(ui − yiλuλ)δiL − dλ[∂λi L(uµyiµ − ui)− uλL].

Putting σm = hm(x), we obtain the equality

0 = (J1h)∗[(um − ymλ uλ)∂mL+ πλmdλ(u
m − ymµ uµ)] +

(uih − yiλuλ)δiLh − dλ[∂λi Lh(uµyiµ − uih)− uλLh].

On the shell δiLh = 0, this equality is brought into the weak transformation
law

0 ≈ (J1h)∗[(um − ymλ uλ)∂mL+ πλmdλ(u
m − ymµ uµ)]− (2.4.75)

dλ[∂λi Lh(uµyiµ − uih)− uλLh]

of the symmetry current

J λ = ∂λi Lh(uµyiµ − uih)− uλLh (2.4.76)

of dynamic fields yi along the vector field (2.4.74) in the presence of a
background field h.



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

90 Lagrangian field theory on fibre bundles

2.4.7 Variation Euler–Lagrange equation. Jacobi fields

The vertical extension of Lagrangian field theory on a fibre bundle Y →
X onto the vertical tangent bundle V Y of Y → X describes the linear
deviations of solutions of the Euler–Lagrange equation which are Jacobi
fields.

The configuration space of field theory on V Y → X is the jet manifold
J1V Y . Due to the canonical isomorphism J1V Y = V J1Y (1.2.9), this
configuration space is provided with the coordinates (xλ, yi, yiλ, ẏ

i, ẏiλ). It
follows that Lagrangian theory on J1V Y can be developed as the vertical
extension of Lagrangian theory on J1Y .

Lemma 2.4.1. Similar to the canonical isomorphism between fibre bundles
TT ∗Z and T ∗TX [90], the isomorphism

V V ∗Y =
V Y

V ∗V Y, (2.4.77)

pi ←→ v̇i, ṗi ←→ ẏi,

can be established by inspection of the transformation laws of the holonomic
coordinates (xλ, yi, pi = ẏi) on V ∗Y and (xλ, yi, vi = ẏi) on V Y .

It follows that any exterior form φ on a fibre bundle Y gives rise to the
exterior form

φV = ∂V (φ) = ẏi∂i(φ) (2.4.78)

on V Y so that dφV = (dφ)V . For instance,

∂V f = ẏi∂if, f ∈ C∞(Y ),

∂V (dyi) = dẏi.

The form φV (2.4.78) is called the vertical extension of φ on Y .
Let L be a Lagrangian on J1Y . Its vertical extension (2.4.78) onto the

vertical configuration space V J1Y reads

LV = ∂V L = (ẏi∂i + ẏiλ∂
λ
i )Lω. (2.4.79)

The corresponding Euler–Lagrange equation (2.4.3) takes the form

δ̇iLV = δiL = 0, (2.4.80)

δiLV = ∂V δiL = 0, (2.4.81)

∂V = ẏi∂i + ẏiλ∂
λ
i + ẏiµλ∂

µλ
i

(see the compact notation (1.1.27)). The equation (2.4.80) is exactly the
Euler–Larange equation (2.4.3) for the original Lagrangian L. In order to
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clarify the meaning of the equation (2.4.81), let us suppose that Y → X is a
vector bundle. Given a solution s of the Euler–Lagrange equation (2.4.80),
let δs be a Jacobi field, i.e., s+ εδs also is a solution of the Euler–Lagrange
equation (2.4.80) modulo the terms of order > 1 in the small parameter
ε. Then it is readily observed that the Jacobi field δs satisfies the Euler–
Lagrange equation (2.4.81), which therefore is called the variation equation

of the equation (2.4.80) [33; 112].
The Lagrangian LV (2.4.79) yields the Legendre map

L̂V : V J1Y −→
V Y

ΠV Y = V ∗V Y ∧
V Y

(
n−1
∧ T ∗X), (2.4.82)

where ΠV Y is called the vertical Legendre bundle.

Lemma 2.4.2. Due to the isomorphism (2.4.77) there exists the bundle
isomorphism

ΠV Y =
V Y

VΠ, (2.4.83)

pλi ←→ ṗλi , qλi ←→ pλi ,

written with respect to the holonomic coordinates (xλ, yi, ẏi, pλi , q
λ
i ) on ΠV Y

and (xλ, yi, pλi , ẏ
i, ṗλi ) on VΠ.

In view of the isomorphism (2.4.83), the Legendre map (2.4.82) takes
the form

L̂V = V L̂ : V J1Y −→
V Y

ΠV Y = VΠ, (2.4.84)

pλi = ∂̇λi LV = πλi , ṗλi = ∂iλL = ∂V π
λ
i .

It is called the vertical Legendre map.
Let ZV Y be the homogeneous Legendre bundle (2.4.13) over V Y en-

dowed with the corresponding coordinates

(xλ, yi, ẏi, pλi , q
λ
i , p).

There is the fibre bundle

ζ : V ZY → ZV Y , (2.4.85)

(xλ, yi, ẏi, pλi , q
λ
i , p) ◦ ζ = (xλ, yi, ẏi, ṗλi , p

λ
i , ṗ).

Then the vertical tangent morphism V πZΠ to πZΠ (2.4.16) factorizes
through the composition of fibre bundles

V πZΠ : V ZY → ZV Y → ΠV Y = VΠ. (2.4.86)

Owing to this fact, one can develop Hamiltonian field theory on a mo-
mentum phase space ΠV Y as the vertical extension of polysymplectic Ha-
miltonian field theory on a momentum phase space Π (see Section 9.6).
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2.5 Appendix. Cohomology of the variational bicomplex

This Section is devoted to the proof of Theorems 2.1.1, 2.1.2 and 2.1.4 on the
relevant cohomology of the variational bicomplex (2.1.4) of the differential
graded algebra O∗∞. At first, we obtain the corresponding cohomology of
the differential graded algebra Q∗∞ (1.7.12). For this purpose, one can
use abstract de Rham Theorem 10.7.4 because, as was mentioned above,
the paracompact infinite jet order manifold J∞Y admits the partition of
unity by elements of Q0

∞, but not O0
∞ [4; 150]. After that, we show that

cohomology of O∗∞ ⊂ Q∗∞ equals that of Q∗∞ [55; 56; 139].
Let us start with the so called algebraic Poincaré lemma [123; 157].

Lemma 2.5.1. If Y is a contractible bundle Rn+p → Rn, the variational
bicomplex (2.1.4) is exact at all terms, except R.

Proof. The homotopy operators for dV , dH , δ and % are given by the
formulas (5.72), (5.109), (5.84) in [123] and (4.5) in [157], respectively. �

Let Q∗∞ be the sheaf of germs of differential forms φ ∈ O∗∞ on J∞Y . It
is decomposed into the variational bicomplex Q∗,∗∞ . The differential graded
algebra Q∗∞ of global sections of Q∗∞ also is decomposed into the varia-
tional bicomplex Q∗,∗∞ similar to the bicomplex (2.1.4). Let us consider the
variational subcomplex

0→ R→ Q0
∞

dH−→Q0,1
∞ · · ·

dH−→Q0,n
∞

δ−→E1
δ−→E2 −→ · · · (2.5.1)

of Q∗,∗∞ and the subcomplexes of sheaves of contact forms

0→ Qk,0
∞

dH−→Qk,1
∞ · · ·

dH−→Qk,n
∞

%−→Ek → 0, k = 1, . . . , (2.5.2)

where

Ek = %(Qk,n
∞ ).

By virtue of Lemma 2.5.1, these complexes are exact at all terms, except
R.

Since the paracompact space J∞Y admits a partition of unity by el-
ements of the ring Q0

∞, the sheaves Qm,k
∞ of Q0

∞-modules are fine (see
Theorem 10.7.7) and, consequently, acyclic (see Theorem 10.7.6). Let us
show that the sheaves Ek also are fine [56]. Though the R-modules Γ(Ek>1)
fail to be Q0

∞-modules [157], one can use the fact that the sheaves Ek>0

are projections %(Qk,n
∞ ) of sheaves of Q0

∞-modules. Let {Ui}i∈I be a locally
finite open cover of J∞Y and {fi ∈ Q0

∞} the associated partition of unity.
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For any open subset U ⊂ J∞Y and any section ϕ of the sheaf Qk,n
∞ over U ,

let us put gi(ϕ) = fiϕ. The endomorphisms gi of Qk,n
∞ yield the R-module

endomorphisms

gi = % ◦ gi : Ek
in−→Qk,n

∞
gi−→Qk,n

∞
%−→Ek

of the sheaves Ek. They possess the properties required for Ek to be a fine
sheaf. Indeed, for each i ∈ I, supp fi ⊂ Ui provides a closed set such that
gi is zero outside this set, while the sum

∑
i∈I

gi is the identity morphism.

Consequently, all sheaves, except R, in the complexes (2.5.1) – (2.5.2)
are acyclic. Therefore, these complexes are resolutions of the constant
sheaf R and the zero sheaf on J∞Y , respectively. Let us consider the
corresponding subcomplexes

0→ R→ Q0
∞

dH→Q0,1
∞ · · ·

dH→Q0,n
∞

δ→Γ(E1)
δ→Γ(E2)→ · · · ,(2.5.3)

0→ Qk,0∞
dH→Qk,1∞ · · ·

dH→Qk,n∞
%→Γ(Ek)→ 0, k = 1, . . . , (2.5.4)

of the differential graded algebraQ∗∞. In accordance with abstract de Rham
Theorem 10.7.5, cohomology of the complex (2.5.3) equals the cohomology
of J∞Y with coefficients in the constant sheaf R, while the complex (2.5.4)
is exact. Since Y is a strong deformation retract of J∞Y , cohomology of the
complex (2.5.3) equals the de Rham cohomology of Y (see Remark 1.5.3).

Thus, the following has been proved.

Theorem 2.5.1. The cohomology of the variational complex (2.5.3) equals
the de Rham cohomology of a fibre bundle Y . All the complexes (2.5.4) are
exact.

Now, let us show the following.

Theorem 2.5.2. The subalgebra O∗∞ ⊂ Q∗∞ has the same dH- and δ-
cohomology as Q∗∞.

Let the common symbol D stand for dH and δ. Bearing in mind the
decompositions (2.1.7) – (2.1.10), it suffices to show that, if an element
φ ∈ O∗∞ is D-exact in the algebra Q∗∞, then it is so in the algebra O∗∞.

Lemma 2.5.1 states that, if Y is a contractible bundle and a D-exact
form φ on J∞Y is of finite jet order [φ] (i.e., φ ∈ O∗∞), there exists a
differential form ϕ ∈ O∗∞ on J∞Y such that φ = Dϕ. Moreover, a glance
at the homotopy operators for dH and δ shows that the jet order [ϕ] of ϕ
is bounded by an integer N([φ]), depending only on the jet order of φ. Let
us call this fact the finite exactness of the operator D. Lemma 2.5.1 shows
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that the finite exactness takes place on J∞Y |U over any domain U ⊂ Y .
Let us prove the following.

Lemma 2.5.2. Given a family {Uα} of disjoint open subsets of Y , let us
suppose that the finite exactness takes place on J∞Y |Uα

over every subset
Uα from this family. Then, it is true on J∞Y over the union ∪

α
Uα of these

subsets.

Proof. Let φ ∈ O∗∞ be a D-exact form on J∞Y . The finite exactness
on (π∞0 )−1(∪Uα) holds since φ = Dϕα on every (π∞0 )−1(Uα) and [ϕα] <
N([φ]). �

Lemma 2.5.3. Suppose that the finite exactness of the operator D takes
place on J∞Y over open subsets U , V of Y and their non-empty overlap
U ∩ V . Then, it also is true on J∞Y |U∪V .

Proof. Let φ = Dϕ ∈ O∗∞ be a D-exact form on J∞Y . By assump-
tion, it can be brought into the form DϕU on (π∞0 )−1(U) and DϕV on
(π∞0 )−1(V ), where ϕU and ϕV are differential forms of bounded jet order.
Let us consider their difference ϕU −ϕV on (π∞0 )−1(U ∩V ). It is a D-exact
form of bounded jet order

[ϕU − ϕV ] < N([φ])

which, by assumption, can be written as

ϕU − ϕV = Dσ

where σ also is of bounded jet order

[σ] < N(N([φ])).

Lemma 2.5.4 below shows that σ = σU+σV where σU and σV are differential
forms of bounded jet order on (π∞0 )−1(U) and (π∞0 )−1(V ), respectively.
Then, putting

ϕ′|U = ϕU −DσU , ϕ′|V = ϕV +DσV ,

we have the form φ, equal to Dϕ′U on (π∞0 )−1(U) and Dϕ′V on (π∞0 )−1(V ),
respectively. Since the difference ϕ′U − ϕ′V on (π∞0 )−1(U ∩ V ) vanishes, we
obtain φ = Dϕ′ on (π∞0 )−1(U ∪ V ) where

ϕ′ =
{
ϕ′|U = ϕ′U ,

ϕ′|V = ϕ′V

is of bounded jet order [ϕ′] < N(N([φ])). �
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Lemma 2.5.4. Let U and V be open subsets of a bundle Y and σ ∈ O∗∞ a
differential form of bounded jet order on

(π∞0 )−1(U ∩ V ) ⊂ J∞Y.

Then, σ is decomposed into a sum σU + σV of differential forms σU and
σV of bounded jet order on (π∞0 )−1(U) and (π∞0 )−1(V ), respectively.

Proof. By taking a smooth partition of unity on U ∪ V subordinate to
the cover {U, V } and passing to the function with support in V , one gets
a smooth real function f on U ∪ V which equals 0 on a neighborhood of
U \V and 1 on a neighborhood of V \U in U ∪V . Let (π∞0 )∗f be the pull-
back of f onto (π∞0 )−1(U ∪ V ). The differential form ((π∞0 )∗f)σ equals
0 on a neighborhood of (π∞0 )−1(U) and, therefore, can be extended by
0 to (π∞0 )−1(U). Let us denote it σU . Accordingly, the differential form
(1−(π∞0 )∗f)σ has an extension σV by 0 to (π∞0 )−1(V ). Then, σ = σU +σV
is a desired decomposition because σU and σV are of the jet order which
does not exceed that of σ. �

To prove the finite exactness of D on J∞Y , it remains to choose an
appropriate cover of Y . A smooth manifold Y admits a countable cover
{Uξ} by domains Uξ, ξ ∈ N, and its refinement {Uij}, where j ∈ N and i

runs through a finite set, such that Uij ∩ Uik = ∅, j 6= k [69]. Then Y has
a finite cover {Ui = ∪jUij}. Since the finite exactness of the operator D
takes place over any domain Uξ, it also holds over any member Uij of the
refinement {Uij} of {Uξ} and, in accordance with Lemma 2.5.2, over any
member of the finite cover {Ui} of Y . Then by virtue of Lemma 2.5.3, the
finite exactness of D takes place on J∞Y over Y .

Similarly, one can show that:

Theorem 2.5.3. Restricted to Ok,n∞ , the operator % remains exact.

Theorems 2.5.1 – 2.5.3 result in Theorems 2.1.1 – 2.1.2.
Turn now to the proof of Theorem 2.1.4. Given the short variational

complex (2.1.21), let us consider the corresponding complex of sheaves

0→ R→ Q0
∞

dH−→Q0,1
∞ · · ·

dH−→Q0,n
∞

δ−→ 0. (2.5.5)

In the case of an affine bundle Y → X, we can lower this complex onto the
base X as follows.

Let us consider the open surjection

π∞ : J∞Y → X



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

96 Lagrangian field theory on fibre bundles

and the direct image X∗∞ = π∞∗ Q∗∞ on X of the sheaf Q∗∞. Its stalk over a
point x ∈ X consists of the equivalence classes of sections of the sheaf Q∗∞
which coincide on the inverse images (π∞)−1(Ux) of neighbourhoods Ux of
x. Since π∞∗ R = R, we have the following complex of sheaves on X:

0→ R→ X0
∞

dH−→X0,1
∞

dH−→· · · dH−→X0,n
∞

δ−→ 0. (2.5.6)

Every point x ∈ X has a base of open contractible neighbourhoods {Ux}
such that the sheaves Q0,∗

∞ of Q∗∞-modules are acyclic on the inverse images
(π∞)−1(Ux) of these neighbourhoods. Then, in accordance with the Leray
theorem [62], cohomology of J∞Y with coefficients in the sheaves Q0,∗

∞
are isomorphic to that of X with coefficients in their direct images X0,∗

∞ ,
i.e., the sheaves X0,∗

∞ on X are acyclic. Furthermore, Lemma 2.5.1 also
shows that the complexes of sections of sheaves Q0,∗

∞ over (π∞0 )−1(Ux) are
exact. It follows that the complex (2.5.6) on X is exact at all terms, except
R, and it is a resolution of the constant sheaf R on X. Due to the R-
algebra isomorphism Q∗∞ = Γ(X∗∞), one can think of the short variational
subcomplex of the complex (2.5.1) as being the complex of the structure
algebras of the sheaves (2.5.6) on X.

Given the sheaf X∗∞ on X, let us consider its subsheaf P∗∞ of germs of
exterior forms which are polynomials in the fibre coordinates yiΛ, |Λ| ≥ 0,
of the continuous bundle J∞Y → X. The sheaf P∗∞ is a sheaf of C∞(X)-
modules. The differential graded algebra P ∗∞ of its global sections is a
C∞(X)-subalgebra of Q∗∞. We have the subcomplex

0→ R −→P0
∞

dH−→P0,1
∞

dH−→· · · dH−→P0,n
∞

δ−→ 0 (2.5.7)

of the complex (2.5.6) on X. As a particular variant of the algebraic
Poincaré lemma, the exactness of the complex (2.5.7) at all terms, except
R, follows from the form of the homotopy operator for dH or can be proved
in a straightforward way [9]. Since the sheaves P0,∗

∞ of C∞(X)-modules on
X are acyclic, the complex (2.5.7) is a resolution of the constant sheaf R
on X. Hence, cohomology of the complex

0→ R −→P 0
∞

dH−→P 0,1
∞

dH−→· · · dH−→P 0,n
∞

δ−→ 0 (2.5.8)

of the differential graded algebras P 0,<n
∞ equals the de Rham cohomology

of X. It follows that every dH -closed polynomial form φ ∈ P 0,m<n
∞ is

decomposed into the sum

φ = σ + dHξ, ξ ∈ P0,m−1
∞ , (2.5.9)

where σ is a closed form on X.
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Let P∗∞ be C∞(X)-subalgebra of the polynomial algebra P ∗∞ which
consists of exterior forms which are polynomials in the fibre coordinates
yiΛ. Obviously, P∗∞ is a subalgebra of O∗∞. One can show that P∗∞ have
the same cohomology as P ∗∞, i.e., if φ in the decomposition (2.5.9) is an
element of P0,∗

∞ then ξ is so. The proof of this fact follows the proof of
Theorem 2.5.2, but differential forms on X (not J∞Y ) are considered.
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Chapter 3

Grassmann-graded Lagrangian field
theory

In classical field theory, there are different descriptions of odd fields on
graded manifolds [27; 118] and supermanifolds [29; 45]. Both graded
manifolds and supermanifolds are phrased in terms of sheaves of graded
commutative algebras [10]. However, graded manifolds are characterized
by sheaves on smooth manifolds, while supermanifolds are constructed
by gluing of sheaves on supervector spaces. Treating odd fields on a
smooth manifold X, we follow the Serre–Swan theorem generalized to
graded manifolds (Theorem 3.3.2). It states that, if a Grassmann al-
gebra is an exterior algebra of some projective C∞(X)-module of finite
rank, it is isomorphic to the algebra of graded functions on a graded
manifold whose body is X. By virtue of this theorem, we describe odd
fields and their jets on an arbitrary smooth manifold X as generating ele-
ments of the structure ring of a graded manifold whose body is X [13; 14;
59]. This definition differs from that of jets of a graded fibre bundle [78;
118], but reproduces the heuristic notion of jets of ghosts in the field-
antifield BRST theory [9; 21].

3.1 Grassmann-graded algebraic calculus

Throughout the book, by the Grassmann gradation is meant Z2-gradation.
Hereafter, the symbol [.] stands for the Grassmann parity. In the litera-
ture, a Z2-graded structure is simply called the graded structure if there
is no danger of confusion. Let us summarize the relevant notions of the
Grassmann-graded algebraic calculus [10; 28].

An algebra A is called graded if it is endowed with a grading automor-

phism γ such that γ2 = Id . A graded algebra falls into the direct sum

99
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A = A0⊕A1 of Z-modules A0 and A1 of even and odd elements such that

γ(a) = (−1)ia, a ∈ Ai, i = 0, 1,

[aa′] = ([a] + [a′])mod 2, a ∈ A[a], a′ ∈ A[a′].

One calls A0 and A1 the even and odd parts of A, respectively. The even
part A0 is a subalgebra of A and the odd one A1 is an A0-module. If A is
a graded ring, then [1] = 0.

A graded algebra A is called graded commutative if

aa′ = (−1)[a][a
′]a′a,

where a and a′ are graded-homogeneous elements of A, i.e., they are either
even or odd.

Given a graded algebra A, a left graded A-module Q is defined as a left
A-module provided with the grading automorphism γ such that

γ(aq) = γ(a)γ(q), a ∈ A, q ∈ Q,
[aq] = ([a] + [q])mod 2.

A graded module Q is split into the direct sum Q = Q0 ⊕ Q1 of two A0-
modules Q0 and Q1 of even and odd elements. Similarly, right graded
modules are defined.

If K is a graded commutative ring, a graded K-module can be provided
with a graded K-bimodule structure by letting

qa = (−1)[a][q]aq, a ∈ K, q ∈ Q.

A graded K-module is called free if it has a basis generated by graded-
homogeneous elements. This basis is said to be of type (n,m) if it contains
n even and m odd elements.

In particular, by a real graded vector space B = B0 ⊕ B1 is meant
a graded R-module. A real graded vector space is said to be (n,m)-
dimensional if B0 = Rn and B1 = Rm.

Given a graded commutative ring K, the following are standard con-
structions of new graded modules from old ones.
• The direct sum of graded modules and a graded factor module are

defined just as those of modules over a commutative ring.
• The tensor product P⊗Q of graded K-modules P and Q is an additive

group generated by elements p⊗ q, p ∈ P , q ∈ Q, obeying the relations

(p+ p′)⊗ q = p⊗ q + p′ ⊗ q,
p⊗ (q + q′) = p⊗ q + p⊗ q′,
ap⊗ q = (−1)[p][a]pa⊗ q = (−1)[p][a]p⊗ aq, a ∈ K.
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In particular, the tensor algebra ⊗P of a graded K-module P is defined as
that (10.1.5) of a module over a commutative ring. Its quotient ∧P with
respect to the ideal generated by elements

p⊗ p′ + (−1)[p][p
′]p′ ⊗ p, p, p′ ∈ P,

is the bigraded exterior algebra of a graded module P with respect to the
graded exterior product

p ∧ p′ = −(−1)[p][p
′]p′ ∧ p.

• A morphism Φ : P → Q of graded K-modules seen as additive groups
is said to be even graded morphism (resp. odd graded morphism) if Φ
preserves (resp. change) the Grassmann parity of all graded-homogeneous
elements of P and obeys the relations

Φ(ap) = (−1)[Φ][a]aΦ(p), p ∈ P, a ∈ K.

A morphism Φ : P → Q of graded K-modules as additive groups is called a
graded K-module morphism if it is represented by a sum of even and odd
graded morphisms. The set HomK(P,Q) of graded morphisms of a graded
K-module P to a graded K-module Q is naturally a graded K-module. The
graded K-module

P ∗ = HomK(P,K)

is called the dual of a graded K-module P .
A graded commutative K-ring A is a graded commutative ring which

also is a graded K-module. A real graded commutative ring is said to
be of rank N if it is a free algebra generated by the unit element 1 and
N odd elements. A graded commutative Banach ring A is a real graded
commutative ring which is a real Banach algebra whose norm obeys the
condition

‖a0 + a1‖ = ‖a0‖+ ‖a1‖, a0 ∈ A0, a1 ∈ A1.

Let V be a real vector space, and let Λ = ∧V be its exterior algebra
endowed with the Grassmann gradation

Λ = Λ0 ⊕ Λ1, Λ0 = R
⊕
k=1

2k
∧ V, Λ1 =

⊕
k=1

2k−1
∧ V. (3.1.1)

It is a real graded commutative ring, called the Grassmann algebra. A
Grassmann algebra, seen as an additive group, admits the decomposition

Λ = R⊕R = R⊕R0 ⊕R1 = R⊕ (Λ1)2 ⊕ Λ1, (3.1.2)
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where R is the ideal of nilpotents of Λ. The corresponding projections
σ : Λ→ R and s : Λ→ R are called the body and soul maps, respectively.

Remark 3.1.1. There is a different definition of a Grassmann algebra [85]
which is equivalent to the above mentioned one only in the case of an
infinite-dimensional vector space V [28].

Hereafter, we restrict our consideration to Grassmann algebras of fi-
nite rank. Given a basis {ci} for the vector space V , the elements of the
Grassmann algebra Λ (3.1.1) take the form

a =
∑

k=0,1,...

∑
(i1···ik)

ai1···ikc
i1 · · · cik , (3.1.3)

where the second sum runs through all the tuples (i1 · · · ik) such that no two
of them are permutations of each other. The Grassmann algebra Λ becomes
a graded commutative Banach ring if its elements (3.1.3) are endowed with
the norm

‖a‖ =
∑
k=0

∑
(i1···ik)

|ai1···ik |.

Let B be a graded vector space. Given a Grassmann algebra Λ, it can
be brought into a graded Λ-module

ΛB = (ΛB)0 ⊕ (ΛB)1 = (Λ0 ⊗B0 ⊕ Λ1 ⊗B1)⊕ (Λ1 ⊗B0 ⊕ Λ0 ⊗B1),

called a superspace. The superspace

Bn|m = [(
n
⊕Λ0)⊕ (

m
⊕Λ1)]⊕ [(

n
⊕Λ1)⊕ (

m
⊕Λ0)] (3.1.4)

is said to be (n,m)-dimensional. The graded Λ0-module

Bn,m = (
n
⊕Λ0)⊕ (

m
⊕Λ1)

is called an (n,m)-dimensional supervector space. Whenever referring to a
topology on a supervector space Bn,m, we will mean the Euclidean topology
on a 2N−1[n+m]-dimensional real vector space.

Given a superspace Bn|m over a Grassmann algebra Λ, any Λ-module
endomorphism of Bn|m is represented by an (n+m)× (n+m) matrix

L =
(
L1 L2

L3 L4

)
(3.1.5)

with entries in Λ. It is called a supermatrix. A supermatrix L (3.1.5) is
• even if L1 and L4 have even entries, while L2 and L3 have the odd

ones;
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• odd if L1 and L4 have odd entries, while L2 and L3 have the even
ones.

Endowed with this gradation, the set of supermatrices (3.1.5) is a graded
Λ-ring.

The notion of a trace is extended to supermatrices (3.1.5) as the super-

trace

StrL = TrL1 − (−1)[L]TrL4.

For instance, Str(1) = n−m.
A supertransposition Lst of a supermatrix L is defined as the superma-

trix

Lst =
(

Lt1 (−1)[L]Lt3
−(−1)[L]Lt2 Lt4

)
,

where Lt denotes the ordinary matrix transposition. There are the relations
Str(Lst) = StrL,

(LL′)st = (−1)[L][L′]L′stLst,

Str([L,L′]) = 0.
Let us consider invertible supermatrices L (3.1.5). One can show that

a supermatrix L is invertible only if it is even and if and only if either
the matrices L1 and L4 are invertible or the real matrix σ(L) is invertible,
where σ is the body map. A superdeterminant of L ∈ GL(n|m; Λ) is defined
as

SdetL = det(L1 − L2L
−1
4 L3)(detL−1

4 ).
It satisfies the relations

Sdet(LL′) = (SdetL)(SdetL′),

Sdet(Lst) = SdetL.
Invertible supermatrices constitute a group GL(n|m; Λ), called the general

linear supergroup.
Let K be a graded commutative ring. A graded commutative (non-

associative) K-algebra g is called a Lie K-superalgebra if its product [., .],
called the Lie superbracket, obeys the relations

[ε, ε′] = −(−1)[ε][ε
′][ε′, ε],

(−1)[ε][ε
′′][ε, [ε′, ε′′]] + (−1)[ε

′][ε][ε′, [ε′′, ε]] + (−1)[ε
′′][ε′][ε′′, [ε, ε′]] = 0.

Obviously, the even part g0 of a Lie K-superalgebra g is a Lie K0-algebra. A
graded K-module P is called a g-module if it is provided with a K-bilinear
map

g× P 3 (ε, p)→ εp ∈ P, [εp] = ([ε] + [p])mod 2,

[ε, ε′]p = (ε ◦ ε′ − (−1)[ε][ε
′]ε′ ◦ ε)p.
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3.2 Grassmann-graded differential calculus

Linear differential operators on graded modules over a graded commutative
ring are defined similarly to those in commutative geometry (see Section
10.2).

Let K be a graded commutative ring and A a graded commutative
K-ring. Let P and Q be graded A-modules. The graded K-module
HomK(P,Q) of graded K-module homomorphisms Φ : P → Q can be
endowed with the two graded A-module structures

(aΦ)(p) = aΦ(p), (Φ • a)(p) = Φ(ap), a ∈ A, p ∈ P, (3.2.1)

called A- and A•-module structures, respectively. Let us put

δaΦ = aΦ− (−1)[a][Φ]Φ • a, a ∈ A. (3.2.2)

An element ∆ ∈ HomK(P,Q) is said to be a Q-valued graded differential

operator of order s on P if

δa0 ◦ · · · ◦ δas
∆ = 0

for any tuple of s+1 elements a0, . . . , as of A. The set Diff s(P,Q) of these
operators inherits the graded module structures (3.2.1).

In particular, zero order graded differential operators obey the condition

δa∆(p) = a∆(p)− (−1)[a][∆]∆(ap) = 0, a ∈ A, p ∈ P,

i.e., they coincide with graded A-module morphisms P → Q. A first order
graded differential operator ∆ satisfies the relation

δa ◦ δb ∆(p) = ab∆(p)− (−1)([b]+[∆])[a]b∆(ap)− (−1)[b][∆]a∆(bp) +

(−1)[b][∆]+([∆]+[b])[a] = 0, a, b ∈ A, p ∈ P.

For instance, let P = A. Any zero order Q-valued graded differential
operator ∆ on A is defined by its value ∆(1). Then there is a graded
A-module isomorphism

Diff 0(A, Q) = Q, Q 3 q → ∆q ∈ Diff 0(A, Q),

where ∆q is given by the equality ∆q(1) = q. A first order Q-valued graded
differential operator ∆ on A fulfils the condition

∆(ab) = ∆(a)b+ (−1)[a][∆]a∆(b)− (−1)([b]+[a])[∆]ab∆(1), a, b ∈ A.

It is called a Q-valued graded derivation of A if ∆(1) = 0, i.e., the
Grassmann-graded Leibniz rule

∆(ab) = ∆(a)b+ (−1)[a][∆]a∆(b), a, b ∈ A, (3.2.3)
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holds. One obtains at once that any first order graded differential operator
on A falls into the sum

∆(a) = ∆(1)a+ [∆(a)−∆(1)a]
of a zero order graded differential operator ∆(1)a and a graded derivation
∆(a) − ∆(1)a. If ∂ is a graded derivation of A, then a∂ is so for any
a ∈ A. Hence, graded derivations of A constitute a graded A-module
d(A, Q), called the graded derivation module.

If Q = A, the graded derivation module dA also is a Lie superalgebra
over the graded commutative ring K with respect to the superbracket

[u, u′] = u ◦ u′ − (−1)[u][u′]u′ ◦ u, u, u′ ∈ A. (3.2.4)
We have the graded A-module decomposition

Diff 1(A) = A⊕ dA. (3.2.5)
Since dA is a Lie K-superalgebra, let us consider the Chevalley–

Eilenberg complex C∗[dA;A] where the graded commutative ring A is a
regarded as a dA-module [46; 60]. It is the complex

0→ A d−→C1[dA;A] d−→· · ·Ck[dA;A] d−→· · · (3.2.6)
where

Ck[dA;A] = HomK(
k
∧ dA,A)

are dA-modules of K-linear graded morphisms of the graded exterior prod-

ucts
k
∧ dA of the K-module dA to A. Let us bring homogeneous elements

of
k
∧ dA into the form

ε1 ∧ · · · εr ∧ εr+1 ∧ · · · ∧ εk, εi ∈ dA0, εj ∈ dA1.

Then the even coboundary operator d of the complex (3.2.6) is given by
the expression
dc(ε1 ∧ · · · ∧ εr ∧ ε1 ∧ · · · ∧ εs) = (3.2.7)
r∑
i=1

(−1)i−1εic(ε1 ∧ · · · ε̂i · · · ∧ εr ∧ ε1 ∧ · · · εs) +

s∑
j=1

(−1)rεic(ε1 ∧ · · · ∧ εr ∧ ε1 ∧ · · · ε̂j · · · ∧ εs) +

∑
1≤i<j≤r

(−1)i+jc([εi, εj ] ∧ ε1 ∧ · · · ε̂i · · · ε̂j · · · ∧ εr ∧ ε1 ∧ · · · ∧ εs) +

∑
1≤i<j≤s

c([εi, εj ] ∧ ε1 ∧ · · · ∧ εr ∧ ε1 ∧ · · · ε̂i · · · ε̂j · · · ∧ εs) +

∑
1≤i<r,1≤j≤s

(−1)i+r+1c([εi, εj ] ∧ ε1 ∧ · · · ε̂i · · · ∧ εr ∧ ε1 ∧ · · · ε̂j · · · ∧ εs),
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where the caret ̂ denotes omission. This operator is called the graded

Chevalley–Eilenberg coboundary operator.
Let us consider the extended Chevalley–Eilenberg complex

0→ K in−→C∗[dA;A].

It is easily justified that this complex contains a subcomplex O∗[dA] of A-
linear graded morphisms. The N-graded module O∗[dA] is provided with
the structure of a bigraded A-algebra with respect to the graded exterior
product

φ ∧ φ′(u1, ..., ur+s) = (3.2.8)∑
i1<···<ir;j1<···<js

Sgni1···irj1···js1···r+s φ(ui1 , . . . , uir )φ
′(uj1 , . . . , ujs),

φ ∈ Or[dA], φ′ ∈ Os[dA], uk ∈ dA,

where u1, . . . , ur+s are graded-homogeneous elements of dA and

u1 ∧ · · · ∧ ur+s = Sgni1···irj1···js1···r+s ui1 ∧ · · · ∧ uir ∧ uj1 ∧ · · · ∧ ujs .

The graded Chevalley–Eilenberg coboundary operator d (3.2.7) and the
graded exterior product ∧ (3.2.8) bring O∗[dA] into a differential bigraded

algebra whose elements obey the relations

φ ∧ φ′ = (−1)|φ||φ
′|+[φ][φ′]φ′ ∧ φ, (3.2.9)

d(φ ∧ φ′) = dφ ∧ φ′ + (−1)|φ||φ
′|φ ∧ dφ′. (3.2.10)

It is called the graded Chevalley–Eilenberg differential calculus over a
graded commutative K-ring A. In particular, we have

O1[dA] = HomA(dA,A) = dA∗. (3.2.11)

One can extend this duality relation to the graded interior product of u ∈
dA with any element φ ∈ O∗[dA] by the rules

uc(bda) = (−1)[u][b]u(a), a, b ∈ A,
uc(φ ∧ φ′) = (ucφ) ∧ φ′ + (−1)|φ|+[φ][u]φ ∧ (ucφ′). (3.2.12)

As a consequence, any graded derivation u ∈ dA of A yields a derivation

Luφ = ucdφ+ d(ucφ), φ ∈ O∗, u ∈ dA, (3.2.13)

Lu(φ ∧ φ′) = Lu(φ) ∧ φ′ + (−1)[u][φ]φ ∧ Lu(φ′),

called the graded Lie derivative of the differential bigraded algebra O∗[dA].
The minimal graded Chevalley–Eilenberg differential calculus O∗A ⊂

O∗[dA] over a graded commutative ring A consists of the monomials

a0da1 ∧ · · · ∧ dak, ai ∈ A.
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The corresponding complex

0→ K −→A d−→O1A d−→· · ·OkA d−→· · · (3.2.14)

is called the bigraded de Rham complex of a graded commutative K-ring
A.

Following the construction of a connection in commutative geometry
(see Section 10.2), one comes to the notion of a connection on modules over
a real graded commutative ring A. The following are the straightforward
counterparts of Definitions 10.2.2 and 10.2.3.

Definition 3.2.1. A connection on a graded A-module P is a graded A-
module morphism

dA 3 u→ ∇u ∈ Diff 1(P, P ) (3.2.15)

such that the first order differential operators ∇u obey the Grassmann-

graded Leibniz rule

∇u(ap) = u(a)p+ (−1)[a][u]a∇u(p), a ∈ A, p ∈ P. (3.2.16)

Definition 3.2.2. Let P in Definition 3.2.1 be a graded commutative A-
ring and dP the derivation module of P as a graded commutative K-ring.
A connection on a graded commutative A-ring P is a graded A-module
morphism

dA 3 u→ ∇u ∈ dP, (3.2.17)

which is a connection on P as an A-module, i.e., it obeys the graded Leibniz
rule (3.2.16).

3.3 Geometry of graded manifolds

In accordance with Serre–Swan Theorem 3.3.2 below, if a real graded com-
mutative algebra A is generated by a projective module of finite rank over
the ring C∞(Z) of smooth functions on some manifold Z, then A is isomor-
phic to the algebra of graded functions on a graded manifold with a body Z,
and vice versa. Then the minimal graded Chevalley–Eilenberg differential
calculus O∗A over A is the differential bigraded algebra of graded exterior
forms on this graded manifold.

A graded manifold of dimension (n,m) is defined as a local-ringed space
(Z,A) where Z is an n-dimensional smooth manifold Z and A = A0 ⊕ A1

is a sheaf of graded commutative algebras of rank m such that [10]:
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• there is the exact sequence of sheaves

0→ R→ A
σ→C∞Z → 0, R = A1 + (A1)2, (3.3.1)

where C∞Z is the sheaf of smooth real functions on Z;
• R/R2 is a locally free sheaf of C∞Z -modules of finite rank (with re-

spect to pointwise operations), and the sheaf A is locally isomorphic to the
exterior product ∧C∞Z (R/R2).

The sheaf A is called a structure sheaf of a graded manifold (Z,A), and
a manifold Z is said to be the body of (Z,A). Sections of the sheaf A

are called graded functions on a graded manifold (Z,A). They make up a
graded commutative C∞(Z)-ring A(Z) called the structure ring of (Z,A).

A graded manifold (Z,A) possesses the following local structure. Given
a point z ∈ Z, there exists its open neighborhood U , called a splitting

domain, such that

A(U) = C∞(U)⊗ ∧Rm. (3.3.2)

This means that the restriction A|U of the structure sheaf A to U is iso-
morphic to the sheaf C∞U ⊗ ∧Rm of sections of some exterior bundle

∧E∗U = U × ∧Rm → U.

The well-known Batchelor theorem [10; 16] states that such a structure
of a graded manifold is global as follows.

Theorem 3.3.1. Let (Z,A) be a graded manifold. There exists a vector
bundle E → Z with an m-dimensional typical fibre V such that the structure
sheaf A of (Z,A) is isomorphic to the structure sheaf AE = S∧E∗ of germs
of sections of the exterior bundle ∧E∗ (1.1.11), whose typical fibre is the
Grassmann algebra ∧V ∗.

Proof. The local sheaves C∞U ⊗ ∧Rm are glued into the global struc-
ture sheaf A of the graded manifold (Z,A) by means of transition func-
tions in Theorem 10.7.1, which are assembled into a cocycle of the sheaf
Aut (∧Rm)∞ of smooth mappings from Z to Aut (∧Rm). The proof is
based on the bijection between the cohomology sets H1(Z; Aut (∧Rm)∞)
and H1(Z;GL(m,Rm)∞). �

It should be emphasized that Batchelor’s isomorphism in Theorem 3.3.1
fails to be canonical. In field models, it however is fixed from the beginning.
Therefore, we restrict our consideration to graded manifolds (Z,AE) whose
structure sheaf is the sheaf of germs of sections of some exterior bundle
∧E∗. We agree to call (Z,AE) a simple graded manifold modelled over a
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vector bundle E → Z, called its characteristic vector bundle. Accordingly,
the structure ring AE of a simple graded manifold (Z,AE) is the structure
module

AE = AE(Z) = ∧E∗(Z) (3.3.3)

of sections of the exterior bundle ∧E∗. Automorphisms of a simple graded
manifold (Z,AE) are restricted to those induced by automorphisms of its
characteristic vector bundles E → Z (see Remark 3.3.2).

Combining Batchelor Theorem 3.3.1 and classical Serre–Swan Theorem
10.9.3, we come to the following Serre–Swan theorem for graded manifolds
[14].

Theorem 3.3.2. Let Z be a smooth manifold. A graded commutative
C∞(Z)-algebra A is isomorphic to the structure ring of a graded mani-
fold with a body Z if and only if it is the exterior algebra of some projective
C∞(Z)-module of finite rank.

Proof. By virtue of the Batchelor theorem, any graded manifold is iso-
morphic to a simple graded manifold (Z,AE) modelled over some vector
bundle E → Z. Its structure ring AE (3.3.3) of graded functions consists of
sections of the exterior bundle ∧E∗ (1.1.11). The classical Serre–Swan the-
orem states that a C∞(Z)-module is isomorphic to the module of sections
of a smooth vector bundle over Z if and only if it is a projective module of
finite rank. �

Given a graded manifold (Z,AE), every trivialization chart (U ; zA, ya)
of the vector bundle E → Z yields a splitting domain (U ; zA, ca) of (Z,AE).
Graded functions on such a chart are Λ-valued functions

f =
m∑
k=0

1
k!
fa1...ak

(z)ca1 · · · cak , (3.3.4)

where fa1···ak
(z) are smooth functions on U and {ca} is the fibre basis for

E∗. In particular, the sheaf epimorphism σ in (3.3.1) is induced by the
body map of Λ. One calls {zA, ca} the local basis for the graded manifold

(Z,AE) [10]. Transition functions y′a = ρab (z
A)yb of bundle coordinates on

E → Z induce the corresponding transformation

c′a = ρab (z
A)cb (3.3.5)

of the associated local basis for the graded manifold (Z,AE) and the ac-
cording coordinate transformation law of graded functions (3.3.4).
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Remark 3.3.1. Strictly speaking, elements ca of the local basis for a
graded manifold are locally constant sections ca of E∗ → X such that
yb ◦ ca = δab . Therefore, graded functions are locally represented by Λ-
valued functions (3.3.4), but they are not Λ-valued functions on a manifold
Z because of the transformation law (3.3.5).

Remark 3.3.2. In general, automorphisms of a graded manifold take the
form

c′a = ρa(zA, cb), (3.3.6)

where ρa(zA, cb) are local graded functions. Considering a simple graded
manifold (Z,AE), we restrict the class of graded manifold transformations
(3.3.6) to the linear ones (3.3.5), compatible with given Batchelor’s isomor-
phism.

Let E → Z and E′ → Z be vector bundles and Φ : E → E′ their bundle
morphism over a morphism ϕ : Z → Z ′. Then every section s∗ of the
dual bundle E′∗ → Z ′ defines the pull-back section Φ∗s∗ of the dual bundle
E∗ → Z by the law

vzcΦ∗s∗(z) = Φ(vz)cs∗(ϕ(z)), vz ∈ Ez.

It follows that the bundle morphism (Φ, ϕ) yields a morphism of simple

graded manifolds

Φ̂ : (Z,AE)→ (Z ′,AE′) (3.3.7)

treated as local-ringed spaces (see Section 10.8). This is a pair (ϕ,ϕ∗ ◦Φ∗)
of a morphism ϕ of body manifolds and the composition ϕ∗ ◦ Φ∗ of the
pull-back

AE′ 3 f → Φ∗f ∈ AE

of graded functions and the direct image ϕ∗ of the sheaf AE onto Z ′. Rel-
ative to local bases (zA, ca) and (z′A, c′a) for (Z,AE) and (Z ′,AE′), the
morphism (3.3.7) of graded manifolds reads

Φ̂(z) = ϕ(z), Φ̂(c′a) = Φab (z)c
b.

Given a graded manifold (Z,A), by the sheaf dA of graded derivations

of A is meant a subsheaf of endomorphisms of the structure sheaf A such
that any section u ∈ dA(U) of dA over an open subset U ⊂ Z is a graded
derivation of the real graded commutative algebra A(U), i.e., u ∈ d(A(U)).



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

3.3. Geometry of graded manifolds 111

Conversely, one can show that, given open sets U ′ ⊂ U , there is a surjection
of the graded derivation modules

d(A(U))→ d(A(U ′))

[10]. It follows that any graded derivation of the local graded algebra A(U)
also is a local section over U of the sheaf dA. Global sections of dA are
called graded vector fields on the graded manifold (Z,A). They make up the
graded derivation module dA(Z) of the real graded commutative ring A(Z).
This module is a real Lie superalgebra with respect to the superbracket
(3.2.4).

A key point is that graded vector fields u ∈ dAE on a simple graded
manifold (Z,AE) can be represented by sections of some vector bundle as
follows [60].

Due to the canonical splitting V E = E×E, the vertical tangent bundle
V E of E → Z can be provided with the fibre bases {∂/∂ca}, which are the
duals of the bases {ca}. Then graded vector fields on a splitting domain
(U ; zA, ca) of (Z,AE) read

u = uA∂A + ua
∂

∂ca
, (3.3.8)

where uλ, ua are local graded functions on U . In particular,

∂

∂ca
◦ ∂

∂cb
= − ∂

∂cb
◦ ∂

∂ca
, ∂A ◦

∂

∂ca
=

∂

∂ca
◦ ∂A.

The graded derivations (3.3.8) act on graded functions f ∈ AE(U) (3.3.4)
by the rule

u(fa...bca · · · cb) = uA∂A(fa...b)ca · · · cb + ukfa...b
∂

∂ck
c(ca · · · cb). (3.3.9)

This rule implies the corresponding coordinate transformation law

u′A = uA, u′a = ρaju
j + uA∂A(ρaj )c

j

of graded vector fields. It follows that graded vector fields (3.3.8) can be
represented by sections of the following vector bundle VE → Z. This vector
bundle is locally isomorphic to the vector bundle

VE |U ≈ ∧E∗⊗
Z

(E⊕
Z
TZ)|U , (3.3.10)

and is characterized by an atlas of bundle coordinates

(zA, zAa1...ak
, vib1...bk

), k = 0, . . . ,m,
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possessing the transition functions
z′Ai1...ik = ρ−1a1

i1
· · · ρ−1ak

ik
zAa1...ak

,

v′ij1...jk = ρ−1b1
j1
· · · ρ−1bk

jk

[
ρijv

j
b1...bk

+
k!

(k − 1)!
zAb1...bk−1

∂Aρ
i
bk

]
,

which fulfil the cocycle condition (1.1.4). Thus, the graded derivation mod-
ule dAE is isomorphic to the structure module VE(Z) of global sections of
the vector bundle VE → Z.

There is the exact sequence
0→ ∧E∗⊗

Z
E → VE → ∧E∗⊗

Z
TZ → 0 (3.3.11)

of vector bundles over Z. Its splitting

γ̃ : żA∂A → żA
(
∂A + γ̃aA

∂

∂ca

)
(3.3.12)

transforms every vector field τ on Z into the graded vector field

τ = τA∂A → ∇τ = τA
(
∂A + γ̃aA

∂

∂ca

)
, (3.3.13)

which is a graded derivation of the real graded commutative ring AE (3.3.3)
satisfying the Leibniz rule

∇τ (sf) = (τcds)f + s∇τ (f), f ∈ AE , s ∈ C∞(Z).
It follows that the splitting (3.3.12) of the exact sequence (3.3.11) yields a
connection on the graded commutative C∞(Z)-ring AE in accordance with
Definition 3.2.2 [60]. It is called a graded connection on the simple graded
manifold (Z,AE). In particular, this connection provides the corresponding
horizontal splitting

u = uA∂A + ua
∂

∂ca
= uA

(
∂A + γ̃aA

∂

∂ca

)
+ (ua − uAγ̃aA)

∂

∂ca

of graded vector fields. In accordance with Theorem 1.1.12, a graded con-
nection (3.3.12) always exists.

Remark 3.3.3. By virtue of the isomorphism (3.3.2), any connection γ̃ on
a graded manifold (Z,A), restricted to a splitting domain U , takes the form
(3.3.12). Given two splitting domains U and U ′ of (Z,A) with the transition
functions (3.3.6), the connection components γ̃aA obey the transformation
law

γ̃′aA = γ̃bA
∂

∂cb
ρa + ∂Aρ

a. (3.3.14)

If U and U ′ are the trivialization charts of the same vector bundle E in
Theorem 3.3.1 together with the transition functions (3.3.5), the transfor-
mation law (3.3.14) takes the form

γ̃′aA = ρab (z)γ̃
b
A + ∂Aρ

a
b (z)c

b. (3.3.15)
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Remark 3.3.4. It should be emphasized that the above notion of a graded
connection is a connection on the graded commutative ring AE seen as a
C∞(Z)-module. It differs from that of a connection on a graded fibre bundle
(Z,A)→ (X,B) [2]. The latter is a connection on a graded B(X)-module.

Remark 3.3.5. Every linear connection

γ = dzA ⊗ (∂A + γA
a
by
b∂a)

on a vector bundle E → Z yields the graded connection

γS = dzA ⊗
(
∂A + γA

a
bc
b ∂

∂ca

)
(3.3.16)

on the simple graded manifold (Z,AE) modelled over E. In view of
Remark 3.3.3, γS also is a graded connection on the graded manifold
(Z,A) ∼= (Z,AE), but its linear form (3.3.16) is not maintained under the
transformation law (3.3.14).

Given the structure ring AE of graded functions on a simple graded ma-
nifold (Z,AE) and the real Lie superalgebra dAE of its graded derivations,
let us consider the graded Chevalley–Eilenberg differential calculus

S∗[E;Z] = O∗[dAE ] (3.3.17)

over AE . Since the graded derivation module dAE is isomorphic to the
structure module of sections of the vector bundle VE → Z, elements of
S∗[E;Z] are represented by sections of the exterior bundle ∧VE of the AE-
dual VE → Z of VE . The bundle VE is locally isomorphic to the vector
bundle

VE |U ≈ (E∗⊕
Z
T ∗Z)|U . (3.3.18)

With respect to the dual fibre bases {dzA} for T ∗Z and {dcb} for E∗,
sections of VE take the coordinate form

φ = φAdz
A + φadc

a,

together with transition functions

φ′a = ρ−1b
aφb, φ′A = φA + ρ−1b

a∂A(ρaj )φbc
j .

The duality isomorphism (3.2.11):

S1[E;Z] = dA∗E
is given by the graded interior product

ucφ = uAφA + (−1)[φa]uaφa. (3.3.19)
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Elements of S∗[E;Z] are called graded exterior forms on on the graded
manifold (Z,AE).

Seen as an AE-algebra, the differential bigraded algebra S∗[E;Z]
(3.3.17) on a splitting domain (U ; zA, ca) is locally generated by the graded
one-forms dzA, dci such that

dzA ∧ dci = −dci ∧ dzA, dci ∧ dcj = dcj ∧ dci. (3.3.20)

Accordingly, the graded Chevalley–Eilenberg coboundary operator d

(3.2.7), called the graded!exterior differential, reads

dφ = dzA ∧ ∂Aφ+ dca ∧ ∂

∂ca
φ,

where the derivatives ∂λ, ∂/∂ca act on coefficients of graded exterior forms
by the formula (3.3.9), and they are graded commutative with the graded
forms dzA and dca. The formulas (3.2.9) – (3.2.13) hold.

Theorem 3.3.3. The differential bigraded algebra S∗[E;Z] (3.3.17) is a
minimal differential calculus over AE, i.e., it is generated by elements df ,
f ∈ AE.

Proof. The proof follows that of Theorem 1.7.5. Since

dAE = VE(Z),

it is a projective C∞(Z)- and AE-module of finite rank, and so is its AE-
dual S1[E;Z]. Hence, dAE is the AE-dual of S1[E;Z] and, consequently,
S1[E;Z] is generated by elements df , f ∈ AE . �

The bigraded de Rham complex (3.2.14) of the minimal graded
Chevalley–Eilenberg differential calculus S∗[E;Z] reads

0→ R→ AE
d−→S1[E;Z] d−→· · · Sk[E;Z] d−→· · · . (3.3.21)

Its cohomology H∗(AE) is called the de Rham cohomology of a simple

graded manifold (Z,AE).
In particular, given the differential graded algebra O∗(Z) of exterior

forms on Z, there exist the canonical monomorphism

O∗(Z)→ S∗[E;Z] (3.3.22)

and the body epimorphism

S∗[E;Z]→ O∗(Z)

which are cochain morphisms of the de Rham complexes (3.3.21) and
(10.9.12).

Theorem 3.3.4. The de Rham cohomology of a simple graded manifold
(Z,AE) equals the de Rham cohomology of its body Z.
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Proof. Let AkE denote the sheaf of germs of graded k-forms on (Z,AE).
Its structure module is Sk[E;Z]. These sheaves constitute the complex

0→ R −→AE
d−→A1

E
d−→· · ·AkE

d−→· · · . (3.3.23)

Its members AkE are sheaves of C∞Z -modules on Z and, consequently, are
fine and acyclic. Furthermore, the Poincaré lemma for graded exterior
forms holds [10]. It follows that the complex (3.3.23) is a fine resolution of
the constant sheaf R on a manifold Z. Then, by virtue of Theorem 10.7.4,
there is an isomorphism

H∗(AE) = H∗(Z; R) = H∗DR(Z) (3.3.24)

of the cohomology H∗(AE) to the de Rham cohomology H∗DR(Z) of the
smooth manifold Z. �

Corollary 3.3.1. The cohomology isomorphism (3.3.24) accompanies the
cochain monomorphism (3.3.22). Hence, any closed graded exterior form
is decomposed into a sum φ = σ + dξ where σ is a closed exterior form on
Z.

3.4 Grassmann-graded variational bicomplex

As was mentioned above, extending jet formalism to odd variables, we
consider graded manifolds of jets of smooth fibre bundles, but not jets of
fibred graded manifolds.

Remark 3.4.1. To motivate this construction, let us return to the case
of even variables in Section 2.1 when Y → X is a vector bundle. The jet
bundles JkY → X also are vector bundles. Let P∗∞ ⊂ O∗∞ be a subalgebra
of exterior forms on these bundles whose coefficients are polynomial in their
fibre coordinates. In particular, P0

∞ is the ring of polynomials of these
coordinates with coefficients in the ring C∞(X). One can associate to such
a polynomial of degree m a section of the symmetric product

m
∨(JkY )∗

of the dual to some jet bundle JkY → X, and vice versa. Moreover, any
element of P∗∞ is an element of the Chevalley–Eilenberg differential calculus
over P0

∞.

Following this example, let us consider a vector bundle F → X and
the simple graded manifolds (X,AJrF ) modelled over the vector bundles
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JrF → X. There is the direct system of the corresponding differential
bigraded algebras

S∗[F ;X] −→S∗[J1F ;X] −→· · · S∗[JrF ;X] −→· · ·

of graded exterior forms on graded manifolds (X,AJrF ). Its direct limit
S∗∞[F ;X] is the Grassmann-graded counterpart of the above mentioned
differential graded algebra P∗∞.

In order to describe Lagrangian theories both of even and odd fields, let
us consider a composite bundle

F → Y → X (3.4.1)

where F → Y is a vector bundle provided with bundle coordinates
(xλ, yi, qa). We call the simple graded manifold (Y,AF ) modelled over
F → Y the composite graded manifold. Let us associate to this graded
manifold the following differential bigraded algebra S∗∞[F ;Y ].

It is readily observed that the jet manifold JrF of F → X is a vector
bundle JrF → JrY coordinated by (xλ, yiΛ, q

a
Λ), 0 ≤ |Λ| ≤ r. Let (JrY,Ar)

be a simple graded manifold modelled over this vector bundle. Its local
basis is (xλ, yiΛ, c

a
Λ), 0 ≤ |Λ| ≤ r. Let

S∗r [F ;Y ] = S∗r [JrF ; JrY ] (3.4.2)

denote the bigraded differential algebra of graded exterior forms on the sim-
ple graded manifold (JrY,Ar). In particular, there is a cochain monomor-
phism

O∗r = O∗(JrY )→ S∗r [F ;Y ]. (3.4.3)

The surjection

πr+1
r : Jr+1Y → JrY

yields an epimorphism of graded manifolds

(πr+1
r , π̂r+1

r ) : (Jr+1Y,Ar+1)→ (JrY,Ar),

including the sheaf monomorphism

π̂r+1
r : πr+1∗

r Ar → Ar+1,

where πr+1∗
r Ar is the pull-back onto Jr+1Y of the continuous fibre bundle

Ar → JrY . This sheaf monomorphism induces the monomorphism of the
canonical presheaves Ar → Ar+1, which associates to each open subset
U ⊂ Jr+1Y the ring of sections of Ar over πr+1

r (U). Accordingly, there is
a monomorphism of the structure rings

πr+1∗
r : S0

r [F ;Y ]→ S0
r+1[F ;Y ] (3.4.4)
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of graded functions on graded manifolds (JrY,Ar) and (Jr+1Y,Ar+1). By
virtue of Lemma 3.3.3, the differential calculus S∗r [F ;Y ] and S∗r+1[F ;Y ] are
minimal. Therefore, the monomorphism (3.4.4) yields a monomorphism of
differential bigraded algebras

πr+1∗
r : S∗r [F ;Y ]→ S∗r+1[F ;Y ]. (3.4.5)

As a consequence, we have the direct system of differential bigraded algebras

S∗[F ;Y ] π∗−→S∗1 [F ;Y ] −→· · · S∗r−1[F ;Y ]
πr∗

r−1−→S∗r [F ;Y ] −→· · · . (3.4.6)

The differential bigraded algebra S∗∞[F ;Y ] that we associate to the com-
posite graded manifold (Y,AF ) is defined as the direct limit

S∗∞[F ;Y ] =
→
limS∗r [F ;Y ] (3.4.7)

of the direct system (3.4.6). It consists of all graded exterior forms φ ∈
S∗[Fr; JrY ] on graded manifolds (JrY,Ar) modulo the monomorphisms
(3.4.5). Its elements obey the relations (3.2.9) – (3.2.10).

The cochain monomorphisms O∗r → S∗r [F ;Y ] (3.4.3) provide a
monomorphism of the direct system (1.7.8) to the direct system (3.4.6)
and, consequently, the monomorphism

O∗∞ → S∗∞[F ;Y ] (3.4.8)

of their direct limits. In particular, S∗∞[F ;Y ] is an O0
∞-algebra. Accord-

ingly, the body epimorphisms

S∗r [F ;Y ]→ O∗r
yield the epimorphism of O0

∞-algebras

S∗∞[F ;Y ]→ O∗∞. (3.4.9)

It is readily observed that the morphisms (3.4.8) and (3.4.9) are cochain
morphisms between the de Rham complex (1.7.10) of the differential graded
algebra O∗∞ (1.7.9) and the de Rham complex

0→ R −→S0
∞[F ;Y ] d−→S1

∞[F ;Y ] · · · d−→Sk∞[F ;Y ] −→· · · (3.4.10)

of the differential bigraded algebra S0
∞[F ;Y ]. Moreover, the corresponding

homomorphisms of cohomology groups of these complexes are isomorphisms
as follows.

Theorem 3.4.1. There is an isomorphism

H∗(S∗∞[F ;Y ]) = H∗DR(Y ) (3.4.11)

of the cohomology H∗(S∗∞[F ;Y ]) of the de Rham complex (3.4.10) to the
de Rham cohomology H∗DR(Y ) of Y .
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Proof. The complex (3.4.10) is the direct limit of the de Rham complexes
of the differential graded algebras S∗r [F ;Y ]. Therefore, the direct limit of
cohomology groups of these complexes is the cohomology of the de Rham
complex (3.4.10) in accordance with Theorem 10.3.2. By virtue of Theo-
rem 3.3.4, cohomology of the de Rham complex of S∗r [F ;Y ] equals the de
Rham cohomology of JrY and, consequently, that of Y , which is the strong
deformation retract of any jet manifold JrY (see Remark 1.5.1). Hence,
the isomorphism (3.4.11) holds. �

Corollary 3.4.1. Any closed graded form φ ∈ S∗∞[F ;Y ] is decomposed into
the sum φ = σ + dξ where σ is a closed exterior form on Y .

One can think of elements of S∗∞[F ;Y ] as being graded differential forms

on the infinite order jet manifold J∞Y . Indeed, let S∗r [F ;Y ] be the sheaf of
differential bigraded algebras on JrY and S

∗
r [F ;Y ] its canonical presheaf.

Then the above mentioned presheaf monomorphisms Ar → Ar+1 yield the
direct system of presheaves

S
∗
[F ;Y ] −→S

∗
1[F ;Y ] −→· · ·S∗r [F ;Y ] −→· · · , (3.4.12)

whose direct limit S
∗
∞[F ;Y ] is a presheaf of differential bigraded algebras

on the infinite order jet manifold J∞Y . Let Q∗∞[F ;Y ] be the sheaf of
differential bigraded algebras of germs of the presheaf S

∗
∞[F ;Y ]. One can

think of the pair (J∞Y,Q0
∞[F ;Y ]) as being a graded Fréchet manifold,

whose body is the infinite order jet manifold J∞Y and the structure sheaf
Q0
∞[F ;Y ] is the sheaf of germs of graded functions on graded manifolds

(JrY,Ar). We agree to call (J∞Y,Q0
∞[F ;Y ]) the graded infinite order jet

manifold. The structure module Q∗∞[F ;Y ] of sections of Q∗∞[F ;Y ] is a
differential bigraded algebra such that, given an element φ ∈ Q∗∞[F ;Y ]
and a point z ∈ J∞Y , there exist an open neighbourhood U of z and a
graded exterior form φ(k) on some finite order jet manifold JkY so that
φ|U = π∞∗k φ(k)|U . In particular, there is the monomorphism

S∗∞[F ;Y ]→ Q∗∞[F ;Y ]. (3.4.13)
Due to this monomorphism, one can restrict S∗∞[F ;Y ] to the coordinate

chart (1.7.3) of J∞Y and say that S∗∞[F ;Y ] as an O0
∞-algebra is locally

generated by the elements
(caΛ, dx

λ, θaΛ = dcaΛ − caλ+Λdx
λ, θiΛ = dyiΛ − yiλ+Λdx

λ), 0 ≤ |Λ|,
where caΛ, θaΛ are odd and dxλ, θiΛ are even. We agree to call (yi, ca) the
local generating basis for S∗∞[F ;Y ]. Let the collective symbol sA stand for
its elements. Accordingly, the notation sAΛ and

θAΛ = dsAΛ − sAλ+Λdx
λ
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is introduced. For the sake of simplicity, we further denote [A] = [sA].

Remark 3.4.2. Strictly speaking, elements yi and ca of the generating
basis are of different mathematical origin. However, they can be treated on
the same level if Y → X is an affine bundle and polynomial functions in yi

are only considered. In this case, the both of them can be seen as locally
constant functions of vector bundles Y → X and F → X, respectively (see
Remarks 3.3.1 and 3.4.1).

The differential bigraded algebra S∗∞[F ;Y ] is decomposed into
S0
∞[F ;Y ]-modules Sk,r∞ [F ;Y ] of k-contact and r-horizontal graded forms

together with the corresponding projections

hk : S∗∞[F ;Y ]→ Sk,∗∞ [F ;Y ], hm : S∗∞[F ;Y ]→ S∗,m∞ [F ;Y ].

Accordingly, the graded exterior differential d on S∗∞[F ;Y ] falls into the
sum d = dV + dH of the vertical graded differential

dV ◦ hm = hm ◦ d ◦ hm, dV (φ) = θAΛ ∧ ∂Λ
Aφ, φ ∈ S∗∞[F ;Y ],

and the total graded differential

dH ◦ hk = hk ◦ d ◦ hk, dH ◦ h0 = h0 ◦ d, dH(φ) = dxλ ∧ dλ(φ),

where

dλ = ∂λ +
∑

0≤|Λ|

sAλ+Λ∂
Λ
A

are the graded total derivatives. These differentials obey the nilpotent
relations (1.7.16).

Similarly to the differential graded algebra O∗∞, the differential bigraded
algebra S∗∞[F ;Y ] is provided with the graded projection endomorphism

% =
∑
k>0

1
k
% ◦ hk ◦ hn : S∗>0,n

∞ [F ;Y ]→ S∗>0,n
∞ [F ;Y ],

%(φ) =
∑

0≤|Λ|

(−1)|Λ|θA ∧ [dΛ(∂Λ
Acφ)], φ ∈ S>0,n

∞ [F ;Y ],

such that % ◦ dH = 0, and with the nilpotent graded variational operator

δ = % ◦ dS∗,n∞ [F ;Y ]→ S∗+1,n
∞ [F ;Y ]. (3.4.14)

With these operators the differential bigraded algebra S∗,∞[F ;Y ] is decom-
posed into the Grassmann-graded variational bicomplex. We restrict our
consideration to its short variational subcomplex

0→ R→ S0
∞[F ;Y ] dH−→S0,1

∞ [F ;Y ] · · · dH−→ (3.4.15)

S0,n
∞ [F ;Y ] δ−→E1, E1 = %(S1,n

∞ [F ;Y ]),
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and the subcomplex of one-contact graded forms

0→ S1,0
∞ [F ;Y ] dH−→S1,1

∞ [F ;Y ] · · · dH−→S1,n
∞ [F ;Y ]

%−→E1 → 0. (3.4.16)

They possess the following cohomology [59; 144].

Theorem 3.4.2. Cohomology of the complex (3.4.15) equals the de Rham
cohomology H∗DR(Y ) of Y .

Theorem 3.4.3. The complex (3.4.16) is exact.

The proof of these theorems follow that of Theorems 2.1.1 – 2.1.2 (see
Section 3.6).

Remark 3.4.3. If Y → X is an affine bundle, one can consider the subal-
gebra P∗∞[F ;Y ] ⊂ S∗∞[F ;Y ] of graded differential forms whose coefficients
are polynomials in fibre coordinates of Y → X and their jets. This subalge-
bra also is decomposed into the Grassmann-graded variational bicomplex.
Following the proof of Theorem 2.1.4, one can show that the cohomology
of its short variational subcomplex as like as that of the complex (2.1.22
equals the de Rham cohomology of X.

3.5 Lagrangian theory of even and odd fields

Decomposed into the variational bicomplex, the differential bigraded alge-
bra S∗∞[F ;Y ] describes Grassmann-graded field theory on the composite
graded manifold (Y,AF ). Its graded Lagrangian is defined as an element

L = Lω ∈ S0,n
∞ [F ;Y ] (3.5.1)

of the graded variational complex (3.4.15). Accordingly, the graded exterior
form

δL = θA ∧ EAω =
∑

0≤|Λ|

(−1)|Λ|θA ∧ dΛ(∂Λ
AL)ω ∈ E1 (3.5.2)

is said to be its graded Euler–Lagrange operator. We agree to call a pair
(S0,n
∞ [F ;Y ], L) the Grassmann-graded Lagrangian system and S∗∞[F ;Y ] the

field system algebra.
The following is a corollary of Theorem 3.4.2.

Theorem 3.5.1. Every dH-closed graded form φ ∈ S0,m<n
∞ [F ;Y ] falls into

the sum

φ = h0σ + dHξ, ξ ∈ S0,m−1
∞ [F ;Y ], (3.5.3)
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where σ is a closed m-form on Y . Any δ-closed (i.e., variationally trivial)
Grassmann-graded Lagrangian L ∈ S0,n

∞ [F ;Y ] is the sum

L = h0σ + dHξ, ξ ∈ S0,n−1
∞ [F ;Y ], (3.5.4)

where σ is a closed n-form on Y .

Proof. The complex (3.4.15) possesses the same cohomology as the short
variational complex

0→ R→ O0
∞

dH−→O0,1
∞ · · ·

dH−→O0,n
∞

δ−→E1 (3.5.5)

of the differential graded algebra O∗∞. The monomorphism (3.4.8) and the
body epimorphism (3.4.9) yield the corresponding cochain morphisms of
the complexes (3.4.15) and (3.5.5). Therefore, cohomology of the complex
(3.4.15) is the image of the cohomology of O∗∞. �

Corollary 3.5.1. Any variationally trivial odd Lagrangian is dH-exact.

The exactness of the complex (3.4.16) at the term S1,n
∞ [F ;Y ] results in

the following [59].

Theorem 3.5.2. Given a graded Lagrangian L, there is the decomposition

dL = δL− dHΞL, Ξ ∈ Sn−1
∞ [F ;Y ], (3.5.6)

ΞL = L+
∑
s=0

θAνs...ν1 ∧ F
λνs...ν1
A ωλ, (3.5.7)

F νk...ν1
A = ∂νk...ν1

A L − dλFλνk...ν1
A + σνk...ν1

A , k = 1, 2, . . . ,

where local graded functions σ obey the relations

σνA = 0, σ
(νkνk−1)...ν1
A = 0.

The form ΞL (3.5.7) provides a global Lepage equivalent of a graded
Lagrangian L. In particular, one can locally choose ΞL (3.5.7) where all
functions σ vanish.

Given a Grassmann-graded Lagrangian system (S∗∞[F ;Y ], L), by its in-

finitesimal transformations are meant contact graded derivations of the real
graded commutative ring S0

∞[F ;Y ]. They constitute a S0
∞[F ;Y ]-module

dS0
∞[F ;Y ] which is a real Lie superalgebra with respect to the Lie super-

bracket (3.2.4).

Theorem 3.5.3. The derivation module dS0
∞[F ;Y ] is isomorphic to the

S0
∞[F ;Y ]-dual (S1

∞[F ;Y ])∗ of the module of graded one-forms S1
∞[F ;Y ].

It follows that the differential bigraded algebra S∗∞[F ;Y ] is minimal differ-
ential calculus over the real graded commutative ring S0

∞[F ;Y ].
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The proof of this theorem is a repetition of that of Theorem 1.7.5.
Let ϑcφ, ϑ ∈ dS0

∞[F ;Y ], φ ∈ S1
∞[F ;Y ], denote the corresponding in-

terior product. Extended to the differential bigraded algebra S∗∞[F ;Y ], it
obeys the rule

ϑc(φ ∧ σ) = (ϑcφ) ∧ σ + (−1)|φ|+[φ][ϑ]φ ∧ (ϑcσ), φ, σ ∈ S∗∞[F ;Y ].

Restricted to a coordinate chart (1.7.3) of J∞Y , the algebra S∗∞[F ;Y ]
is a free S0

∞[F ;Y ]-module generated by one-forms dxλ, θAΛ . Due to the
isomorphism stated in Theorem 3.5.3, any graded derivation ϑ ∈ dS0

∞[F ;Y ]
takes the local form

ϑ = ϑλ∂λ + ϑA∂A +
∑

0<|Λ|

ϑAΛ∂
Λ
A, (3.5.8)

where

∂Λ
AcdyBΣ = δBAδ

Λ
Σ

up to permutations of multi-indices Λ and Σ.
Every graded derivation ϑ (3.5.8) yields the graded Lie derivative

Lϑφ = ϑcdφ+ d(ϑcφ), φ ∈ S∗∞[F ;Y ],

Lϑ(φ ∧ σ) = Lϑ(φ) ∧ σ + (−1)[ϑ][φ]φ ∧ Lϑ(σ),

of the differential bigraded algebra S∗∞[F ;Y ]. A graded derivation ϑ (3.5.8)
is called contact if the Lie derivative Lϑ preserves the ideal of contact graded
forms of the differential bigraded algebra S∗∞[F ;Y ].

Lemma 3.5.1. With respect to the local generating basis (sA) for the dif-
ferential bigraded algebra S∗∞[F ;Y ], any its contact graded derivation takes
the form

ϑ = υH + υV = υλdλ + [υA∂A +
∑
|Λ|>0

dΛ(υA − sAµ υµ)∂Λ
A], (3.5.9)

where υH and υV denotes the horizontal and vertical parts of ϑ.

The proof is similar to that of the formula (2.2.1). A glance at the
expression (3.5.9) shows that a contact graded derivation ϑ as an infinite
order jet prolongation of its restriction

υ = υλ∂λ + υA∂A (3.5.10)

to the graded commutative ring S0[F ;Y ]. We call υ (3.5.10) the generalized

graded vector field. It is readily justified the following (see Lemma 2.2.5).
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Lemma 3.5.2. Any vertical contact graded derivation

ϑ = υA∂A +
∑
|Λ|>0

dΛυ
A∂Λ

A (3.5.11)

satisfies the relations

ϑcdHφ = −dH(ϑcφ), (3.5.12)

Lϑ(dHφ) = dH(Lϑφ) (3.5.13)

for all φ ∈ S∗∞[F ;Y ].

Then the forthcoming assertions are the straightforward generalizations
of Theorem 2.2.1, Lemma 2.2.3 and Theorem 2.2.2.

A corollary of the decomposition (3.5.6) is the first variational formula

for a graded Lagrangian [13; 59].

Theorem 3.5.4. The Lie derivative of a graded Lagrangian along any con-
tact graded derivation (3.5.9) obeys the first variational formula

LϑL = υV cδL+ dH(h0(ϑcΞL)) + dV (υHcω)L, (3.5.14)

where ΞL is the Lepage equivalent (3.5.7) of L.

A contact graded derivation ϑ (3.5.9) is called a variational symmetry

(strictly speaking, a variational supersymmetry) of a graded Lagrangian L
if the Lie derivative LϑL is dH -exact, i.e.,

LϑL = dHσ. (3.5.15)

Lemma 3.5.3. A glance at the expression (3.5.14) shows the following.
(i) A contact graded derivation ϑ is a variational symmetry only if it is

projected onto X.
(ii) Any projectable contact graded derivation is a variational symme-

try of a variationally trivial graded Lagrangian. It follows that, if ϑ is a
variational symmetry of a graded Lagrangian L, it also is a variational sym-
metry of a Lagrangian L + L0, where L0 is a variationally trivial graded
Lagrangian.

(iii) A contact graded derivations ϑ is a variational symmetry if and
only if its vertical part υV (3.5.9) is well.

(iv) It is a variational symmetry if and only if the graded density υV cδL
is dH-exact.
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Variational symmetries of a graded Lagrangian L constitute a real vector
subspace GL of the graded derivation module dS0

∞[F ;Y ]. By virtue of item
(ii) of Lemma 3.5.3, the Lie superbracket

L[ϑ,ϑ′] = [Lϑ,Lϑ′ ]

of variational symmetries is a variational symmetry and, therefore, their
vector space GL is a real Lie superalgebra.

A corollary of the first variational formula (3.5.14) is the first Noether

theorem for graded Lagrangians.

Theorem 3.5.5. If a contact graded derivation ϑ (3.5.9) is a variational
symmetry (3.5.15) of a graded Lagrangian L, the first variational formula
(3.5.14) restricted to Ker δL leads to the weak conservation law

0 ≈ dH(h0(ϑcΞL)− σ). (3.5.16)

A vertical contact graded derivation ϑ (3.5.11) is said to be nilpotent if

Lϑ(Lϑφ) =
∑

0≤|Σ|,0≤|Λ|

(υBΣ∂
Σ
B(υAΛ )∂Λ

A + (3.5.17)

(−1)[s
B ][υA]υBΣυ

A
Λ∂

Σ
B∂

Λ
A)φ = 0

for any horizontal graded form φ ∈ S0,∗
∞ .

Lemma 3.5.4. A vertical contact graded derivation (3.5.11) is nilpotent
only if it is odd and if and only if the equality

Lϑ(υA) =
∑

0≤|Σ|

υBΣ∂
Σ
B(υA) = 0

holds for all υA.

Proof. There is the relation

dλ ◦ υAΛ∂λA = υAΛ∂
λ
A ◦ dλ, (3.5.18)

similar to that (2.2.9). Then the result follows from the equality (3.5.17)
where one puts φ = sA and φ = sAΛs

B
Σ . �

For the sake of brevity, the common symbol υ further stands for a gener-
alized graded vector field υ, the contact graded derivation ϑ determined by
υ, and the Lie derivative Lϑ. We agree to call all these operators, simply,
a graded derivation of a field system algebra.

Remark 3.5.1. For the sake of convenience, right derivations

←
υ =

←
∂ Aυ

A (3.5.19)
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also are considered. They act on graded functions and differential forms φ
on the right by the rules

←
υ (φ) = dφb←υ +d(φb←υ ),
←
υ (φ ∧ φ′) = (−1)[φ

′]←υ (φ) ∧ φ′ + φ ∧←υ (φ′),

θΛAb
←
∂

ΣB = δABδ
Σ
Λ .

One associates to any graded right derivation
←
υ (3.5.19) the left one

υl = (−1)[υ][A]υA∂A, (3.5.20)

υl(f) = (−1)[υ][f ]υ(f), f ∈ S0
∞[F ;Y ].

3.6 Appendix. Cohomology of the Grassmann-graded vari-
ational bicomplex

The proof of Theorem 3.4.2 follows the scheme of the proof of Theorem
2.1.1 [59; 144]. It falls into the three steps.

(I) We start with showing that the complexes (3.4.15) – (3.4.16) are
locally exact.

Lemma 3.6.1. If

Y = Rn+k → Rn,

the complex (3.4.15) is acyclic.

Proof. Referring to [9] for the proof, we summarize a few formulas. Any
horizontal graded form φ ∈ S0,∗

∞ admits the decomposition

φ = φ0 + φ̃, φ̃ =

1∫
0

dλ

λ

∑
0≤|Λ|

sAΛ∂
Λ
Aφ, (3.6.1)

where φ0 is an exterior form on Rn+k. Let φ ∈ S0,m<n
∞ be dH -closed. Then

its component φ0 (3.6.1) is an exact exterior form on Rn+k and φ̃ = dHξ,
where ξ is given by the following expressions. Let us introduce the operator

D+ν φ̃ =

1∫
0

dλ

λ

∑
0≤k

kδν(µ1
δα1
µ2
· · · δαk−1

µk) λsA(α1...αk−1)
(3.6.2)

∂µ1...µk

A φ̃(xµ, λsAΛ , dx
µ).

The relation

[D+ν , dµ]φ̃ = δνµφ̃
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holds, and it leads to the desired expression

ξ =
∑
k=0

(n−m− 1)!
(n−m+ k)!

D+νPk∂νcφ̃, (3.6.3)

P0 = 1, Pk = dν1 · · · dνk
D+ν1 · · ·D+νk .

Now let φ ∈ S0,n
∞ be a graded density such that δφ = 0. Then its component

φ0 (3.6.1) is an exact n-form on Rn+k and φ̃ = dHξ, where ξ is given by
the expression

ξ =
∑
|Λ|≥0

∑
Σ+Ξ=Λ

(−1)|Σ|sAΞdΣ∂
µ+Λ
A φ̃ωµ. (3.6.4)

Since elements of S∗∞ are polynomials in sAΛ , the sum in the expression
(3.6.3) is finite. However, this expression contains a dH -exact summand
which prevents its extension to O∗∞. In this respect, we also quote the
homotopy operator (5.107) in [123] which leads to the expression

ξ =

1∫
0

I(φ)(xµ, λsAΛ , dx
µ)
dλ

λ
, (3.6.5)

I(φ) =
∑

0≤|Λ|

∑
µ

Λµ + 1
n−m+ |Λ|+ 1

dΛ

 ∑
0≤|Ξ|

(−1)Ξ
(µ+ Λ + Ξ)!
(µ+ Λ)!Ξ!

sAdΞ∂
µ+Λ+Ξ
A (∂µcφ)

 ,
where Λ! = Λµ1 ! · · ·Λµn

!, and Λµ denotes the number of occurrences of the
index µ in Λ [123]. The graded forms (3.6.4) and (3.6.5) differ in a dH -exact
graded form. �

Lemma 3.6.2. If Y = Rn+k → Rn, the complex (3.4.16) is exact.

Proof. The fact that a dH -closed graded (1,m)-form φ ∈ S1,m<n
∞ is dH -

exact is derived from Lemma 3.6.1 as follows. We write

φ =
∑

φΛ
A ∧ θAΛ , (3.6.6)

where φΛ
A ∈ S0,m

∞ are horizontal graded m-forms. Let us introduce addi-
tional variables sAΛ of the same Grassmann parity as sAΛ . Then one can
associate to each graded (1,m)-form φ (3.6.6) a unique horizontal graded
m-form

φ =
∑

φΛ
As

A
Λ , (3.6.7)
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whose coefficients are linear in the variables sAΛ , and vice versa. Let us
consider the modified total differential

dH = dH + dxλ ∧
∑

0<|Λ|

sAλ+Λ∂
Λ

A,

acting on graded forms (3.6.7), where ∂
Λ

A is the dual of dsAΛ . Comparing
the equality

dHs
A
Λ = dxλsAλ+Λ

and the last equality (2.2.8), one can easily justify that

dHφ = dHφ.

Let a graded (1,m)-form φ (3.6.6) be dH -closed. Then the associated hori-
zontal graded m-form φ (3.6.7) is dH -closed and, by virtue of Lemma 3.6.1,
it is dH -exact, i.e., φ = dHξ, where ξ is a horizontal graded (m − 1)-form
given by the expression (3.6.3) depending on additional variables sAΛ . A
glance at this expression shows that, since φ is linear in the variables sAΛ ,
so is

ξ =
∑

ξΛAs
A
Λ .

It follows that φ = dHξ where

ξ =
∑

ξΛA ∧ θAΛ .

It remains to prove the exactness of the complex (3.4.16) at the last term
E1. If

%(σ) =
∑

0≤|Λ|

(−1)|Λ|θA ∧ [dΛ(∂Λ
Acσ)] =

∑
0≤|Λ|

(−1)|Λ|θA ∧ [dΛσ
Λ
A]ω = 0, σ ∈ S1,n

∞ ,

a direct computation gives

σ = dHξ, ξ = −
∑

0≤|Λ|

∑
Σ+Ξ=Λ

(−1)|Σ|θAΞ ∧ dΣσ
µ+Λ
A ωµ. (3.6.8)

�

Remark 3.6.1. The proof of Lemma 3.6.2 fails to be extended to com-
plexes of higher contact forms because the products θAΛ ∧ θBΣ and sAΛs

B
Σ

obey different commutation rules.
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(II) Let us now prove Theorem 3.4.2 for the differential bigraded algebra
Q∗∞[F ;Y ]. Similarly to S∗∞[F ;Y ], the sheaf Q∗∞[F ;Y ] and the differential
bigraded algebra Q∗∞[F ;Y ] are decomposed into the Grassmann-graded
variational bicomplexes. We consider their subcomplexes

0→ R→ Q0
∞[F ;Y ] dH−→Q0,1

∞ [F ;Y ] · · · (3.6.9)
dH−→Q0,n

∞ [F ;Y ] δ−→E1, E1 = %(Q1,n
∞ [F ;Y ]),

0→ Q1,0
∞ [F ;Y ] dH−→Q1,1

∞ [F ;Y ] · · · (3.6.10)
dH−→Q1,n

∞ [F ;Y ]
%−→E1 → 0,

0→ R→ Q0
∞[F ;Y ] dH−→Q0,1

∞ [F ;Y ] · · · (3.6.11)
dH−→Q0,n

∞ [F ;Y ] δ−→Γ(E1),

0→ Q1,0
∞ [F ;Y ] dH−→Q1,1

∞ [F ;Y ] · · · (3.6.12)
dH−→Q1,n

∞ [F ;Y ]
%−→Γ(E1)→ 0.

By virtue of Lemmas 3.6.1 and 3.6.2, the complexes (3.6.9) – (3.6.10) are
acyclic. The terms Q∗,∗∞ [F ;Y ] of the complexes (3.6.9) – (3.6.10) are sheaves
of Q0

∞-modules. Since J∞Y admits the partition of unity just by elements
of Q0

∞, these sheaves are fine and, consequently, acyclic. By virtue of
abstract de Rham Theorem 10.7.4, cohomology of the complex (3.6.11)
equals the cohomology of J∞Y with coefficients in the constant sheaf R
and, consequently, the de Rham cohomology of Y in accordance with the
isomorphisms (1.5.5). Similarly, the complex (3.6.12) is proved to be exact.

(III) It remains to prove that cohomology of the complexes (3.4.15) –
(3.4.16) equals that of the complexes (3.6.11) – (3.6.12). The proof of this
fact straightforwardly follows the proof of Theorem 2.1.1, and it is a slight
modification of the proof of [59], Theorem 4.1, where graded exterior forms
on the infinite order jet manifold J∞Y of an affine bundle are treated as
those on X.
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Chapter 4

Lagrangian BRST theory

Quantization of Lagrangian field theory essentially depends on its degener-
acy characterized by a set of non-trivial reducible Noether identities [9;
15; 63]. However, any Euler–Lagrange operator satisfies Noether iden-
tities which therefore must be separated into the trivial and non-trivial
ones. These Noether identities can obey first-stage Noether identi-
ties, which in turn are subject to the second-stage ones, and so on.
Thus, there is a hierarchy of Noether and higher-stage Noether identi-
ties which also are separated into the trivial and non-trivial ones. In
accordance with general analysis of Noether identities of differential op-
erators (see Section 4.5), if certain conditions hold, one can associate to
a Grassmann-graded Lagrangian system the exact antifield Koszul–Tate
complex possessing the boundary operator whose nilpotentness is equiv-
alent to all non-trivial Noether and higher-stage Noether identities [14;
15].

It should be noted that the notion of higher-stage Noether identities
has come from that of reducible constraints. The Koszul–Tate complex of
Noether identities has been invented similarly to that of constraints under
the condition that Noether identities are locally separated into indepen-
dent and dependent ones [9; 44]. This condition is relevant for constraints,
defined by a finite set of functions which the inverse mapping theorem is
applied to. However, Noether identities unlike constraints are differential
equations. They are given by an infinite set of functions on a Fréchet ma-
nifold of infinite order jets where the inverse mapping theorem fails to be
valid. Therefore, the regularity condition for the Koszul–Tate complex of
constraints is replaced with homology regularity Condition 4.1.1) in order
to construct the Koszul–Tate complex of Noether identities.

The inverse second Noether theorem formulated in homology terms as-

129
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sociates to this Koszul–Tate complex the cochain sequence of ghosts with
the ascent operator, called the gauge operator, whose components are non-
trivial gauge and higher-stage gauge symmetries of Lagrangian field theory
(see Section 4.2).

The gauge operator unlike the Koszul–Tate one is not nilpotent, unless
gauge symmetries are Abelian. This is the cause why an intrinsic definition
of non-trivial gauge and higher-stage gauge symmetries meets difficulties.
Another problem is that gauge symmetries need not form an algebra [48;
61; 63]. Therefore, we replace the notion of the algebra of gauge symmetries
with some conditions on the gauge operator. Gauge symmetries are said to
be algebraically closed if the gauge operator admits a nilpotent extension,
called the BRST operator (see Section 4.3).

If the BRST operator exists, the cochain sequence of ghosts is brought
into the BRST complex. The Koszul–Tate and BRST complexes provide
the BRST extension of original Lagrangian field theory by ghosts and an-
tifields (see Section 4.4). This BRST extension is a first step towards
quantization of classical field theory in terms of functional integrals [9;
63].

4.1 Noether identities. The Koszul–Tate complex

Let (S∗∞[F ;Y ], L) be a Grassmann-graded Lagrangian system. Describing
its Noether identities, we follow the general analysis of Noether identities
of differential operators on fibre bundles in Section 4.5.

Without a lose of generality, let a Lagrangian L be even. Its Euler–
Lagrange operator δL (3.5.2) is assumed to be at least of order 1 in order
to guarantee that transition functions of Y do not vanish on-shell. This
Euler–Lagrange operator δL ∈ E1 ⊂ S1,n

∞ [F ;Y ] takes its values into the
graded vector bundle

V F = V ∗F ⊗
F

n
∧T ∗X → F, (4.1.1)

where V ∗F is the vertical cotangent bundle of F → X. It however is not a
vector bundle over Y . Therefore, we restrict our consideration to the case
of a pull-back composite bundle F (3.4.1) that is

F = Y ×
X
F 1 → Y → X, (4.1.2)

where F 1 → X is a vector bundle. Let us introduce the following notation.
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Notation 4.1.1. Given the vertical tangent bundle V E of a fibre bundle
E → X, by its density-dual bundle is meant the fibre bundle

V E = V ∗E⊗
E

n
∧T ∗X. (4.1.3)

If E → X is a vector bundle, we have

V E = E×
X
E, E = E∗⊗

X

n
∧T ∗X, (4.1.4)

where E is called the density-dual of E. Let

E = E0⊕
X
E1

be a graded vector bundle over X. Its graded density-dual is defined to be

E = E
1⊕
X
E

0
.

In these terms, we treat the composite bundle F (3.4.1) as a graded vector
bundle over Y possessing only odd part. The density-dual V F (4.1.3) of
the vertical tangent bundle V F of F → X is V F (4.1.1). If F (3.4.1) is the
pull-back bundle (4.1.2), then

V F = ((F
1⊕
Y
V ∗Y )⊗

Y

n
∧T ∗X)⊕

Y
F 1 (4.1.5)

is a graded vector bundle over Y . Given a graded vector bundle

E = E0⊕
Y
E1

over Y , we consider the composite bundle

E → E0 → X

and the differential bigraded algebra (3.4.7):

P∗∞[E;Y ] = S∗∞[E;E0]. (4.1.6)

Lemma 4.1.1. One can associate to any Grassmann-graded Lagrangian
system (S∗∞[F ;Y ], L) the chain complex (4.1.8) whose one-boundaries van-
ish on-shell.

Proof. Let us consider the density-dual V F (4.1.5) of the vertical tan-
gent bundle V F → F , and let us enlarge the original field system algebra
S∗∞[F ;Y ] to the differential bigraded algebra P∗∞[V F ;Y ] (4.1.6) with the
local generating basis

(sA, sA), [sA] = ([A] + 1)mod 2.
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Following the terminology of Lagrangian BRST theory [9; 63], we agree
to call its elements sA the antifields of antifield number Ant[sA] = 1. The
differential bigraded algebra P∗∞[V F ;Y ] is endowed with the nilpotent right
graded derivation

δ =
←
∂
AEA, (4.1.7)

where EA are the variational derivatives (3.5.2). Then we have the chain
complex

0←Im δ
δ←−P0,n

∞ [V F ;Y ]1
δ←−P0,n

∞ [V F ;Y ]2 (4.1.8)

of graded densities of antifield number ≤ 2. Its one-boundaries δΦ, Φ ∈
P0,n
∞ [V F ;Y ]2, by very definition, vanish on-shell. �

Any one-cycle

Φ =
∑

0≤|Λ|

ΦA,ΛsΛAω ∈ P0,n
∞ [V F ;Y ]1 (4.1.9)

of the complex (4.1.8) is a differential operator on the bundle V F such
that it is linear on fibres of V F → F and its kernel contains the graded
Euler–Lagrange operator δL (3.5.2), i.e.,

δΦ = 0,
∑

0≤|Λ|

ΦA,ΛdΛEAω = 0. (4.1.10)

In accordance with Definition 4.5.1, the one-cycles (4.1.9) define the
Noether identities (4.1.10) of the Euler–Lagrange operator δL, which we
agree to call Noether identities of the Grassmann-graded Lagrangian sys-
tem (S∗∞[F ;Y ], L).

In particular, one-chains Φ (4.1.9) are necessarily Noether identities if
they are boundaries. Therefore, these Noether identities are called trivial.
They are of the form

Φ =
∑

0≤|Λ|,|Σ|

T (AΛ)(BΣ)dΣEBsΛAω,

T (AΛ)(BΣ) = −(−1)[A][B]T (BΣ)(AΛ).

Accordingly, non-trivial Noether identities modulo the trivial ones are as-
sociated to elements of the first homology H1(δ) of the complex (4.1.8). A
Lagrangian L is called degenerate if there are non-trivial Noether identities.

Non-trivial Noether identities can obey first-stage Noether identities.
In order to describe them, let us assume that the module H1(δ) is finitely
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generated. Namely, there exists a graded projective C∞(X)-module C(0) ⊂
H1(δ) of finite rank possessing a local basis {∆rω}:

∆rω =
∑

0≤|Λ|

∆A,Λ
r sΛAω, ∆A,Λ

r ∈ S0
∞[F ;Y ], (4.1.11)

such that any element Φ ∈ H1(δ) factorizes as

Φ =
∑

0≤|Ξ|

Φr,ΞdΞ∆rω, Φr,Ξ ∈ S0
∞[F ;Y ], (4.1.12)

through elements (4.1.11) of C(0). Thus, all non-trivial Noether identities
(4.1.10) result from the Noether identities

δ∆r =
∑

0≤|Λ|

∆A,Λ
r dΛEA = 0, (4.1.13)

called the complete Noether identities. Clearly, the factorization (4.1.12)
is independent of specification of a local basis {∆rω}. Note that, being
representatives of H1(δ), the graded densities ∆rω (4.1.11) are not δ-exact.

A Lagrangian system whose non-trivial Noether identities are finitely
generated is called finitely degenerate. Hereafter, degenerate Lagrangian

systems only of this type are considered.

Lemma 4.1.2. If the homology H1(δ) of the complex (4.1.8) is finitely
generated in the above mentioned sense, this complex can be extended to the
one-exact chain complex (4.1.16) with a boundary operator whose nilpotency
conditions are equivalent to the complete Noether identities (4.1.13).

Proof. By virtue of Serre–Swan Theorem 3.3.2, the graded module C(0)
is isomorphic to a module of sections of the density-dual E0 of some graded
vector bundle E0 → X. Let us enlarge P∗∞[V F ;Y ] to the differential bi-
graded algebra

P∗∞{0} = P∗∞[V F ⊕
Y
E0;Y ] (4.1.14)

possessing the local generating basis (sA, sA, cr) where cr are Noether an-

tifields of Grassmann parity

[cr] = ([∆r] + 1)mod 2

and antifield number Ant[cr] = 2. The differential bigraded algebra (4.1.14)
is provided with the odd right graded derivation

δ0 = δ+
←
∂
r∆r (4.1.15)
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which is nilpotent if and only if the complete Noether identities (4.1.13)
hold. Then δ0 (4.1.15) is a boundary operator of the chain complex

0←Im δ
δ←P0,n
∞ [V F ;Y ]1

δ0←P0,n

∞ {0}2
δ0←P0,n

∞ {0}3 (4.1.16)

of graded densities of antifield number ≤ 3. LetH∗(δ0) denote its homology.
We have

H0(δ0) = H0(δ) = 0.

Furthermore, any one-cycle Φ up to a boundary takes the form (4.1.12)
and, therefore, it is a δ0-boundary

Φ =
∑

0≤|Σ|

Φr,ΞdΞ∆rω = δ0

 ∑
0≤|Σ|

Φr,ΞcΞrω

 .

Hence, H1(δ0) = 0, i.e., the complex (4.1.16) is one-exact. �

Let us consider the second homology H2(δ0) of the complex (4.1.16).
Its two-chains read

Φ = G+H =
∑

0≤|Λ|

Gr,ΛcΛrω +
∑

0≤|Λ|,|Σ|

H(A,Λ)(B,Σ)sΛAsΣBω. (4.1.17)

Its two-cycles define the first-stage Noether identities

δ0Φ = 0,
∑

0≤|Λ|

Gr,ΛdΛ∆rω = −δH. (4.1.18)

Conversely, let the equality (4.1.18) hold. Then it is a cycle condition of
the two-chain (4.1.17).

Remark 4.1.1. Note that this definition of first-stage Noether identities is
independent on specification of a generating module C(0). Given a different
one, there exists a chain isomorphism between the corresponding complexes
(4.1.16).

The first-stage Noether identities (4.1.18) are trivial either if a two-cycle
Φ (4.1.17) is a δ0-boundary or its summand G vanishes on-shell. There-
fore, non-trivial first-stage Noether identities fails to exhaust the second
homology H2(δ0) the complex (4.1.16) in general.

Lemma 4.1.3. Non-trivial first-stage Noether identities modulo the trivial
ones are identified with elements of the homology H2(δ0) if and only if any
δ-cycle φ ∈ P0,n

∞ {0}2 is a δ0-boundary.
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Proof. It suffices to show that, if the summand G of a two-cycle Φ
(4.1.17) is δ-exact, then Φ is a boundary. If G = δΨ, let us write

Φ = δ0Ψ + (δ − δ0)Ψ +H. (4.1.19)

Hence, the cycle condition (4.1.18) reads

δ0Φ = δ((δ − δ0)Ψ +H) = 0.

Since any δ-cycle φ ∈ P0,n

∞ {0}2, by assumption, is δ0-exact, then

(δ − δ0)Ψ +H

is a δ0-boundary. Consequently, Φ (4.1.19) is δ0-exact. Conversely, let
Φ ∈ P0,n

∞ {0}2 be a δ-cycle, i.e.,

δΦ = 2Φ(A,Λ)(B,Σ)sΛAδsΣBω = 2Φ(A,Λ)(B,Σ)sΛAdΣEBω = 0.

It follows that

Φ(A,Λ)(B,Σ)δsΣB = 0

for all indices (A,Λ). Omitting a δ-boundary term, we obtain

Φ(A,Λ)(B,Σ)sΣB = G(A,Λ)(r,Ξ)dΞ∆r.

Hence, Φ takes the form

Φ = G′(A,Λ)(r,Ξ)dΞ∆rsΛAω.

Then there exists a three-chain

Ψ = G′(A,Λ)(r,Ξ)cΞrsΛAω

such that

δ0Ψ = Φ + σ = Φ +G′′(A,Λ)(r,Ξ)dΛEAcΞrω. (4.1.20)

Owing to the equality δΦ = 0, we have δ0σ = 0. Thus, σ in the expression
(4.1.20) is δ-exact δ0-cycle. By assumption, it is δ0-exact, i.e., σ = δ0ψ.
Consequently, a δ-cycle Φ is a δ0-boundary

Φ = δ0Ψ− δ0ψ. �

Remark 4.1.2. It is easily justified that a two-cycle Φ (4.1.17) is δ0-exact
if and only if Φ up to a δ-boundary takes the form

Φ =
∑

0≤|Λ|,|Σ|

G′(r,Σ)(r′,Λ)dΣ∆rdΛ∆r′ω.
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A degenerate Lagrangian system is called reducible (resp. irreducible)
if it admits (resp. does not admit) non-trivial first stage Noether identities.

If the condition of Lemma 4.1.3 is satisfied, let us assume that non-trivial
first-stage Noether identities are finitely generated as follows. There exists
a graded projective C∞(X)-module C(1) ⊂ H2(δ0) of finite rank possessing
a local basis {∆r1ω}:

∆r1ω =
∑

0≤|Λ|

∆r,Λ
r1 cΛrω + hr1ω, (4.1.21)

such that any element Φ ∈ H2(δ0) factorizes as

Φ =
∑

0≤|Ξ|

Φr1,ΞdΞ∆r1ω, Φr1,Ξ ∈ S0
∞[F ;Y ], (4.1.22)

through elements (4.1.21) of C(1). Thus, all non-trivial first-stage Noether
identities (4.1.18) result from the equalities∑

0≤|Λ|

∆r,Λ
r1 dΛ∆r + δhr1 = 0, (4.1.23)

called the complete first-stage Noether identities. Note that, by virtue of
the condition of Lemma 4.1.3, the first summands of the graded densities
∆r1ω (4.1.21) are not δ-exact.

A degenerate Lagrangian system is called finitely reducible if admits
finitely generated non-trivial first-stage Noether identities.

Lemma 4.1.4. The one-exact complex (4.1.16) of a finitely reducible La-
grangian system is extended to the two-exact one (4.1.25) with a boundary
operator whose nilpotency conditions are equivalent to the complete Noether
identities (4.1.13) and the complete first-stage Noether identities (4.1.23).

Proof. By virtue of Serre–Swan Theorem 3.3.2, the graded module C(1)
is isomorphic to a module of sections of the density-dual E1 of some graded
vector bundle E1 → X. Let us enlarge the differential bigraded algebra
P∗∞{0} (4.1.14) to the differential bigraded algebra

P∗∞{1} = P∗∞[V F ⊕
Y
E0⊕

Y
E1;Y ]

possessing the local generating basis {sA, sA, cr, cr1} where cr1 are first

stage Noether antifields of Grassmann parity

[cr1 ] = ([∆r1 ] + 1)mod 2

and antifield number Ant[cr1 ] = 3. This differential bigraded algebra is
provided with the odd right graded derivation

δ1 = δ0+
←
∂
r1∆r1 (4.1.24)
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which is nilpotent if and only if the complete Noether identities (4.1.13) and
the complete first-stage Noether identities (4.5.16) hold. Then δ1 (4.1.24)
is a boundary operator of the chain complex

0←Im δ
δ←P0,n
∞ [V F ;Y ]1

δ0←P0,n

∞ {0}2
δ1←P0,n

∞ {1}3
δ1←P0,n

∞ {1}4 (4.1.25)

of graded densities of antifield number ≤ 4. LetH∗(δ1) denote its homology.
It is readily observed that

H0(δ1) = H0(δ), H1(δ1) = H1(δ0) = 0.

By virtue of the expression (4.1.22), any two-cycle of the complex (4.1.25)
is a boundary

Φ =
∑

0≤|Ξ|

Φr1,ΞdΞ∆r1ω = δ1

 ∑
0≤|Ξ|

Φr1,ΞcΞr1ω

 .

It follows that H2(δ1) = 0, i.e., the complex (4.1.25) is two-exact. �

If the third homology H3(δ1) of the complex (4.1.25) is not trivial, its
elements correspond to second-stage Noether identities which the complete
first-stage ones satisfy, and so on. Iterating the arguments, one comes to
the following.

A degenerate Grassmann-graded Lagrangian system (S∗∞[F ;Y ], L) is
called N -stage reducible if it admits finitely generated non-trivial N -stage
Noether identities, but no non-trivial (N+1)-stage ones. It is characterized
as follows [14].
• There are graded vector bundles E0, . . . , EN over X, and the differ-

ential bigraded algebra P∗∞[V F ;Y ] is enlarged to the differential bigraded
algebra

P∗∞{N} = P∗∞[V F ⊕
Y
E0⊕

Y
· · · ⊕

Y
EN ;Y ] (4.1.26)

with the local generating basis

(sA, sA, cr, cr1 , . . . , crN
)

where crk
are Noether k-stage antifields of antifield number Ant[crk

] = k+2.
• The differential bigraded algebra (4.1.26) is provided with the nilpo-

tent right graded derivation

δKT = δN = δ +
∑

0≤|Λ|

←
∂
r∆A,Λ

r sΛA +
∑

1≤k≤N

←
∂
rk∆rk

, (4.1.27)

∆rk
ω =

∑
0≤|Λ|

∆rk−1,Λ
rk

cΛrk−1ω + (4.1.28)

∑
0≤|Σ|,|Ξ|

(h(rk−2,Σ)(A,Ξ)
rk

cΣrk−2sΞA + ...)ω ∈ P0,n

∞ {k − 1}k+1,
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of antifield number -1. The index k = −1 here stands for sA. The nilpotent
derivation δKT (4.1.27) is called the Koszul–Tate operator.
• With this graded derivation, the module P0,n

∞ {N}≤N+3 of densities
of antifield number ≤ (N + 3) is decomposed into the exact Koszul–Tate

chain complex

0←Im δ
δ←−P0,n

∞ [V F ;Y ]1
δ0←−P0,n

∞ {0}2
δ1←−P0,n

∞ {1}3 · · · (4.1.29)
δN−1←−P0,n

∞ {N − 1}N+1
δKT←−P0,n

∞ {N}N+2
δKT←−P0,n

∞ {N}N+3

which satisfies the following homology regularity condition.

Condition 4.1.1. Any δk<N -cycle

φ ∈ P0,n

∞ {k}k+3 ⊂ P
0,n

∞ {k + 1}k+3

is a δk+1-boundary.

Remark 4.1.3. The exactness of the complex (4.1.29) means that any
δk<N -cycle φ ∈ P0,n

∞ {k}k+3, is a δk+2-boundary, but not necessary a δk+1-
one.

• The nilpotentness δ2KT = 0 of the Koszul–Tate operator (4.1.27) is
equivalent to the complete non-trivial Noether identities (4.1.13) and the
complete non-trivial (k ≤ N)-stage Noether identities

∑
0≤|Λ|

∆rk−1,Λ
rk

dΛ

 ∑
0≤|Σ|

∆rk−2,Σ
rk−1

cΣrk−2

 = (4.1.30)

−δ

 ∑
0≤|Σ|,|Ξ|

h(rk−2,Σ)(A,Ξ)
rk

cΣrk−2sΞA

 .

This item means the following.

Assertion 4.1.1. Any δk-cocycle Φ ∈ P0,n
∞ {k}k+2 is a k-stage Noether

identity, and vice versa.

Proof. Any (k + 2)-chain Φ ∈ P0,n
∞ {k}k+2 takes the form

Φ = G+H =
∑

0≤|Λ|

Grk,ΛcΛrk
ω + (4.1.31)

∑
0≤Σ,0≤Ξ

(H(A,Ξ)(rk−1,Σ)sΞAcΣrk−1 + ...)ω.
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If it is a δk-cycle, then∑
0≤|Λ|

Grk,ΛdΛ

 ∑
0≤|Σ|

∆rk−1,Σ
rk

cΣrk−1

+ (4.1.32)

δ

 ∑
0≤Σ,0≤Ξ

H(A,Ξ)(rk−1,Σ)sΞAcΣrk−1

 = 0

are the k-stage Noether identities. Conversely, let the condition (4.1.32)
hold. Then it can be extended to a cycle condition as follows. It is brought
into the form

δk

 ∑
0≤|Λ|

Grk,ΛcΛrk
+

∑
0≤Σ,0≤Ξ

H(A,Ξ)(rk−1,Σ)sΞAcΣrk−1

 =

−
∑

0≤|Λ|

Grk,ΛdΛhrk
+

∑
0≤Σ,0≤Ξ

H(A,Ξ)(rk−1,Σ)sΞAdΣ∆rk−1 .

A glance at the expression (4.1.28) shows that the term in the right-hand
side of this equality belongs to P0,n

∞ {k − 2}k+1. It is a δk−2-cycle and,
consequently, a δk−1-boundary δk−1Ψ in accordance with Condition 4.1.1.
Then the equality (4.1.32) is a cΣrk−1-dependent part of the cycle condition

δk

 ∑
0≤|Λ|

Grk,ΛcΛrk
+

∑
0≤Σ,0≤Ξ

H(A,Ξ)(rk−1,Σ)sΞAcΣrk−1 −Ψ

 = 0,

but δkΨ does not make a contribution to this condition. �

Assertion 4.1.2. Any trivial k-stage Noether identity is a δk-boundary
Φ ∈ P0,n

∞ {k}k+2.

Proof. The k-stage Noether identities (4.1.32) are trivial either if a δk-
cycle Φ (4.1.31) is a δk-boundary or its summand G vanishes on-shell. Let
us show that, if the summand G of Φ (4.1.31) is δ-exact, then Φ is a δk-
boundary. If G = δΨ, one can write

Φ = δkΨ + (δ − δk)Ψ +H. (4.1.33)

Hence, the δk-cycle condition reads

δkΦ = δk−1((δ − δk)Ψ +H) = 0.

By virtue of Condition 4.1.1, any δk−1-cycle φ ∈ P0,n

∞ {k−1}k+2 is δk-exact.
Then

(δ − δk)Ψ +H

is a δk-boundary. Consequently, Φ (4.1.31) is δk-exact. �
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Assertion 4.1.3. All non-trivial k-stage Noether identity (4.1.32), by as-
sumption, factorize as

Φ =
∑

0≤|Ξ|

Φrk,ΞdΞ∆rk
ω, Φr1,Ξ ∈ S0

∞[F ;Y ],

through the complete ones (4.1.30).

It may happen that a Grassmann-graded Lagrangian field system pos-
sesses non-trivial Noether identities of any stage. However, we restrict our
consideration to N -reducible Lagrangian systems for a finite integer N . In
this case, the Koszul–Tate operator (4.1.27) and the gauge operator (4.2.8)
below contain finite terms.

4.2 Second Noether theorems in a general setting

Different variants of the second Noether theorem have been suggested in
order to relate reducible Noether identities and gauge symmetries [9; 12; 13;
49]. The inverse second Noether theorem (Theorem 4.2.1), that we formu-
late in homology terms, associates to the Koszul–Tate complex (4.1.29) of
non-trivial Noether identities the cochain sequence (4.2.7) with the ascent
operator u (4.2.8) whose components are non-trivial gauge and higher-stage
gauge symmetries of Lagrangian system. Let us start with the following
notation.

Notation 4.2.1. Given the differential bigraded algebra P∗∞{N} (4.1.26),
we consider the differential bigraded algebra

P∗∞{N} = P∗∞[F ⊕
Y
E0⊕

Y
· · · ⊕

Y
EN ;Y ], (4.2.1)

possessing the local generating basis

(sA, cr, cr1 , . . . , crN ), [crk ] = ([crk
] + 1)mod 2,

and the differential bigraded algebra

P ∗∞{N} = P∗∞[V F ⊕
Y
E0 ⊕ · · ·⊕

Y
EN ⊕

Y
E0⊕

Y
· · · ⊕

Y
EN ;Y ] (4.2.2)

with the local generating basis

(sA, sA, cr, cr1 , . . . , crN , cr, cr1 , . . . , crN
).

Their elements crk are called k-stage ghosts of ghost number gh[crk ] = k+1
and antifield number

Ant[crk ] = −(k + 1).
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The C∞(X)-module C(k) of k-stage ghosts is the density-dual of the mod-
ule C(k+1) of (k + 1)-stage antifields. The differential bigraded algebras
P∗∞{N} (4.1.26) and P∗∞{N} (4.2.1) are subalgebras of P ∗∞{N} (4.2.2).
The Koszul–Tate operator δKT (4.1.27) is naturally extended to a graded
derivation of the differential bigraded algebra P ∗∞{N}.

Notation 4.2.2. Any graded differential form φ ∈ S∗∞[F ;Y ] and any finite
tuple (fΛ), 0 ≤ |Λ| ≤ k, of local graded functions fΛ ∈ S0

∞[F ;Y ] obey the
following relations [12]:∑

0≤|Λ|≤k

fΛdΛφ ∧ ω =
∑

0≤|Λ|

(−1)|Λ|dΛ(fΛ)φ ∧ ω + dHσ, (4.2.3)

∑
0≤|Λ|≤k

(−1)|Λ|dΛ(fΛφ) =
∑

0≤|Λ|≤k

η(f)ΛdΛφ, (4.2.4)

η(f)Λ =
∑

0≤|Σ|≤k−|Λ|

(−1)|Σ+Λ| (|Σ + Λ|)!
|Σ|!|Λ|!

dΣf
Σ+Λ, (4.2.5)

η(η(f))Λ = fΛ. (4.2.6)

Theorem 4.2.1. Given the Koszul–Tate complex (4.1.29), the module of
graded densities P0,n

∞ {N} is decomposed into the cochain sequence

0→ S0,n
∞ [F ;Y ] u−→P0,n

∞ {N}1
u−→P0,n

∞ {N}2
u−→· · · , (4.2.7)

u = u+ u(1) + · · ·+ u(N) = (4.2.8)

uA
∂

∂sA
+ ur

∂

∂cr
+ · · ·+ urN−1

∂

∂crN−1
,

graded in ghost number. Its ascent operator u (4.2.8) is an odd graded
derivation of ghost number 1 where u (4.2.13) is a variational symmetry of a
graded Lagrangian L and the graded derivations u(k) (4.2.16), k = 1, . . . , N ,
obey the relations (4.2.15).

Proof. Given the Koszul–Tate operator (4.1.27), let us extend an original
Lagrangian L to the Lagrangian

Le = L+ L1 = L+
∑

0≤k≤N

crk∆rk
ω = L+ δKT(

∑
0≤k≤N

crkcrk
ω) (4.2.9)

of zero antifield number. It is readily observed that the Koszul–Tate oper-
ator δKT is an exact symmetry of the extended Lagrangian Le ∈ P 0,n

∞ {N}
(4.2.9). Since the graded derivation δKT is vertical, it follows from the first
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variational formula (3.5.14) that←δ Le
δsA
EA +

∑
0≤k≤N

←
δ Le
δcrk

∆rk

ω = (4.2.10)

υAEA +
∑

0≤k≤N

υrk
δLe
δcrk

ω = dHσ,

υA =

←
δ Le
δsA

= uA + wA =
∑

0≤|Λ|

crΛη(∆
A
r )Λ +

∑
1≤i≤N

∑
0≤|Λ|

cri

Λ η(
←
∂ A(hri

))Λ,

υrk =

←
δ Le
δcrk

= urk + wrk =
∑

0≤|Λ|

c
rk+1
Λ η(∆rk

rk+1
)Λ +

∑
k+1<i≤N

∑
0≤|Λ|

cri

Λ η(
←
∂ rk(hri))

Λ.

The equality (4.2.10) is split into the set of equalities

←
δ (cr∆r)
δsA

EAω = uAEAω = dHσ0, (4.2.11)←δ (crk∆rk
)

δsA
EA +

∑
0≤i<k

←
δ (crk∆rk

)
δcri

∆ri

ω = dHσk, (4.2.12)

where k = 1, . . . , N . A glance at the equality (4.2.11) shows that, by virtue
of the first variational formula (3.5.14), the odd graded derivation

u = uA
∂

∂sA
, uA =

∑
0≤|Λ|

crΛη(∆
A
r )Λ, (4.2.13)

of P0{0} is a variational symmetry of a graded Lagrangian L. Every equal-
ity (4.2.12) falls into a set of equalities graded by the polynomial degree in
antifields. Let us consider that of them linear in antifields crk−2 . We have

←
δ

δsA

crk

∑
0≤|Σ|,|Ξ|

h(rk−2,Σ)(A,Ξ)
rk

cΣrk−2sΞA

 EAω +

←
δ

δcrk−1

crk

∑
0≤|Σ|

∆
r′k−1,Σ
rk cΣr′k−1

 ∑
0≤|Ξ|

∆rk−2,Ξ
rk−1

cΞrk−2ω = dHσk.
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This equality is brought into the form∑
0≤|Ξ|

(−1)|Ξ|dΞ

crk

∑
0≤|Σ|

h(rk−2,Σ)(A,Ξ)
rk

cΣrk−2

 EAω +

urk−1
∑

0≤|Ξ|

∆rk−2,Ξ
rk−1

cΞrk−2ω = dHσk.

Using the relation (4.2.3), we obtain the equality∑
0≤|Ξ|

crk

∑
0≤|Σ|

h(rk−2,Σ)(A,Ξ)
rk

cΣrk−2dΞEAω + (4.2.14)

urk−1
∑

0≤|Ξ|

∆rk−2,Ξ
rk−1

cΞrk−2ω = dHσ
′
k.

The variational derivative of both its sides with respect to crk−2 leads to
the relation ∑

0≤|Σ|

dΣu
rk−1

∂

∂c
rk−1
Σ

urk−2 = δ(αrk−2), (4.2.15)

αrk−2 = −
∑

0≤|Σ|

η(h(rk−2)(A,Ξ)
rk

)ΣdΣ(crksΞA),

which the odd graded derivation

u(k) = urk−1
∂

∂crk−1
=
∑

0≤|Λ|

crk

Λ η(∆
rk−1
rk

)Λ
∂

∂crk−1
, k = 1, . . . , N, (4.2.16)

satisfies. Graded derivations u (4.2.13) and u(k) (4.2.16) are assembled into
the ascent operator u (4.2.8) of the cochain sequence (4.2.7). �

A glance at the expression (4.2.13) shows that the variational symmetry
u is a linear differential operator on the C∞(X)-module C(0) of ghosts
with values into the real space gL of variational symmetries. Following
Definition 2.3.1 extended to Lagrangian theories of odd fields, we call u
(4.2.13) the gauge symmetry of a graded Lagrangian L which is associated
to the complete Noether identities (4.1.13). This association is unique due
to the following direct second Noether theorem extending Theorem 2.3.1.

Theorem 4.2.2. The variational derivative of the equality (4.2.11) with
respect to ghosts cr leads to the equality

δr(uAEAω) =
∑

0≤|Λ|

(−1)|Λ|dΛ(η(∆A
r )ΛEA) =

∑
0≤|Λ|

(−1)|Λ|η(η(∆A
r ))ΛdΛEA = 0,
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which reproduces the complete Noether identities (4.1.13) by means of the
relation (4.2.6).

Moreover, the gauge symmetry u (4.2.13) is complete in the following
sense. Let ∑

0≤|Ξ|

CRGr,ΞR dΞ∆rω

be some projective C∞(X)-module of finite rank of non-trivial Noether
identities (4.1.12) parameterized by the corresponding ghosts CR. We have
the equalities

0 =
∑

0≤|Ξ|

CRGr,ΞR dΞ

 ∑
0≤|Λ|

∆A,Λ
r dΛEA

ω =

∑
0≤|Λ|

 ∑
0≤|Ξ|

η(GrR)ΞCRΞ

∆A,Λ
r dΛEAω + dH(σ) =

∑
0≤|Λ|

(−1)|Λ|dΛ

∆A,Λ
r

∑
0≤|Ξ|

η(GrR)ΞCRΞ

 EAω + dHσ =

∑
0≤|Λ|

η(∆A
r )ΛdΛ

 ∑
0≤|Ξ|

η(GrR)ΞCRΞ

 EAω + dHσ =

∑
0≤|Λ|

uA,Λr dΛ

 ∑
0≤|Ξ|

η(GrR)ΞCRΞ

 EAω + dHσ.

It follows that the graded derivation

dΛ

 ∑
0≤|Ξ|

η(GrR)ΞCRΞ

uA,Λr

∂

∂sA

is a variational symmetry of a graded Lagrangian L and, consequently, its
gauge symmetry parameterized by ghosts CR. It factorizes through the
gauge symmetry (4.2.13) by putting ghosts

cr =
∑

0≤|Ξ|

η(GrR)ΞCRΞ .

Thus, we come to the following definition.

Definition 4.2.1. The odd graded derivation u (4.2.13) is said to be a
complete non-trivial gauge symmetry of a graded Lagrangian L associated
to the complete Noether identities (4.1.13).
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Remark 4.2.1. In contrast with Definitions 2.3.1 and 2.3.2, gauge sym-
metries in Definitions 4.2.2 and 4.2.1 are parameterized by ghosts, but not
gauge parameters. Given a gauge symmetry u (2.3.3) defined as a derivation
of the real ring O0

∞[Y × E], one can associate to it the gauge symmetry

u =

 ∑
0≤|Λ|≤m

uλΛ
a (xµ)caΛ

 ∂λ +

 ∑
0≤|Λ|≤m

uiΛa (xµ, yjΣ)caΛ

 ∂i, (4.2.17)

which is an odd graded derivation of the real ring S0
∞[E;Y ], and vice versa.

Let us note that, being a variational symmetry, a gauge symmetry u

(4.2.13) defines the weak conservation law (3.5.16). Let u be an exact
Lagrangian symmetry. In this case, the associated symmetry current

Ju = −h0(ucΞL) (4.2.18)

is conserved. The peculiarity of gauge conservation laws always is that
the symmetry current (4.2.18) is reduced to a superpotential in accordance
with the following generalization of Theorem 2.4.2.

Theorem 4.2.3. If u (4.2.13) is an exact gauge symmetry of a graded
Lagrangian L, the corresponding conserved symmetry current Ju (4.2.18)
takes the form

Ju = W + dHU = (Wµ + dνU
νµ)ωµ, (4.2.19)

where the term W vanishes on-shell, i.e., W ≈ 0, and U is a horizontal
graded (n− 2)-form.

Proof. The proof follows that of Theorem 2.4.2. Let us note only that, if
u is of N -order in jets of ghosts, the symmetry current Ju (4.2.18) depends
on jets of ghosts whose maximal order N ′ exceed N in the case of a higher-
order Lagrangian. Therefore, the equalities (2.4.43) are replaced with a set
of equalities

0 = J (µµ1)...µN′
a ,

0 = J (µkµk+1)...µN′
a + dνJ

νµk...µN′
a , 1 < k < N ′ −N.

�

Turn now to the relation (4.2.15). For k = 1, it takes the form∑
0≤|Σ|

dΣu
r ∂

∂crΣ
uA = δ(αA)
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of a first-stage gauge symmetry condition on-shell which the non-trivial
gauge symmetry u (4.2.13) satisfies. Therefore, one can treat the odd
graded derivation

u(1) = ur
∂

∂cr
, ur =

∑
0≤|Λ|

cr1Λ η(∆
r
r1)

Λ,

as a first-stage gauge symmetry associated to the complete first-stage
Noether identities∑

0≤|Λ|

∆r,Λ
r1 dΛ

 ∑
0≤|Σ|

∆A,Σ
r sΣA

 = −δ

 ∑
0≤|Σ|,|Ξ|

h(B,Σ)(A,Ξ)
r1 sΣBsΞA

 .

Iterating the arguments, one comes to the relation (4.2.15) which pro-
vides a k-stage gauge symmetry condition which is associated to the com-
plete k-stage Noether identities (4.1.30).

Theorem 4.2.4. Conversely, given the k-stage gauge symmetry condition
(4.2.15), the variational derivative of the equality (4.2.14) with respect to
ghosts crk leads to the equality, reproducing the k-stage Noether identities
(4.1.30) by means of the relations (4.2.6) and (4.2.6).

This is a higher-stage extension of the direct second Noether theorem

to reducible gauge symmetries.
The odd graded derivation u(k) (4.2.16) is called the k-stage gauge sym-

metry. It is complete as follows. Let∑
0≤|Ξ|

CRkGrk,Ξ
Rk

dΞ∆rk
ω

be a projective C∞(X)-module of finite rank of non-trivial k-stage Noether
identities (4.1.12) factorizing through the complete ones (4.1.28) and pa-
rameterized by the corresponding ghosts CRk . One can show that it defines
a k-stage gauge symmetry factorizing through u(k) (4.2.16) by putting k-
stage ghosts

crk =
∑

0≤|Ξ|

η(Grk

Rk
)ΞCRk

Ξ .

Definition 4.2.2. The odd graded derivation u(k) (4.2.16) is said to be a
complete non-trivial k-stage gauge symmetry of a Lagrangian L.

In accordance with Definitions 4.2.1 and 4.2.2, components of the ascent
operator u (4.2.8) are complete non-trivial gauge and higher-stage gauge
symmetries. Therefore, we agree to call this operator the gauge operator.
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Remark 4.2.2. With the gauge operator (4.2.8), the extended Lagrangian
Le (4.2.9) takes the form

Le = L+ u(
∑

0≤k≤N

crk−1crk−1)ω + L∗1 + dHσ, (4.2.20)

where L∗1 is a term of polynomial degree in antifields exceeding 1.

4.3 BRST operator

In contrast with the Koszul–Tate operator (4.1.27), the gauge operator u
(4.2.7) need not be nilpotent. Following the example of Yang–Mills gauge
theory (see Section 5.8), let us study its extension to a nilpotent graded
derivation

b = u + γ = u +
∑

1≤k≤N+1

γ(k) = u +
∑

1≤k≤N+1

γrk−1
∂

∂crk−1
(4.3.1)

=
(
uA

∂

∂sA
+ γr

∂

∂cr

)
+

∑
0≤k≤N−1

(
urk

∂

∂crk
+ γrk+1

∂

∂crk+1

)
of ghost number 1 by means of antifield-free terms γ(k) of higher polynomial
degree in ghosts cri and their jets cri

Λ , 0 ≤ i < k. We call b (4.3.1) the
BRST operator, where k-stage gauge symmetries are extended to k-stage
BRST transformations acting both on (k−1)-stage and k-stage ghosts [61].
If the BRST operator exists, the cochain sequence (4.2.7) is brought into
the BRST complex

0→ P0,n
∞ {N}1

b−→P0,n
∞ {N}1

b−→P0,n
∞ {N}2

b−→· · · .

There is following necessary condition of the existence of such a BRST
extension.

Theorem 4.3.1. The gauge operator (4.2.7) admits the nilpotent extension
(4.3.1) only if the gauge symmetry conditions (4.2.15) and the higher-stage
Noether identities (4.1.30) are satisfied off-shell.

Proof. It is easily justified that, if the graded derivation b (4.3.1) is
nilpotent, then the right hand sides of the equalities (4.2.15) equal zero,
i.e.,

u(k+1)(u(k)) = 0, 0 ≤ k ≤ N − 1, u(0) = u. (4.3.2)

Using the relations (4.2.3) – (4.2.6), one can show that, in this case, the
right hand sides of the higher-stage Noether identities (4.1.30) also equal
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zero [13]. It follows that the summand Grk
of each cocycle ∆rk

(4.1.28) is
δk−1-closed. Then its summand hrk

also is δk−1-closed and, consequently,
δk−2-closed. Hence it is δk−1-exact by virtue of Condition 4.1.1. Therefore,
∆rk

contains only the term Grk
linear in antifields. �

It follows at once from the equalities (4.3.2) that the higher-stage gauge

operator

uHS = u− u = u(1) + · · ·+ u(N)

is nilpotent, and

u(u) = u(u). (4.3.3)

Therefore, the nilpotency condition for the BRST operator b (4.3.1) takes
the form

b(b) = (u+ γ)(u) + (u+ uHS + γ)(γ) = 0. (4.3.4)

Let us denote

γ(0) = 0,

γ(k) = γ
(k)
(2) + · · ·+ γ

(k)
(k+1), k = 1, . . . , N + 1,

γ
rk−1

(i) =
∑

k1+···+ki=k+1−i

 ∑
0≤|Λkj

|

γ
rk−1,Λk1 ,...,Λki

(i)rk1 ,...,rki
c
rk1
Λk1
· · · crki

Λki

 ,

γ(N+2) = 0,

where γ(k)
(i) are terms of polynomial degree 2 ≤ i ≤ k + 1 in ghosts. Then

the nilpotent property (4.3.4) of b falls into a set of equalities

u(k+1)(u(k)) = 0, 0 ≤ k ≤ N − 1, (4.3.5)

(u+ γ
(k+1)
(2) )(u(k)) + uHS(γ(k)

(2) ) = 0, 0 ≤ k ≤ N + 1, (4.3.6)

γ
(k+1)
(i) (u(k)) + u(γ(k)

(i−1)) + uHS(γk(i)) + (4.3.7)∑
2≤m≤i−1

γ(m)(γ
(k)
(i−m+1)) = 0, i− 2 ≤ k ≤ N + 1,

of ghost polynomial degree 1, 2 and 3 ≤ i ≤ N + 3, respectively.
The equalities (4.3.5) are exactly the gauge symmetry conditions (4.3.2)

in Theorem 4.3.1.
The equality (4.3.6) for k = 0 reads

(u+ γ(1))(u) = 0,
∑

0≤|Λ|

(dΛ(uA)∂Λ
Au

B + dΛ(γr)uB,Λr ) = 0. (4.3.8)
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It takes the form of the Lie antibracket

[u, u] = −2γ(1)(u) = −2
∑

0≤|Λ|

dΛ(γr)uB,Λr ∂B (4.3.9)

of the odd gauge symmetry u. Its right-hand side is a non-linear differential
operator on the module C(0) of ghosts taking values into the real space GL of
variational symmetries. Following Remark 2.3.3, we treat it as a generalized
gauge symmetry factorizing through the gauge symmetry u. Thus, we come
to the following.

Theorem 4.3.2. The gauge operator (4.2.7) admits the nilpotent extension
(4.3.1) only if the Lie antibracket of the odd gauge symmetry u (4.2.13) is
a generalized gauge symmetry factorizing through u.

The equalities (4.3.6) – (4.3.7) for k = 1 take the form

(u+ γ
(2)
(2))(u

(1)) + u(1)(γ(1)) = 0, (4.3.10)

γ
(2)
(3)(u

(1)) + (u+ γ(1))(γ(1)) = 0. (4.3.11)

In particular, if a Lagrangian system is irreducible, i.e., u(k) = 0 and u = u,
the BRST operator reads

b = u+ γ(1) = uA∂A + γr∂r =
∑

0≤|Λ|

uA,Λr crΛ∂A +
∑

0≤|Λ|,|Ξ|

γr,Λ,Ξpq cpΛc
q
Ξ∂r.

In this case, the nilpotency conditions (4.3.10) - (4.3.11) are reduced to the
equality

(u+ γ(1))(γ(1)) = 0. (4.3.12)

Furthermore, let a gauge symmetry u be affine in fields sA and their jets.
It follows from the nilpotency condition (4.3.8) that the BRST term γ(1)

is independent of original fields and their jets. Then the relation (4.3.12)
takes the form of the Jacobi identity

γ(1))(γ(1)) = 0 (4.3.13)

for coefficient functions γr,Λ,Ξpq (x) in the Lie antibracket (4.3.9).
The relations (4.3.9) and (4.3.13) motivate us to think of the equal-

ities (4.3.6) – (4.3.7) in a general case of reducible gauge symmetries as
being sui generis generalized commutation relations and Jacobi identities
of gauge symmetries, respectively [61]. Based on Theorem 4.3.2, we there-
fore say that non-trivial gauge symmetries are algebraically closed (in the
terminology of [63]) if the gauge operator u (4.2.8) admits the nilpotent
BRST extension b (4.3.1).
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Example 4.3.1. A Lagrangian system is called Abelian if its gauge sym-
metry u is Abelian and the higher-stage gauge symmetries are independent
of original fields, i.e., if u(u) = 0. It follows from the relation (4.3.3) that,
in this case, the gauge operator itself is the BRST operator u = b. For
instance, let a Lagrangian L be variationally trivial. Its variational deriva-
tives Ei ≡ 0 obey irreducible complete Noether identities

δ∆i = 0, ∆i = si. (4.3.14)

By the formulas (2.3.6) – (2.3.7), the associated irreducible gauge symmetry
is given by the gauge operator

u = ci∂i. (4.3.15)

Thus, a Lagrangian system with a variationally trivial Lagrangian is
Abelian, and u (4.3.15) is the BRST operator. The topological BF the-
ory exemplifies a reducible Abelian Lagrangian system (see Section 8.3).

4.4 BRST extended Lagrangian field theory

The differential bigraded algebra P ∗∞{N} (4.2.2) is a particular field-

antifield theory of the following type [9; 15; 63].
Let us consider a pull-back composite bundle

W = Z ×
X
Z ′ → Z → X

where Z ′ → X is a vector bundle. Let us regard it as a graded vector
bundle over Z possessing only odd part. The density-dual VW of the
vertical tangent bundle VW of W → X is a graded vector bundle

VW = ((Z
′⊕
Z
V ∗Z)⊗

Z

n
∧T ∗X)⊕

Y
Z ′

over Z (cf. (4.1.5)). Let us consider the differential bigraded algebra
P∗∞[VW ;Z] (4.1.6) with the local generating basis

(za, za), [za] = ([za] + 1)mod 2.

Its elements za and za are called fields and antifields, respectively.
Graded densities of this differential bigraded algebra are endowed with

the antibracket

{Lω,L′ω} =

←δ L

δza

δL′

δza
+ (−1)[L

′]([L′]+1)

←
δ L′

δza

δL

δza

ω. (4.4.1)
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With this antibracket, one associates to any (even) Lagrangian Lω the odd
vertical graded derivations

υL =
←
E a∂a =

←
δ L

δza

∂

∂za
, (4.4.2)

υL =
←
∂
aEa =

←
∂

∂za

δL

δza
, (4.4.3)

ϑL = υL + υlL = (−1)[a]+1

(
δL

δza
∂

∂za
+
δL

δza
∂

∂za

)
, (4.4.4)

such that

ϑL(L′ω) = {Lω,L′ω}.

Theorem 4.4.1. The following conditions are equivalent.
(i) The antibracket of a Lagrangian Lω is dH-exact, i.e.,

{Lω,Lω} = 2

←
δ L

δza

δL

δza
ω = dHσ. (4.4.5)

(ii) The graded derivation υ (4.4.2) is a variational symmetry of a La-
grangian Lω.

(iii) The graded derivation υ (4.4.3) is a variational symmetry of Lω.
(iv) The graded derivation ϑL (4.4.4) is nilpotent.

Proof. By virtue of the first variational formula (3.5.14), conditions (ii)
and (iii) are equivalent to condition (i). The equality (4.4.5) is equivalent

to that the odd density
←
E aEaω is variationally trivial. Replacing right

variational derivatives
←
E a with (−1)[a]+1Ea, we obtain

2
∑
a

(−1)[a]EaEaω = dHσ.

The variational operator acting on this relation results in the equalities∑
0≤|Λ|

(−1)[a]+|Λ|dΛ(∂Λ
b (EaEa)) =

∑
0≤|Λ|

(−1)[a][η(∂bEa)ΛEΛa + η(∂bEa)ΛEaΛ)] = 0,

∑
0≤|Λ|

(−1)[a]+|Λ|dΛ(∂Λb(EaEa)) =

∑
0≤|Λ|

(−1)[a][η(∂bEa)ΛEΛa + η(∂bEa)EaΛ] = 0.
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Due to the identity

(δ ◦ δ)(L) = 0, η(∂BEA)Λ = (−1)[A][B]∂Λ
AEB ,

we obtain∑
0≤|Λ|

(−1)[a][(−1)[b]([a]+1)∂ΛaEbEΛa + (−1)[b][a]∂Λ
a EbEaΛ] = 0,

∑
0≤|Λ|

(−1)[a]+1[(−1)([b]+1)([a]+1)∂ΛaEbEΛa + (−1)([b]+1)[a]∂Λ
a EbEaΛ] = 0

for all Eb and Eb. This is exactly condition (iv). �

The equality (4.4.5) is called the classical master equation. For in-
stance, any variationally trivial Lagrangian satisfies the master equation.
A solution of the master equation (4.4.5) is called non-trivial if both the
derivations (4.4.2) and (4.4.3) do not vanish.

Being an element of the differential bigraded algebra P ∗∞{N} (4.2.2),
an original Lagrangian L obeys the master equation (4.4.5) and yields the
graded derivations υL = 0 (4.4.2) and υL = δ (4.4.3), i.e., it is a trivial
solution of the master equation.

The graded derivations (4.4.2) – (4.4.3) associated to the extended La-
grangian Le (4.2.20) are extensions

υe = u +

←
δ L∗1
δsA

∂

∂sA
+

∑
0≤k≤N

←
δ L∗1
δcrk

∂

∂crk
,

υe = δKT +
←
∂

∂sA

δL1

δsA

of the gauge and Koszul–Tate operators, respectively. However, the Lagran-
gian Le need not satisfy the master equation. Therefore, let us consider its
extension

LE = Le + L′ = L+ L1 + L2 + · · · (4.4.6)

by means of even densities Li, i ≥ 2, of zero antifield number and poly-
nomial degree i in ghosts. The corresponding graded derivations (4.4.2) –
(4.4.3) read

υE = υe +

←
δ L′

δsA

∂

∂sA
+

∑
0≤k≤N

←
δ L′

δcrk

∂

∂crk
, (4.4.7)

υE = υe +
←
∂

∂sA

δL′

δsA
+

∑
0≤k≤N

←
∂

∂crk

δL′

δcrk
. (4.4.8)
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The Lagrangian LE (4.4.6) where L+L1 = Le is called a proper extension

of an original Lagrangian L. The following is a corollary of Theorem 4.4.1.

Corollary 4.4.1. A Lagrangian L is extended to a proper solution LE
(4.4.6) of the master equation only if the gauge operator u (4.2.7) admits
a nilpotent extension.

By virtue of condition (iv) of Theorem 4.4.1, this nilpotent extension is
the derivation ϑE = υE + υlE (4.4.4), called the KT-BRST operator. With
this operator, the module of densities P 0,n

∞ {N} is split into the KT-BRST

complex

· · · −→P 0,n
∞ {N}2 −→P 0,n

∞ {N}1 −→P 0,n
∞ {N}0 −→ (4.4.9)

P 0,n
∞ {N}1 −→P 0,n

∞ {N}2 −→· · · .

Putting all ghosts zero, we obtain a cochain morphism of this complex
onto the Koszul–Tate complex, extended to P0,n

∞ {N} and reversed into the
cochain one. Letting all antifields zero, we come to a cochain morphism
of the KT-BRST complex (4.4.9) onto the cochain sequence (4.2.7), where
the gauge operator is extended to the antifield-free part of the KT-BRST
operator.

Theorem 4.4.2. If the gauge operator u (4.2.7) can be extended to the
BRST operator b (4.3.1), then the master equation has a non-trivial proper
solution

LE = Le +
∑

1≤k≤N

γrk−1crk−1ω = (4.4.10)

L+ b

 ∑
0≤k≤N

crk−1crk−1

ω + dHσ.

Proof. By virtue of Theorem 4.3.1, if the BRST operator b (4.3.1) exists,
the densities ∆rk

(4.1.28) contain only the terms Grk
linear in antifields.

It follows that the extended Lagrangian Le (4.2.9) and, consequently, the
Lagrangian LE (4.4.10) are affine in antifields. In this case, we have

uA =
←
δ A(Le), urk =

←
δ rk(Le)

for all indices A and rk and, consequently,

bA =
←
δ A(LE), brk =

←
δ rk(LE),
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i.e., b = υE is the graded derivation (4.4.7) defined by the Lagrangian LE .
Its nilpotency condition takes the form

b(
←
δ A(LE)) = 0, b(

←
δ rk(LE)) = 0.

Hence, we obtain

b(LE) = b(
←
δ A(LE)sA +

←
δ rk(LE)crk

) = 0,

i.e., b is a variational symmetry of LE . Consequently, LE obeys the master
equation. �

For instance, let a gauge symmetry u be Abelian, and let the higher-
stage gauge symmetries be independent of original fields, i.e., u(u) = 0.
Then u = b and LE = Le.

The proper solution LE (4.4.10) of the master equation is called the
BRST extension of an original Lagrangian L. As was mentioned above, it
is a necessary step towards quantization of classical Lagrangian field theory
in terms of functional integrals.

4.5 Appendix. Noether identities of differential operators

Noether identities of a Lagrangian system in Section 4.1 are particular
Noether identities of differential operators which are described in homology
terms as follows [141].

Let E → X be a vector bundle, and let E be a E-valued k-order dif-
ferential operator on a fibre bundle Y → X in accordance with Definition
1.6.2. It is represented by a section Ea (1.6.5) of the pull-back bundle (1.6.4)
endowed with bundle coordinates (xλ, yjΣ, χ

a), 0 ≤ |Σ| ≤ k.

Definition 4.5.1. One says that a differential operator E obeys Noether

identities if there exist an r-order differential operator Φ on the pull-back
bundle

EY = Y ×
X
E → X (4.5.1)

such that its restriction onto E is a linear differential operator and its kernel
contains E , i.e.,

Φ =
∑

0≤|Λ|

ΦΛ
aχ

a
Λ,

∑
0≤|Λ|

ΦΛ
a EaΛ = 0. (4.5.2)
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Any differential operator admits Noether identities, e.g.,

Φ =
∑

0≤|Λ|,|Σ|

TΛΣ
ab dΣEbχaΛ, TΛΣ

ab = −TΣΛ
ba . (4.5.3)

Therefore, they must be separated into the trivial and non-trivial ones.

Lemma 4.5.1. One can associate to E a chain complex whose boundaries
vanish on Ker E.

Proof. Let us consider the composite graded manifold (Y,AEY
) modelled

over the vector bundle EY → Y . Let S0
∞[EY ;Y ] be the ring of graded func-

tions on the infinite order jet manifold J∞Y possessing the local generating
basis (yi, εa) of Grassmann parity [εa] = 1 (see Section 3.4). It is provided
with the nilpotent graded derivation

δ =
←
∂ aEa. (4.5.4)

whose definition is independent of the choice of a local basis. Then we have
the chain complex

0←Im δ
δ←−S0

∞[EY ;Y ]1
δ←−S0

∞[EY ;Y ]2 (4.5.5)

of graded functions of antifield number k ≤ 2. Its one-boundaries δΦ,
Φ ∈ S0

∞[EY ;Y ]2, by very definition, vanish on Ker E . �

Every one-cycle

Φ =
∑

0≤|Λ|

ΦΛ
a ε

a
Λ ∈ S0

∞[EY ;Y ]1 (4.5.6)

of the complex (4.5.5) defines a linear differential operator on pull-back
bundle EY (4.5.1) such that it is linear on E and its kernel contains E , i.e.,

δΦ = 0,
∑

0≤|Λ|

ΦΛ
a dΛEa = 0. (4.5.7)

In accordance with Definition 4.5.1, the one-cycles (4.5.6) define the
Noether identities (4.5.7) of a differential operator E . These Noether iden-
tities are trivial if a cycle is a boundary, i.e., it takes the form (4.5.3).
Accordingly, non-trivial Noether identities modulo the trivial ones are as-
sociated to elements of the homology H1(δ) of the complex (4.5.6).

A differential operator is called degenerate if it obeys non-trivial Noether
identities.

One can say something more if the O0
∞Y -module H1(δ) is finitely gener-

ated, i.e., it possesses the following particular structure. There are elements
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∆ ∈ H1(δ) making up a projective C∞(X)-module C(0) of finite rank which,
by virtue of the Serre–Swan theorem 10.9.3, is isomorphic to the module of
sections of some vector bundle E0 → X. Let {∆r}:

∆r =
∑

0≤|Λ|

∆Λr
a εaΛ, ∆Λr

a ∈ O0
∞Y, (4.5.8)

be local bases for this C∞(X)-module. Then every element Φ ∈ H1(δ)
factorizes as

Φ =
∑

0≤|Ξ|

GΞ
r dΞ∆r, GΞ

r ∈ O∞Y, (4.5.9)

through elements of C(0), i.e., any Noether identity (4.5.7) is a corollary of
the Noether identities ∑

0≤|Λ|

∆Λr
a dΛEa = 0, (4.5.10)

called complete Noether identities.

Notation 4.5.1. Given an integer N ≥ 1, let E1, . . . , EN be vector bundles
over X. Let us denote

P0
∞{N} = S0

∞[EN−1⊕
X
· · · ⊕

X
E1⊕

X
EY ;Y ×

X
E0⊕

X
· · · ⊕

X
EN ]

if N is even and

P0
∞{N} = S0

∞[EN ⊕
X
· · · ⊕

X
E1⊕

X
EY ;Y ×

X
E0⊕

X
· · · ⊕

X
EN−1]

if N is odd.

Lemma 4.5.2. If the homology H1(δ) of the complex (4.5.5) is finitely gen-
erated, this complex can be extended to the one-exact complex (4.5.12) with
a boundary operator whose nilpotency conditions are equivalent to complete
Noether identities.

Proof. Let us consider the graded commutative ring P0
∞{0} (see Nota-

tion 4.5.1). It possesses the local generating basis {yi, εa, εr} of Grassmann
parity [εr] = 0 and antifield number Ant[εr] = 2. This ring is provided
with the nilpotent graded derivation

δ0 = δ+
←
∂ r∆r. (4.5.11)

Its nilpotency conditions are equivalent to the complete Noether identities
(4.5.10). Then the module P0

∞{0}≤3 of graded functions of antifield number
≤ 3 is decomposed into the chain complex

0←Im δ
δ←−S0

∞[EY ;Y ]1
δ0←−P0

∞{0}2
δ0←−P0

∞{0}3. (4.5.12)
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Let H∗(δ0) denote its homology. We have

H0(δ0) = H0(δ) = 0.

Furthermore, any one-cycle Φ up to a boundary takes the form (4.5.9) and,
therefore, it is a δ0-boundary

Φ =
∑

0≤|Σ|

GΞ
r dΞ∆r = δ0

 ∑
0≤|Σ|

GΞ
r ε
r
Ξ

 .

Hence, H1(δ0) = 0, i.e., the complex (4.5.12) is one-exact. �

Let us consider the second homology H2(δ0) of the complex (4.5.12).
Its two-chains read

Φ = G+H =
∑

0≤|Λ|

GΛ
r ε

r
Λ +

∑
0≤|Λ|,|Σ|

HΛΣ
ab ε

a
Λε

b
Σ. (4.5.13)

Its two-cycles define the first-stage Noether identities

δ0Φ = 0,
∑

0≤|Λ|

GΛ
r dΛ∆r + δH = 0. (4.5.14)

Conversely, let the equality (4.5.14) hold. Then it is a cycle condition of
the two-chain (4.5.13). The first-stage Noether identities (4.5.14) are trivial
either if a two-cycle Φ (4.5.13) is a boundary or its summand G vanishes
on Ker E .

Lemma 4.5.3. First-stage Noether identities can be identified with non-
trivial elements of the homology H2(δ0) if and only if any δ-cycle Φ ∈
S0
∞[EY ;Y ]2 is a δ0-boundary.

Proof. The proof is similar to that of Lemma 4.1.3 [141]. �

A degenerate differential operator is called reducible if there exist non-
trivial first-stage Noether identities.

If the condition of Lemma 4.5.3 is satisfied, let us assume that non-trivial
first-stage Noether identities are finitely generated as follows. There exists
a graded projective C∞(X)-module C(1) ⊂ H2(δ0) of finite rank possessing
a local basis ∆(1) :

∆r1 =
∑

0≤|Λ|

∆Λr1
r εrΛ + hr1 ,

such that any element Φ ∈ H2(δ0) factorizes as

Φ =
∑

0≤|Ξ|

ΦΞ
r1dΞ∆r1 (4.5.15)
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through elements of C(1). Thus, all non-trivial first-stage Noether identities
(4.5.14) result from the equalities∑

0≤|Λ|

∆r1Λ
r dΛ∆r + δhr1 = 0, (4.5.16)

called the complete first-stage Noether identities.

Lemma 4.5.4. If non-trivial first-stage Noether identities are finitely gen-
erated, the one-exact complex (4.5.12) is extended to the two-exact one
(4.5.18) with a boundary operator whose nilpotency conditions are equiva-
lent to complete Noether and first-stage Noether identities.

Proof. By virtue of Serre–Swan Theorem 10.9.3, the module C(1) is iso-
morphic to a module of sections of some vector bundle E1 → X. Let us
consider the ring P0

∞{1} of graded functions on J∞Y possessing the local
generating bases {yi, εa, εr, εr1} of Grassmann parity [εr1 ] = 1 and anti-
field number Ant[εr1 ] = 3. It can be provided with the nilpotent graded
derivation

δ1 = δ0+
←
∂ r1∆

r1 . (4.5.17)

Its nilpotency conditions are equivalent to the complete Noether identities
(4.5.10) and the complete first-stage Noether identities (4.5.16). Then the
module P0

∞{1}≤4 of graded functions of antifield number ≤ 4 is decomposed
into the chain complex

0←Im δ
δ←−S∞[EY ;Y ]1

δ0←−P0
∞{0}2

δ1←−P0
∞{1}3

δ1←−P0
∞{1}4. (4.5.18)

Let H∗(δ1) denote its homology. It is readily observed that

H0(δ1) = H0(δ) = 0, H1(δ1) = H1(δ0) = 0.

By virtue of the expression (4.5.15), any two-cycle of the complex (4.5.18)
is a boundary

Φ =
∑

0≤|Ξ|

ΦΞ
r1dΞ∆r1 = δ1

 ∑
0≤|Ξ|

ΦΞ
r1ε

r1
Ξ

 .

It follows that H2(δ1) = 0, i.e., the complex (4.5.18) is two-exact. �

If the third homology H3(δ1) of the complex (4.5.18) is not trivial, its
elements correspond to second-stage Noether identities, and so on. Iterating
the arguments, we come to the following.
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A degenerate differential operator E is called N -stage reducible if it
admits finitely generated non-trivial N -stage Noether identities, but no
non-trivial (N + 1)-stage ones. It is characterized as follows [141].
• There are graded vector bundles E0, . . . , EN over X, and the graded

commutative ring S0
∞[EY ;Y ] is enlarged to the graded commutative ring

P0

∞{N} with the local generating basis

(yi, εa, εr, εr1 , . . . , εrN )

of Grassmann parity [εrk ] = (k + 1)mod2 and antifield number Ant[εrk

Λ ] =
k + 2.
• The graded commutative ring P0

∞{N} is provided with the nilpotent
right graded derivation

δKT = δN = δ0 +
∑

1≤k≤N

←
∂ rk

∆rk , (4.5.19)

∆rk =
∑

0≤|Λ|

∆Λrk
rk−1

ε
rk−1
Λ +

∑
0≤Σ,0≤Ξ

(hΞΣrk
ark−2

εaΞε
rk−2
Σ + ...),

of antifield number -1.
•With this graded derivation, the module P0

∞{N}≤N+3 of graded func-
tions of antifield number ≤ (N + 3) is decomposed into the exact Koszul–

Tate complex

0←Im δ
δ←−S0

∞[EY ;Y ]1
δ0←−P∞{0}2

δ1←−P0
∞{1}3 · · · (4.5.20)

δN−1←−P0
∞{N − 1}N+1

δKT←−P0
∞{N}N+2

δKT←−P∞{N}N+3,

which satisfies the following homology regularity condition.

Condition 4.5.1. Any δk<N−1-cycle

Φ ∈ P0
∞{k}k+3 ⊂ P0

∞{k + 1}k+3

is a δk+1-boundary.

• The nilpotentness δ2KT = 0 of the Koszul–Tate operator (4.5.19) is
equivalent to the complete non-trivial Noether identities (4.5.10) and the
complete non-trivial (k ≤ N)-stage Noether identities

∑
0≤|Λ|

∆Λrk
rk−1

dΛ

 ∑
0≤|Σ|

∆Σrk−1
rk−2

ε
rk−2
Σ

+ (4.5.21)

δ

 ∑
0≤Σ,Ξ

hΞΣrk
ark−2

εaΞε
rk−2
Σ

 = 0.
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Let us study the following example of reducible Noether identities of
a differential operator which is relevant to topological BF theory (Section
8.3).

Example 4.5.1. Let us consider the fibre bundles

Y = X × R, E =
n−1
∧ TX, 2 < n, (4.5.22)

coordinated by (xλ, y) and (xλ, χµ1...µn−1), respectively. We study the E-
valued differential operator

Eµ1...µn−1 = −εµµ1...µn−1yµ, (4.5.23)

where ε is the Levi–Civita symbol. It defines the first order differential
equation

dHy = 0 (4.5.24)

on the fibre bundle Y (4.5.22).
Putting

EY = R×
X

n−1
∧ TX,

let us consider the graded commutative ring S∗∞[EY ;Y ] of graded functions
on J∞Y . It possesses the local generating basis (y, εµ1...µn−1) of Grassmann
parity [εµ1...µn−1 ] = 1 and antifield number Ant[εµ1...µn−1 ] = 1. With the
nilpotent derivation

δ =
←
∂

∂εµ1...µn−1
Eµ1...µn−1 ,

we have the complex (4.5.5). Its one-chains read

Φ =
∑

0≤|Λ|

ΦΛ
µ1...µn−1

ε
µ1...µn−1
Λ ,

and the cycle condition δΦ = 0 takes the form

ΦΛ
µ1...µn−1

Eµ1...µn−1
Λ = 0. (4.5.25)

This equality is satisfied if and only if

Φλ1...λk
µ1...µn−1

εµµ1...µn−1 = −Φµλ2...λk
µ1...µn−1

ελ1µ1...µn−1 .

It follows that Φ factorizes as

Φ =
∑

0≤|Ξ|

GΞ
ν2...νn−1

dΞ∆ν2...νn−1ω
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through graded functions

∆ν2...νn−1 = ∆λ,ν2...νn−1
α1...αn−1

ε
α1...αn−1
λ = (4.5.26)

δλα1
δν2α2
· · · δνn−1

αn−1
ε
α1...αn−1
λ = dν1ε

ν1ν2...νn−1 ,

which provide the complete Noether identities

dν1Eν1ν2...νn−1 = 0. (4.5.27)

They can be written in the form

dHdHy = 0. (4.5.28)

The graded functions (4.5.26) form a basis for a projective C∞(X)-
module of finite rank which is isomorphic to the module of sections of the
vector bundle

E0 =
n−2
∧ TX.

Therefore, let us extend the graded commutative ring S0
∞[EY ;Y ] to that

P∗∞{0} (see Notation 4.5.1) possessing the local generating basis

(y, εµ1...µn−1 , εµ2...µn−1},

where εµ2...µn−1 are even antifields of antifield number 2. We have the
nilpotent graded derivation

δ0 = δ +
←
∂

∂εµ2...µn−1
∆µ2...µn−1

of P0
∞{0}. Its nilpotency is equivalent to the complete Noether identities

(4.5.27). Then we obtain the one-exact complex (4.5.12).
Iterating the arguments, let us consider the vector bundles

Ek =
n−k−2
∧ TX, k = 1, . . . , n− 3,

EN=n−2 = X × R

and the graded commutative ring P0
∞{N} (see Notation 4.5.1), possessing

the local generating basis

(y, εµ1...µn−1 , εµ2...µn−1 , . . . , εµn−1 , ε)

of Grassmann parity

[εµk+2...µn−1 ] = kmod2, [ε] = n,

and of antifield number

Ant[εµk+2...µn−1 ] = k + 2, Ant[ε] = n.
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It is provided with the nilpotent graded derivation

δKT = δ0 +
∑

1≤k≤n−3

←
∂

∂εµk+2...µn−1
+
←
∂

∂ε
dµn−1ε

µn−1 , (4.5.29)

∆µk+2...µn−1 = dµk+1ε
µk+1µk+2...µn−1 ,

of antifield number -1. Its nilpotency results from the complete Noether
identities (4.5.27) and the equalities

dµk+2∆
µk+2...µn−1 = 0, k = 0, . . . , n− 3, (4.5.30)

which are the (k + 1)-stage Noether identities (4.5.21). Then the Koszul–
Tate complex (4.5.20) reads

0←Im δ
δ←−S0

∞[EY ;Y ]1
δ0←−P0

∞{0}2
δ1←−P0

∞{1}3 · · · (4.5.31)
δn−3←−P0

∞{n− 3}n−1
δKT←−P0

∞{n− 2}n
δKT←−P0

∞{n− 2}n+1.

It obeys Condition 4.5.1 as follows.

Lemma 4.5.5. Any δk-cycle Φ ∈ P0
∞{k}k+3 up to a δk-boundary takes the

form

Φ =
∑

(k1+···+ki+3i=k+3)

∑
(0≤|Λ1|,...,|Λi|)

GΛ1···Λi

µ1
k1+2...µ

1
n−1;...;µ

i
ki+2...µ

i
n−1

(4.5.32)

dΛ1∆
µ1

k1+2...µ
1
n−1 · · · dΛi

∆µi
ki+2...µ

i
n−1 , kj = −1, 0, 1, . . . , n− 3,

where kj = −1 stands for εµ1...µn−1 and

∆µ1...µn−1 = Eµ1...µn−1 .

It follows that Φ is a δk+1-boundary.

Proof. Let us choose some basis element εµk+2...µn−1 and denote it, sim-
ply, by ε. Let Φ contain a summand φ1ε, linear in ε. Then the cycle
condition reads

δkΦ = δk(Φ− φ1ε) + (−1)[ε]δk(φ1)ε+ φ∆ = 0, ∆ = δkε.

It follows that Φ contains a summand ψ∆ such that

(−1)[ε]+1δk(ψ)∆ + φ∆ = 0.

This equality implies the relation

φ1 = (−1)[ε]+1δk(ψ) (4.5.33)
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because the reduction conditions (4.5.30) involve total derivatives of ∆, but
not ∆. Hence,

Φ = Φ′ + δk(ψε),

where Φ′ contains no term linear in ε. Furthermore, let ε be even and Φ
have a summand

∑
φrε

r polynomial in ε. Then the cycle condition leads
to the equalities

φr∆ = −δkφr−1, r ≥ 2.

Since φ1 (4.5.33) is δk-exact, then φ2 = 0 and, consequently, φr>2 = 0.
Thus, a cycle Φ up to a δk-boundary contains no term polynomial in c. It
reads

Φ =
∑

(k1+···+ki+3i=k+3)

∑
(0<|Λ1|,...,|Λi|)

GΛ1···Λi

µ1
k1+2...µ

1
n−1;...;µ

i
ki+2...µ

i
n−1

ε
µ1

k1+2...µ
1
n−1

Λ1
· · · ε

µi
ki+2...µ

i
n−1

Λi
. (4.5.34)

However, the terms polynomial in ε may appear under general coordinate
transformations

ε′νk+2...νn−1 = det
(
∂xα

∂x′β

)
∂x′νk+2

∂xµk+2
· · · ∂x

′νn−1

∂xµn−1
εµk+2...µn−1

of a chain Φ (4.5.34). In particular, Φ contains the summand∑
k1+···+ki+3i=k+3

Fν1
k1+2...ν

1
n−1;...;ν

i
ki+2...ν

i
n−1

ε′ν
1
k1+2...ν

1
n−1 · · · ε′ν

i
ki+2...ν

i
n−1 ,

which must vanish if Φ is a cycle. This takes place only if Φ factorizes
through the graded densities ∆µk+2...µn−1 (4.5.29) in accordance with the
expression (4.5.32). �

Following the proof of Lemma 4.5.5, one also can show that any δk-cycle
Φ ∈ P0

∞{k}k+2 up to a boundary takes the form

Φ =
∑

0≤|Λ|

GΛ
µk+2...µn−1

dΛ∆µk+2...µn−1 ,

i.e., the homology Hk+2(δk) of the complex (4.5.31) is finitely generated by
the cycles ∆µk+2...µn−1 .
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Chapter 5

Gauge theory on principal bundles

Classical gauge theory is adequately formulated as Lagrangian field theory
on principal and associated bundles where gauge potentials are identified
with principal connections. The reader is referred, e.g., to [38; 92; 147] for
the standard exposition of geometry of principal bundles. In this Chapter,
we present gauge theory on principal bundles as a particular Lagrangian
field theory on fibre bundles formulated in terms of jet manifolds [112]. The
main ingredient in this formulation is the bundle of principal connections
C = J1P/G whose sections are principal connections on a principal bundle
P with a structure group G. Its first order jet manifold J1C plays the role
of a configuration space of gauge theory.

5.1 Geometry of Lie groups

Let G be a topological group which is not reduced to the unit element 1.
Let V be a topological space. By a continuous action of G on V on the left

is meant a continuous map

ζ : G× V → V (5.1.1)

such that

ζ(g′g, v) = ζ(g′, ζ(g, v)).

If there is no danger of confusion, we denote ζ(g, v) = gv. One says that a
group G acts on V on the right if the map (5.1.1) obeys the relations

ζ(g′g, v) = ζ(g, ζ(g′, v)).

In this case, we agree to write ζ(g, v) = vg.

165
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Remark 5.1.1. Strictly speaking, by an action of a group G on V is meant
a class of morphisms ζ (5.1.1) which differ from each other in inner auto-
morphisms of G, that is,

ζ ′(g, v) = ζ(g′−1gg′, v)

for some element g′ ∈ G.

An action of G on V is called:
• effective if there is no g 6= 1 such that ζ(g, v) = v for all v ∈ V ,
• free if, for any two elements v, v ∈ V , there exists an element g ∈ G

such that ζ(g, v) = v′.
• transitive if there is no element v ∈ V such that ζ(g, v) = v for all

g ∈ G.
Unless otherwise stated, an action of a group is assumed to be effective. If
an action ζ (5.1.1) of G on V is transitive, then V is called the homogeneous

space, homeomorphic to the quotient V = G/H of G with respect to some
subgroup H ⊂ G. If an action ζ is both free and transitive, then V is
homeomorphic to the group space of G. For instance, this is the case of
action of G on itself by left (ζ = LG) and right (ζ = RG) multiplications.

Let G be a connected real Lie group of finite dimension dimG > 0. A
vector field ξ on G is called left-invariant if

ξ(g) = TLg(ξ(1)), g ∈ G,
where TLg denotes the tangent morphism to the map

Lg : G→ gG.

Accordingly, right-invariant vector fields ξ on G obey the condition

ξ(g) = TRg(ξ(1)),

where TRg is the tangent morphism to the map

Tg : G→ gG.

Let gl (resp. gr) denote the Lie algebra of left-invariant (resp. right-
invariant) vector fields on G. They are called the left and right Lie algebras
of G, respectively. Every left-invariant vector field ξl(g) (resp. a right-
invariant vector field ξr(g)) can be associated to the element v = ξl(1) (resp.
v = ξr(1)) of the tangent space T1G at the unit 1 of G. Accordingly, this
tangent space is provided both with left and right Lie algebra structures.
For instance, given v ∈ T1G, let vl(g) and vr(g) be the corresponding left-
invariant and right-invariant vector fields on G, respectively. There is the
relation

vl(g) = (TLg ◦ TR−1
g )(vr(g)).
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Let {εm = εm(1)} (resp. {εm = εm(1)}) denote the basis for the left (resp.
right) Lie algebra, and let ckmn be the right structure constants:

[εm, εn] = ckmnεk.

The map g → g−1 yields an isomorphism

gl 3 εm → εm = −εm ∈ gr

of left and right Lie algebras.
The tangent bundle

πG : TG→ G (5.1.2)

of a Lie group G is trivial because of the isomorphisms

%l : TG 3 q → (g = πG(q), TL−1
g (q)) ∈ G× gl,

%r : TG 3 q → (g = πG(q), TR−1
g (q)) ∈ G× gr.

Let ζ (5.1.1) be a smooth action of a Lie group G on a smooth manifold
V . Let us consider the tangent morphism

Tζ : TG× TV → TV (5.1.3)

to this action. Given an element g ∈ G, the restriction of Tζ (5.1.3) to
(g, 0)× TV is the tangent morphism Tζg to the map

ζg : g × V → V.

Therefore, the restriction

TζG : 0̂(G)× TV → TV (5.1.4)

of the tangent morphism Tζ (5.1.3) to 0̂(G)×TV (where 0̂ is the canonical
zero section of TG → G) is called the tangent prolongation of a smooth
action of G on V .

In particular, the above mentioned morphisms

TLg = TLG|(g,0)×TG, TRg = TRG|(g,0)×TG
are of this type. For instance, the morphism TLG (resp. TRG) (5.1.4)
defines the adjoint representation g → Adg (resp. g → Adg−1) of a group
G in its right Lie algebra gr (resp. left Lie algebra gl) and the identity
representation in its left (resp. right) one.

Restricting Tζ (5.1.3) to T1G× 0̂(V ), one obtains a homomorphism of
the right (resp. left) Lie algebra of G to the Lie algebra T (V ) of vector
field on V if ζ is a left (resp. right) action. We call this homomorphism a
representation of the Lie algebra of G in V . For instance, a vector field on a



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

168 Gauge theory on principal bundles

manifold V associated to a local one-parameter group G of diffeomorphisms
of V (see Section 1.1.4) is exactly an image of such a homomorphism of the
one-dimensional Lie algebra of G to T (V ).

In particular, the adjoint representation Adg of a Lie group G in its
right Lie algebra gr yields the corresponding adjoint representation

ε′ : ε→ adε′(ε) = [ε′, ε],

adεm
(εn) = ckmnεk, (5.1.5)

of the right Lie algebra gr in itself. Accordingly, the adjoint representation
of the left Lie algebra gl in itself reads

adεm(εn) = −ckmnεk,

where ckmn are the right structure constants (5.1.5).

Remark 5.1.2. Let G be a matrix group, i.e., a subgroup of the algebra
M(V ) of endomorphisms of some finite-dimensional vector space V . Then
its Lie algebras are Lie subalgebras of M(V ). In this case, the adjoint
representation Adg of G reads

Adg(e) = geg−1, e ∈ g. (5.1.6)

Let g∗ be the vector space, dual of the right Lie algebra gr. It is called
the Lie coalgebra, and is provided with the dual {εm} of the basis {εm} for
gr. The group G and the right Lie algebra gr act ion g∗ by the coadjoint

representation

(Ad∗g(ε
∗), ε) = (ε∗,Adg−1(ε)), ε∗ ∈ g∗, ε ∈ gr, (5.1.7)

(ad∗ε′(ε
∗), ε) = −(ε∗, [ε′, ε]), ε′ ∈ gr,

ad∗εm
(εn) = −cnmkεk.

An exterior form φ on a Lie group G is said to be left-invariant (resp.
right-invariant) if φ(1) = L∗g(φ(g)) (resp. φ(1) = R∗g(φ(g))). The exterior
differential of a left-invariant (resp right-invariant) form is left-invariant
(resp. right-invariant). In particular, the left-invariant one-forms satisfy
the Maurer–Cartan equation

dφ(ε, ε′) = −1
2
φ([ε, ε′]), ε, ε′ ∈ gl. (5.1.8)

There is the canonical gl-valued left-invariant one-form

θl : T1G 3 ε→ ε ∈ gl (5.1.9)
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on a Lie group G. The components θml of its decomposition θl = θml εm
with respect to the basis for the left Lie algebra gl make up the basis for
the space of left-invariant exterior one-forms on G:

εmcθnl = δnm.

The Maurer–Cartan equation (5.1.8), written with respect to this basis,
reads

dθml =
1
2
cmnkθ

n
l ∧ θkl .

5.2 Bundles with structure groups

Principal bundles are particular bundles with a structure group. Since
equivalence classes of these bundles are topological invariants (see Theorem
5.2.5), we consider continuous bundles with a structure topological group.

Let G be a topological group. Let
π : Y → X (5.2.1)

be a locally trivial continuous bundle (see Remark 1.1.1) whose typical fibre
V is provided with a certain left action (5.1.1) of a topological group G (see
Remark 5.1.1). Moreover, let Y (5.2.1) admit an atlas

Ψ = {(Uα, ψα), %αβ}, ψα = %αβψβ , (5.2.2)
whose transition functions %αβ (1.1.3) factorize as

%αβ : Uα ∩ Uβ × V −→Uα ∩ Uβ × (G× V )
Id×ζ−→Uα ∩ Uβ × V (5.2.3)

through local continuous G-valued functions
%Gαβ : Uα ∩ Uβ → G (5.2.4)

on X. This means that transition morphisms %αβ(x) (1.1.6) are elements
of G acting on V . Transition functions (5.2.3) are called G-valued.

Provided with an atlas (5.2.2) with G-valued transition functions, a
locally trivial continuous bundle Y is called the bundle with a structure

group G or, in brief, a G-bundle. Two G-bundles (Y,Ψ) and (Y,Ψ′) are
called equivalent if their atlases Ψ and Ψ′ are equivalent. Atlases Ψ and Ψ′

with G-valued transition functions are said to be equivalent if and only if,
given a common cover {Ui} of X for the union of these atlases, there exists
a continuous G-valued function gi on each Ui such that

ψ′i(x) = gi(x)ψi(x), x ∈ Ui. (5.2.5)

Remark 5.2.1. It may happen that a bundle Y admits non-equivalent
atlases Ψ and Ψ′ with G-valued transition functions. Then the pairs (Y,Ψ)
and (Y,Ψ′) are regarded as non-equivalent G-bundles (see Remark 5.10.3).
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Let h(X,G, V ) denote the set of equivalence classes of continuous bun-
dles overX with a structure group G and a typical fibre V . In order to char-
acterize this set, let us consider the presheaf G0

{U} of continuous G-valued
functions on a topological space X. Let G0

X be the sheaf of germs of these
functions generated by the canonical presheaf G0

{U}, and let H1(X;G0
X) be

the first cohomology of X with coefficients in G0
X (see Remark 10.7.2). The

group functions %Gαβ (5.2.4) obey the cocycle condition

%Gαβ%
G
βγ = %Gαγ

on overlaps Uα ∩ Uβ ∩ Uγ (cf. (10.7.12)) and, consequently, they form a
one-cocycle {%Gαβ} of the presheaf G0

{U}. This cocycle is a representative of
some element of the first cohomology H1(X;G0

X) of X with coefficients in
the sheaf G0

X (see Remark 10.7.3).
Thus, any atlas of a G-bundle over X defines an element of the cohomol-

ogy set H1(X;G0
X). Moreover, it follows at once from the condition (5.2.5)

that equivalent atlases define the same element of H1(X;G0
X). Thus, there

is an injection

h(X,G, V )→ H1(X;G0
X) (5.2.6)

of the set of equivalence classes of G-bundles over X with a typical fibre V
to the first cohomology H1(X;G0

X) of X with coefficients in the sheaf G0
X .

Moreover, the injection (5.2.6) is a bijection as follows [80].

Theorem 5.2.1. There is one-to-one correspondence between the equiva-
lence classes of G-bundles over X with a typical fibre V and the elements
of the cohomology set H1(X;G0

X).

The bijection (5.2.6) holds for G-bundles with any typical fibre V . Two
G-bundles (Y,Ψ) and (Y ′,Ψ′) over X with different typical fibres are called
associated if the cocycles of transition functions of their atlases Ψ and Ψ′

are representatives of the same element of the cohomology set H1(X;G0
X).

Then Theorem 5.2.1 can be reformulated as follows.

Theorem 5.2.2. There is one-to-one correspondence between the classes
of associated G-bundles over X and the elements of the cohomology set
H1(X;G0

X).

Let f : X ′ → X be a continuous map. Every continuous G-bundle
Y → X yields the pull-back bundle f∗Y → X ′ (1.1.8) with the same
structure group G. Therefore, f induces the map

[f ] : H1(X;G0
X)→ H1(X ′;G0

X′).
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Theorem 5.2.3. Given a continuous G-bundle Y over a paracompact base
X, let f1 and f2 be two continuous maps of X ′ to X. If these maps are
homotopic, the pull-back G-bundles f∗1Y and f∗2Y over X ′ are equivalent
[80; 147].

Let us return to smooth fibre bundles. Let G, dimG > 0, be a real Lie
group which acts on a smooth manifold V on the left. A smooth fibre bundle
Y (5.2.1) is called a bundle with a structure group G if it is a continuous
G-bundle possessing a smooth atlas Ψ (5.2.2) whose transition functions
factorize as those (5.2.2) through smooth G-valued functions (5.2.4).

Example 5.2.1. Any vector (resp. affine) bundle of fibre dimension
dimV = m is a bundle with a structure group which is the general lin-
ear group GL(m,R) (resp. the general affine group GA(m,R)).

Let G∞X be the sheaf of germs of smooth G-valued functions on X and
H1(X;G∞X ) the first cohomology of a manifold X with coefficients in the
sheaf G∞X . The following theorem is analogous to Theorem 5.2.2.

Theorem 5.2.4. There is one-to-one correspondence between the classes
of associated smooth G-bundles over X and the elements of the cohomology
set H1(X;G∞X ).

Moreover, since a smooth manifold is paracompact, one can show the
following [80].

Theorem 5.2.5. There is a bijection

H1(X;G∞X ) = H1(X;G0
X), (5.2.7)

where a Lie group G is treated as a topological group.

The bijection (5.2.7) enables one to classify smooth G-bundles as the
continuous ones by means of topological invariants (see Section 8.1).

5.3 Principal bundles

Unless otherwise stated (see Section 8.1), we restrict our consideration to
smooth bundles with a structure Lie group of non-zero dimension.

Given a real Lie group G, let

πP : P → X (5.3.1)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

172 Gauge theory on principal bundles

be a G-bundle whose typical fibre is the group space of G, which a group
G acts on by left multiplications. It is called a principal bundle with a
structure group G or, simply, a principal bundle if there is no danger of
confusion. Equivalently, a principal G-bundle is defined as a fibre bundle
P (5.3.1) which admits an action of G on P on the right by a fibrewise
morphism

RGP : G×
X
P −→

X
P, (5.3.2)

RgP : p→ pg, πP (p) = πP (pg), p ∈ P,

which is free and transitive on each fibre of P . As a consequence, the
quotient of P with respect to the action (5.3.2) of G is diffeomorphic to a
base X, i.e., P/G = X.

Remark 5.3.1. The definition of a continuous principal bundle is a repe-
tition of that of a smooth one, but all morphisms are continuous.

A principal G-bundle P is equipped with a bundle atlas

ΨP = {(Uα, ψPα ), %αβ} (5.3.3)

whose trivialization morphisms

ψPα : π−1
P (Uα)→ Uα ×G

obey the condition

ψPα (pg) = gψPα (p), g ∈ G.

Due to this property, every trivialization morphism ψPα determines a unique
local section zα : Uα → P such that

(ψPα ◦ zα)(x) = 1, x ∈ Uα.

The transformation law for zα reads

zβ(x) = zα(x)%αβ(x), x ∈ Uα ∩ Uβ . (5.3.4)

Conversely, the family

{(Uα, zα), %αβ} (5.3.5)

of local sections of P which obey the transformation law (5.3.4) uniquely
determines a bundle atlas ΨP of a principal bundle P .

Assertion 5.3.1. It follows that a principal bundle admits a global section
if and only if it is trivial.
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Example 5.3.1. Let H be a closed subgroup of a real Lie group G. Then
H is a Lie group. Let G/H be the quotient of G with respect to an action
of H on G by right multiplications. Then

πGH : G→ G/H (5.3.6)

is a principal H-bundle [147]. If H is a maximal compact subgroup of
G, then G/H is diffeomorphic to Rm and, by virtue of Theorem 1.1.7,
G→ G/H is a trivial bundle, i.e., G is diffeomorphic to the product Rm×H.

Remark 5.3.2. The pull-back f∗P (1.1.8) of a principal bundle also is a
principal bundle with the same structure group.

Remark 5.3.3. Let P → X and P ′ → X ′ be principal G- and G′-bundles,
respectively. A bundle morphism Φ : P → P ′ is a morphism of principal

bundles if there exists a Lie group homomorphism γ : G→ G′ such that

Φ(pg) = Φ(p)γ(g).

In particular, equivalent principal bundles are isomorphic.

Any class of associated smooth bundles on X with a structure Lie group
G contains a principal bundle. In other words, any smooth bundle with a
structure Lie group G is associated with some principal bundle.

Let us consider the tangent morphism

TRGP : (G× gl)×
X
TP −→

X
TP (5.3.7)

to the right action RGP (5.3.2) of G on P . Its restriction to

T1G×
X
TP

provides a homomorphism

gl 3 ε→ ξε ∈ T (P ) (5.3.8)

of the left Lie algebra gl of G to the Lie algebra T (P ) of vector fields on P .
Vector fields ξε (5.3.8) are obviously vertical. They are called fundamental

vector fields [92]. Given a basis {εr} for gl, the corresponding fundamental
vector fields ξr = ξεr form a family of m = dim gl nowhere vanishing and
linearly independent sections of the vertical tangent bundle V P of P → X.
Consequently, this bundle is trivial

V P = P × gl (5.3.9)

by virtue of Theorem 1.1.11.
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Restricting the tangent morphism TRGP (5.3.7) to

TRGP : 0̂(G)×
X
TP −→

X
TP, (5.3.10)

we obtain the tangent prolongation of the structure group action RGP
(5.3.2). If there is no danger of confusion, it is simply called the action

of G on TP . Since the action of G (5.3.2) on P is fibrewise, its action
(5.3.10) is restricted to the vertical tangent bundle V P of P .

Taking the quotient of the tangent bundle TP → P and the vertical
tangent bundle V P of P by G (5.3.10), we obtain the vector bundles

TGP = TP/G, VGP = V P/G (5.3.11)

over X. Sections of TGP → X are G-invariant vector fields on P . Ac-
cordingly, sections of VGP → X are G-invariant vertical vector fields on
P . Hence, a typical fibre of VGP → X is the right Lie algebra gr of G
subject to the adjoint representation of a structure group G. Therefore,
VGP (5.3.11) is called the Lie algebra bundle.

Given a bundle atlas ΨP (5.3.3) of P , there is the corresponding atlas

Ψ = {(Uα, ψα),Ad%αβ
} (5.3.12)

of the Lie algebra bundle VGP , which is provided with bundle coordinates
(Uα;xµ, χm) with respect to the fibre frames

{em = ψ−1
α (x)(εm)},

where {εm} is a basis for the Lie algebra gr. These coordinates obey the
transformation rule

%(χm)εm = χmAd%−1(εm). (5.3.13)

A glance at this transformation rule shows that VGP is a bundle with a
structure group G. Moreover, it is associated with a principal G-bundle P
(see Example 5.7.1).

Accordingly, the vector bundle TGP (5.3.11) is endowed with bundle
coordinates (xµ, ẋµ, χm) with respect to the fibre frames {∂µ, em}. Their
transformation rule is

%(χm)εm = χmAd%−1(εm) + ẋµRmµ εm. (5.3.14)

For instance, if G is a matrix group (see Remark 5.1.2), this transformation
rule reads

%(χm)εm = χm%−1εm%− ẋµ∂µ(%−1)%. (5.3.15)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

5.4. Principal connections. Gauge fields 175

Since the second term in the right-hand sides of expressions (5.3.14) –
(5.3.15) depend on derivatives of a G-valued function % on X, the vector
bundle TGP (5.3.11) fails to be a G-bundle.

The Lie bracket of G-invariant vector fields on P goes to the quotient by
G and defines the Lie bracket of sections of the vector bundle TGP → X.
This bracket reads

ξ = ξλ∂λ + ξpep, η = ηµ∂µ + ηqeq, (5.3.16)

[ξ, η] = (ξµ∂µηλ − ηµ∂µξλ)∂λ + (5.3.17)

(ξλ∂ληr − ηλ∂λξr + crpqξ
pηq)er.

Putting ξλ = 0 and ηµ = 0 in the formulas (5.3.16) – (5.3.17), we obtain
the Lie bracket

[ξ, η] = crpqξ
pηqer (5.3.18)

of sections of the Lie algebra bundle VGP . A glance at the expression
(5.3.18) shows that sections of VGP form a finite-dimensional Lie C∞(X)-
algebra, called the gauge algebra. Therefore, VGP also is called the gauge

algebra bundle.

5.4 Principal connections. Gauge fields

In classical gauge theory, gauge fields are conventionally described as prin-
cipal connections on principal bundles. Principal connections on a principal
bundle P (5.3.1) are connections on P which are equivariant with respect
to the right action (5.3.2) of a structure group G on P . In order to describe
them, we follow the definition of connections on a fibre bundle Y → X as
global sections of the affine jet bundle J1Y → X (Theorem 1.3.1).

Let J1P be the first order jet manifold of a principal G-bundle P → X

(5.3.1). Then connections on a principal bundle P → X are global sections

A : P → J1P (5.4.1)

of the affine jet bundle J1P → P modelled over the vector bundle

T ∗X ⊗
P
V P = (T ∗X ⊗

P
gl).

In order to define principal connections on P → X, let us consider the jet
prolongation

J1RG : J1(X ×G)×
X
J1P → J1P
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of the morphism RGP (5.3.2). Restricting this morphism to

J1RG : 0̂(G)×
X
J1P → J1P,

we obtain the jet prolongation of the structure group action RGP (5.3.2). If
there is no danger of confusion, we call it, simply, the action of G on J1P .
It reads

G 3 g : j1xp→ (j1xp)g = j1x(pg). (5.4.2)

Taking the quotient of the affine jet bundle J1P by G (5.4.2), we obtain
the affine bundle

C = J1P/G→ X (5.4.3)

modelled over the vector bundle

C = T ∗X ⊗
X
VGP → X.

Hence, there is the vertical splitting

V C = C ⊗
X
C

of the vertical tangent bundle V C of C → X.

Remark 5.4.1. A glance at the expression (5.4.2) shows that the fibre
bundle J1P → C is a principal bundle with the structure group G. It is
canonically isomorphic to the pull-back

J1P = PC = C ×
X
P → C. (5.4.4)

Taking the quotient with respect to the action of a structure group
G, one can reduce the canonical imbedding (1.2.5) (where Y = P ) to the
bundle monomorphism

λC : C −→
X

T ∗X ⊗
X
TGP,

λC : dxµ ⊗ (∂µ + χmµ em). (5.4.5)

It follows that, given atlases ΨP (5.3.3) of P and Ψ (5.3.12) of TGP , the bun-
dle of principal connections C is provided with bundle coordinates (xλ, amµ )
possessing the transformation rule

%(amµ )εm = (amν Ad%−1(εm) +Rmν εm)
∂xν

∂x′µ
. (5.4.6)

If G is a matrix group, this transformation rule reads

%(amµ )εm = (amν %
−1(εm)%− ∂µ(%−1)%)

∂xν

∂x′µ
. (5.4.7)
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A glance at this expression shows that the bundle of principal connections
C as like as the vector bundle TGP (5.3.11) fails to be a bundle with a
structure group G.

As was mentioned above, a connection A (5.4.1) on a principal bundle
P → X is called a principal connection if it is equivariant under the action
(5.4.2) of a structure group G, i.e.,

A(pg) = A(p)g g ∈ G. (5.4.8)
There is obvious one-to-one correspondence between the principal connec-
tions on a principal G-bundle P and global sections

A : X → C (5.4.9)
of the factor bundle C → X (5.4.3), called the bundle of principal connec-

tions.

Assertion 5.4.1. Since the bundle of principal connections C → X is
affine, principal connections on a principal bundle always exist.

Due to the bundle monomorphism (5.4.5), any principal connection A

(5.4.9) is represented by a TGP -valued form
A = dxλ ⊗ (∂λ +Aqλeq). (5.4.10)

Taking the quotient with respect to the action of a structure group G, one
can reduce the exact sequence (1.1.19) (where Y = P ) to the exact sequence

0→ VGP −→
X

TGP −→TX → 0. (5.4.11)

A principal connection A (5.4.10) defines a splitting of this exact sequence.

Remark 5.4.2. A principal connection A (5.4.1) on a principal bundle
P → X can be represented by the vertical-valued form A (1.3.9) on P

which is a gl-valued form due to the trivialization (5.3.9). It is the familiar
gl-valued connection form on a principal bundle P [92]. Given a local
bundle splitting (Uα, zα) of P , this form reads

A = ψ∗α(θl −A
q

λdx
λ ⊗ εq), (5.4.12)

where θl is the canonical gl-valued one-form (5.1.9) on G and Apλ are local
functions on P such that

A
q

λ(pg)εq = A
q

λ(p)Adg−1(εq).
The pull-back z∗αA of the connection form A (5.4.12) onto Uα is the well-
known local connection one-form

Aα = −Aqλdx
λ ⊗ εq = Aqλdx

λ ⊗ εq, (5.4.13)
where Aqλ = A

q

λ◦zα are local functions on X. It is readily observed that the
coefficients Aqλ of this form are exactly the coefficients of the form (5.4.10).
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In classical gauge theory, coefficients of the local connection one-form
(5.4.13) are treated as gauge potentials. We use this term in order to refer
to sections A (5.4.9) of the bundle C → X of principal connections.

There are both pull-back and push-forward operations of principal con-
nections [92].

Theorem 5.4.1. Let P be a principal fibre bundle and f∗P (1.1.8) the
pull-back principal bundle with the same structure group. Let fP be the
canonical morphism (1.1.9) of f∗P to P . If A is a principal connection
on P , then the pull-back connection f∗A (1.3.12) on f∗P is a principal
connection.

Theorem 5.4.2. Let P ′ → X and P → X be principle bundles with struc-
ture groups G′ and G, respectively. Let Φ : P ′ → P be a principal bundle
morphism over X with the corresponding homomorphism G′ → G (see Re-
mark 5.3.3). For every principal connection A′ on P ′, there exists a unique
principal connection A on P such that TΦ sends the horizontal subspaces
of TP ′ A′ onto the horizontal subspaces of TP with respect to A.

Let P → X be a principal G-bundle. The Frölicher–Nijenhuis bracket
(1.1.40) on the space O∗(P )⊗T (P ) of tangent-valued forms on P is compat-
ible with the right action RGP (5.3.2). Therefore, it induces the Frölicher–
Nijenhuis bracket on the space

O∗(X)⊗ TGP (X)

of TGP -valued forms on X, where TGP (X) is the vector space of sections
of the vector bundle TGP → X. Note that, as it follows from the exact
sequence (5.4.11), there is an epimorphism

TGP (X)→ T (X).

Let

A ∈ O1(X)⊗ TGP (X)

be a principal connection (5.4.10). The associated Nijenhuis differential is

dA : Or(X)⊗ TGP (X)→ Or+1(X)⊗ VGP (X),

dAφ = [A,φ]FN, φ ∈ Or(X)⊗ TGP (X). (5.4.14)

The strength of a principal connection A (5.4.10) is defined as the VGP -
valued two-form

FA =
1
2
dAA =

1
2
[A,A]FN ∈ O2(X)⊗ VGP (X). (5.4.15)
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Its coordinated expression

FA =
1
2
F rλµdx

λ ∧ dxµ ⊗ er,

F rλµ = [∂λ +Apλep, ∂µ +Aqµeq]
r = (5.4.16)

∂λA
r
µ − ∂µArλ + crpqA

p
λA

q
µ,

results from the bracket (5.3.17).

Remark 5.4.3. However, it should be emphasized that the strength FA
(5.4.15) is not the standard curvature (1.3.23) of a principal connection
because A (5.4.10) is not a tangent-valued form. The curvature of a princi-

pal connection A (5.4.1) on P is the V P -valued two-form R (1.3.23) on P ,
which can be brought into the gl-valued form [92] owing to the canonical
isomorphism (5.3.9).

Regarding principal connections A as gauge potentials in classical gauge
theory, one calls their strength FA (5.4.16) the strength of a gauge field.

Remark 5.4.4. Given a principal connection A (5.4.9), let ΦC be a vertical
principal automorphism of the bundle of principal connections C. The
connection A′ = ΦC ◦ A is called conjugate to a principal connection A.
The strength forms (5.4.15) of conjugate principal connections A and A′

coincide with each other, i.e., FA = FA′ .

5.5 Canonical principal connection

Since gauge potentials are represented by sections of the bundle of principal
connections C → X (5.4.3), classical gauge theory is formulated as field
theory on C. In order to introduce vector fields and connections on C, one
can use the canonical connection on the pull-back principal bundle PC → C

(5.4.4).
Given a principal G-bundle P → X and its jet manifold J1P , let us

consider the canonical morphism θ(1) (1.2.5) where Y = P . By virtue of
Remark 1.1.2, this morphism defines the morphism

θ : J1P ×
P
TP → V P.

Taking its quotient with respect to G, we obtain the morphism

C ×
X
TGP

θ−→VGP, (5.5.1)

θ(∂λ) = −apλep, θ(ep) = ep.
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This means that the exact sequence (5.4.11) admits the canonical splitting
over C [50].

In view of this fact, let us consider the pull-back principal G-bundle PC
(5.4.4). Since

VG(C ×
X
P ) = C ×

X
VGP, TG(C ×

X
P ) = TC ×

X
TGP, (5.5.2)

the exact sequence (5.4.11) for the principal bundle PC reads

0→ C ×
X
VGP −→

C
TC ×

X
TGP −→TC → 0. (5.5.3)

It is readily observed that the morphism (5.5.1) yields the horizontal split-
ting (1.3.3):

TC ×
X
TGP −→C ×

X
TGP −→C ×

X
VGP,

of the exact sequence (5.5.3) and, consequently, it defines the principal
connection

A : TC → TC ×
X
TGP,

A = dxλ ⊗ (∂λ + apλep) + darλ ⊗ ∂λr , (5.5.4)

A ∈ O1(C)⊗ TG(C ×
X
P )(X),

on the principal bundle

PC = C ×
X
P → C. (5.5.5)

It follows that the principal bundle PC admits the canonical principal con-

nection (5.5.4).
Following the expression (5.4.15), let us define the strength

FA =
1
2
dAA =

1
2
[A,A] ∈ O2(C)⊗ VGP (X),

FA = (darµ ∧ dxµ +
1
2
crpqa

p
λa
q
µdx

λ ∧ dxµ)⊗ er, (5.5.6)

of the canonical principal connection A (5.5.4). It is called the canonical

strength because, given a principal connection A (5.4.9) on a principal
bundle P → X, the pull-back

A∗FA = FA (5.5.7)

is the strength (5.4.16) of A.
With the VGP -valued two-form FA (5.5.6) on C, let us define the VGP -

valued horizontal two-form

F = h0(FA) =
1
2
Frλµdxλ ∧ dxµ ⊗ εr,

Frλµ = arλµ − arµλ + crpqa
p
λa
q
µ, (5.5.8)
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on J1C. It is called the strength form. For each principal connection A

(5.4.9) on P , the pull-back

J1A∗F = FA (5.5.9)

is the strength (5.4.16) of A.
The strength form (5.5.8) yields an affine surjection

F/2 : J1C −→
C

C ×
X

(
2
∧T ∗X ⊗ VGP ) (5.5.10)

over C of the affine jet bundle J1C → C to the vector (and, consequently,
affine) bundle

C ×
X

(
2
∧T ∗X ⊗ VGP )→ C.

By virtue of Theorem 1.1.10, its kernel C+ = Ker F/2 is an affine subbundle
of J1C → C. Thus, we have the canonical splitting of the affine jet bundle

J1C = C+⊕
C
C− = C+⊕

C
(C ×

X

2
∧T ∗X ⊗ VGP ), (5.5.11)

arλµ =
1
2
(Frλµ + Srλµ) =

1
2
(arλµ + arµλ − crpqa

p
λa
q
µ) + (5.5.12)

1
2
(arλµ − arµλ + crpqa

p
λa
q
µ).

The corresponding canonical projections are pr2 = F/2 (5.5.10) and

pr1 = S/2 : J1C → C+. (5.5.13)

The jet manifold J1C plays a role of the configuration space of classical
gauge theory on principal bundles. Its splitting (5.5.11) exemplifies the
splitting (2.4.65), but it is not related to a Lagrangian.

5.6 Gauge transformations

In classical gauge theory, gauge transformations are defined as principal
automorphisms of a principal bundle P . In accordance with Remark 5.3.3,
an automorphism ΦP of a principal G-bundle P is called principal if it is
equivariant under the right action (5.3.2) of a structure group G on P , i.e.,

ΦP (pg) = ΦP (p)g, g ∈ G, p ∈ P. (5.6.1)

In particular, every vertical principal automorphism of a principal bun-
dle P is represented as

ΦP (p) = pf(p), p ∈ P, (5.6.2)
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where f is a G-valued equivariant function on P , i.e.,

f(pg) = g−1f(p)g, g ∈ G. (5.6.3)

There is one-to-one correspondence between the equivariant functions f
(5.6.3) and the global sections s of the associated group bundle

πPG : PG → X (5.6.4)

whose fibres are groups isomorphic to G and whose typical fibre is the
group G which acts on itself by the adjoint representation. This one-to-one
correspondence is defined by the relation

s(πP (p))p = pf(p), p ∈ P, (5.6.5)

(see Example 5.7.2). The group of vertical principal automorphisms of a
principal G-bundle is called the gauge group. It is isomorphic to the group
PG(X) of global sections of the group bundle (5.6.4). Its unit element is
the canonical global section 1̂ of PG → X whose values are unit elements
of fibres of PG.

Remark 5.6.1. Note that transition functions of atlases of a principle
bundle P also are represented by local sections of the associated group
bundle PG (5.6.4).

Remark 5.6.2. Though PG → X is not a vector bundle, one can define
an appropriate Sobolev completion PG(X) of the gauge group PG(X) if G
is a matrix group [112; 116] such that PG(X) is a Lie group. Its Lie algebra
is the corresponding Sobolev completion G(X) of the gauge algebra G(X)
of global sections of the Lie algebra bundle VGP → X.

In order to describe gauge symmetries of gauge theory on a principal
bundle P , let us restrict our consideration to (local) one-parameter groups
of principal automorphisms of P . Their infinitesimal generators are G-
invariant projectable vector fields ξ on P , and vice versa. We call ξ the
principal vector fields or the infinitesimal gauge transformations. They
are represented by sections ξ (5.3.16) of the vector bundle TGP (5.3.11).
Principal vector fields constitute a real Lie algebra TGP (X) with respect
to the Lie bracket (5.3.17). Vertical principal vector fields are the sections

ξ = ξpep (5.6.6)

of the gauge algebra bundle VGP → X (5.3.11). They form a finite-
dimensional Lie C∞(X)-algebra G(X) = VGP (X) (5.3.18) that has been
called the gauge algebra.
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Any (local) one-parameter group of principal automorphism ΦP (5.6.1)
of a principal bundle P admits the jet prolongation J1ΦP (1.2.7) to
a one-parameter group of G-equivariant automorphism of the jet mani-
fold J1P which, in turn, yields a one-parameter group of principal au-

tomorphisms ΦC of the bundle of principal connections C (5.4.3) [89;
112]. Its infinitesimal generator is a vector field on C, called the princi-
pal vector field on C and regarded as an infinitesimal gauge transformation
of C. Thus, any principal vector field ξ (5.3.16) on P yields a principal
vector field uξ on C, which can be defined as follows.

Using the morphism (5.5.1), we obtain the morphism

ξcθ : C −→
X

VGP,

which is a section of of the Lie algebra bundle

VG(C ×
X
P )→ C

in accordance with the first formula (5.5.2). Then the equation

uξcFA = dA(ξcθ)

uniquely determines a desired vector field uξ on C. A direct computation
leads to

uξ = ξµ∂µ + (∂µξr + crpqa
p
µξ
q − arν∂µξν)∂µr . (5.6.7)

In particular, if ξ is a vertical principal field (5.6.6), we obtain the vertical
vector field

uξ = (∂µξr + crpqa
p
µξ
q)∂µr . (5.6.8)

Remark 5.6.3. The jet prolongation (1.2.8) of the vector field uξ (5.6.7)
onto J1C reads

J1uξ = uξ + (∂λµξr + crpqa
p
µ∂λξ

q + crpqa
p
λµξ

q − (5.6.9)

arν∂λµξ
ν − arλν∂µξν − arνµ∂λξν)∂λµr .

Example 5.6.1. Let A (5.4.10) be a principal connection on P . For any
vector field τ on X, this connection yields a section

τcA = τλ∂λ +Apλτ
λep

of the vector bundle TGP → X. It, in turn, defines a principal vector field
(5.6.7) on the bundle of principal connection C which reads

τA = τλ∂λ + (∂µ(Arντ
ν) + crpqa

p
µA

q
ντ
ν − arν∂µτν)∂µr , (5.6.10)

ξλ = τλ, ξp = Apντ
ν .
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It is readily justified that the monomorphism

TGP (X) 3 ξ → uξ ∈ T (C) (5.6.11)

obeys the equality

u[ξ,η] = [uξ, uη], (5.6.12)

i.e., it is a monomorphism of the real Lie algebra TGP (X) to the real Lie
algebra T (C). In particular, the image of the gauge algebra G(X) in T (C)
also is a real Lie algebra, but not the C∞(X)-one because

ufξ 6= fuξ, f ∈ C∞(X).

Remark 5.6.4. A glance at the expression (5.6.7) shows that the
monomorphism (5.6.11) is a linear first order differential operator which
sends sections of the pull-back bundle

C ×
X
TGP → C

onto sections of the tangent bundle TC → C. Refereing to Definition 2.3.1,
we therefore can treat principal vector fields (5.6.7) as infinitesimal gauge
transformations depending on gauge parameters ξ ∈ TGP (X).

5.7 Geometry of associated bundles. Matter fields

Given a principal G-bundle P (5.3.1), any associated G-bundle over X with
a typical fibre V is equivalent to the following one.

Let us consider the quotient

Y = (P × V )/G (5.7.1)

of the product P × V by identification of elements (p, v) and (pg, g−1v) for
all g ∈ G. Let [p] denote the restriction of the canonical surjection

P × V → (P × V )/G (5.7.2)

to the subset {p} × V so that

[p](v) = [pg](g−1v).

Then the map

Y 3 [p](V )→ πP (p) ∈ X

makes the quotient Y (5.7.1) into a fibre bundle over X. This is a smooth
G-bundle with the typical fibre V which is associated with the principal
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G-bundle P . For short, we call it the P -associated bundle. In classical
gauge theory, sections of a P -associated bundle describe matter fields.

Remark 5.7.1. The tangent morphism to the morphism (5.7.2) and the
jet prolongation of the morphism (5.7.2) lead to the bundle isomorphisms

TY = (TP × TV )/G, (5.7.3)

J1Y = (J1P × V )/G. (5.7.4)

The peculiarity of the P -associated bundle Y (5.7.1) is the following.
(i) Every bundle atlas ΨP = {(Uα, zα)} (5.3.5) of P defines a unique

associated bundle atlas

Ψ = {(Uα, ψα(x) = [zα(x)]−1)} (5.7.5)

of the quotient Y (5.7.1).

Example 5.7.1. Because of the splitting (5.3.9), the Lie algebra bundle

VGP = (P × gl)/G,

by definition, is of the form (5.7.1). Therefore, it is a P -associated bundle.

Example 5.7.2. The group bundle P (5.6.4) is defined as the quotient

PG = (P ×G)/G, (5.7.6)

where the group G which acts on itself by the adjoint representation. There
is the following fibre-to-fibre action of the group bundle PG on any P -
associated bundle Y (5.7.1):

PG×
X
Y −→

X
Y,

((p, g)/G, (p, v)/G)→ (p, gv)/G, g ∈ G, v ∈ V.

For instance, the action of PG on P in the formula (5.6.5) is of this type.

(ii) Any principal automorphism ΦP (5.6.1) of P yields a unique prin-

cipal automorphism

ΦY : (p, v)/G→ (ΦP (p), v)/G, p ∈ P, v ∈ V, (5.7.7)

of the P -associated bundle Y (5.7.1). For the sake of brevity, we agree to
write

ΦY : (P × V )/G→ (ΦP (P )× V )/G.

Accordingly, any (local) one-parameter group of principal automorphisms
of P induces a (local) one-parameter group of automorphisms of the P -
associated bundle Y (5.7.1). Passing to infinitesimal generators of these
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groups, we obtain that any principal vector field ξ (5.3.16) yields a vector
field υξ on Y regarded as an infinitesimal gauge transformation of Y . Owing
to the bundle isomorphism (5.7.3), we have

υξ : X → (ξ(P )× TV )/G ⊂ TY,
υξ = ξλ∂λ + ξpIip∂i, (5.7.8)

where {Ip} is a representation of the Lie algebra gr of G in V .
(iii) Any principal connection on P → X defines a unique connection

on the P -associated fibre bundle Y (5.7.1) as follows. Given a principal
connection A (5.4.8) on P and the corresponding horizontal distribution
HP ⊂ TP , the tangent map to the canonical morphism (5.7.2) defines the
horizontal splitting of the tangent bundle TY of Y (5.7.1) and the corre-
sponding connection on Y → X [92]. Owing to the bundle isomorphism
(5.7.4), we have

A : (P × V )/G→ (A(P )× V )/G ⊂ J1Y,

A = dxλ ⊗ (∂λ +ApλI
i
p∂i), (5.7.9)

where {Ip} is a representation of the Lie algebra gr of G in V [94]. The
connection A (5.7.9) on Y is called the associated principal connection or,
simply, a principal connection on Y → X. The curvature (1.3.24) of this
connection takes the form

R =
1
2
F pλµI

i
pdx

λ ∧ dxµ ⊗ ∂i. (5.7.10)

Example 5.7.3. A principal connection A on P yields the associated con-
nection (5.7.9) on the associated Lie algebra bundle VGP which reads

A = dxλ ⊗ (∂λ − cmpqA
p
λξ
qem). (5.7.11)

Remark 5.7.2. If an associated principal connection A is linear, one can
define its strength

FA =
1
2
F pλµIpdx

λ ∧ dxµ, (5.7.12)

where Ip are matrices of a representation of the Lie algebra gr in fibres of
Y with respect to the fibre bases {ei(x)}. They coincide with the matrices
of a representation of gr in the typical fibre V of Y with respect to its fixed
basis {ei} (see the relation (1.1.10). It follows that G-valued transition
functions act on Ip by the adjoint representation. Note that, because of
the canonical splitting (1.1.17), one can identify ei(x) = ∂i. Therefore, the
strength form (5.7.12) can be represented as a E⊗

X
E∗-valued two-form on

X.
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In view of the above mentioned properties, the P -associated bundle Y
(5.7.1) is called canonically associated to a principal bundle P . Unless
otherwise stated, only canonically associated bundles are considered, and
we simply call Y (5.7.1) an associated bundle.

Remark 5.7.3. Since the bundle of principal connection C is not P -
associated, connections on C are introduced in a different way. For this
purpose, let us consider a symmetric world connection K∗ (1.3.40) on the
cotangent bundle T ∗X → X of X and a principal connection A on P → X.
The latter defines the associated connection A (5.7.11) on the Lie algebra
bundle VGP → X. Let us consider the tensor product connection Γ (1.3.38)
on the bundle

T ∗X ⊗
X
VGP → X

induced by K (1.3.39) and A (5.7.11). Given the coordinates (xλ, arµ, a
r
λµ)

on the jet manifold

J1(T ∗X ⊗
X
VGP ),

we obtain

Γ = dxλ ⊗ [∂λ + (−Kλ
ν
µa

r
ν − crpqaqµA

p
λ)∂

µ
r )]. (5.7.13)

Given the bundle morphism

DA : C 3 arµ −→
X

arµ −Arµ ∈ T ∗X ⊗
X
VGP

(1.1.21), the commutative diagram

J1C
J1DA−→ J1(T ∗X ⊗

X
VGP )

ΓA
6 6 Γ

C
DA−→ T ∗X ⊗

X
VGP

defines a section

arλµ ◦ Γ = ∂λA
r
µ − crpq(aqµ −Aqµ)A

p
λ −Kλ

ν
µ(arν −Arν)

of the affine jet bundle J1C → C, i.e., the connection

ΓA = dxλ ⊗ [∂λ + (∂λArµ − crpq(aqµ −Aqµ)A
p
λ − (5.7.14)

Kλ
ν
µ(arν −Arν))∂µr ]

on the bundle of principal connections C → X. A glance at the expression
(5.7.14) shows that ΓA is an affine connection on the affine bundle C → X,
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while the corresponding linear connection (1.3.46) is Γ. Moreover, it is
easily seen that A is an integral section of the connection ΓA (5.7.14).
The connection (5.7.14) is not a unique one defined by a symmetric world
connection K and a principal connection A. The strength FA of A can be
seen as a soldering form

FA = F rλµdx
λ ⊗ ∂µr (5.7.15)

on C. Then there is another connection

Γ′A = ΓA − FA (5.7.16)

on C → X. Let us assume that a vector field τ on X is an integral section
of a symmetric world connection K (see Remark 1.3.4). Then it is readily
observed that the horizontal lift Γ′Aτ of τ by means of the connection Γ′A
(5.7.16) coincides with the vector field τ̃A (5.6.10) on the fibre bundle C.

5.8 Yang–Mills gauge theory

Let us consider first order Lagrangian gauge theory on a principal bundle P .
Its configuration space is the first order jet manifold J1C of the bundle of
principal connections C (5.4.3), endowed with bundle coordinates (xµ, amµ )
possessing transition functions (5.4.6). Given a first order Lagrangian

L = Lω : J1C →
n
∧T ∗X (5.8.1)

on J1C, the corresponding Euler–Lagrange operator (2.1.12) reads

EL = Eµr θrµ ∧ ω = (∂µr − dλ∂λµr )Lθrµ ∧ ω. (5.8.2)

Its kernel defines the Euler–Lagrange equation

Eµr = (∂µr − dλ∂λµr )L = 0. (5.8.3)

5.8.1 Gauge field Lagrangian

Let us assume that a gauge theory Lagrangian L (5.8.1) on J1C is invariant
under vertical gauge transformations (or, in short, gauge invariant). This
means that vertical principal vector fields (5.6.8):

uξ = (∂µξr + crpqa
p
µξ
q)∂µr , (5.8.4)

are exact symmetries of L, that is,

LJ1uξ
L = 0, (5.8.5)
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where

J1uξ = uξ + (∂λµξr + crpqa
p
µ∂λξ

q + crpqa
p
λµξ

q)∂λµr
(see the formula (5.6.9)). Then it follows from Remark 5.6.4 that vertical
principal vector fields uξ (5.8.4) are gauge symmetries of L whose gauge
parameters are sections ξ (5.6.6) of the Lie algebra bundle VGP . In this
case, the first variational formula (2.4.29) for the Lie derivative (5.8.5) takes
the form

0 = (∂µξr + crpqa
p
µξ
q)Eµr + dλ[(∂µξr + crpqa

p
µξ
q)∂λµr L)]. (5.8.6)

It leads to the gauge invariance conditions (2.4.43) – (2.4.46) which read

∂µλp L+ ∂λµp L = 0, (5.8.7)

Eµr + dλ∂
λµ
r L+ cqpra

p
ν∂

µν
q L = 0, (5.8.8)

crpq(a
p
µEµr + dλ(apµ∂

λµ
r L)) = 0. (5.8.9)

One can regard the equalities (5.8.7) – (5.8.9) as the conditions of a
Lagrangian L to be gauge invariant. They are brought into the form

∂µλp L+ ∂λµp L = 0. (5.8.10)

∂µq L+ crpqa
p
ν∂

µν
r L = 0, (5.8.11)

crpq(a
p
µ∂

µ
r L+ apλµ∂

λµ
r L) = 0. (5.8.12)

Let us utilize the coordinates (aqµ,Frλµ,Srλµ) (5.5.12) which correspond to
the canonical splitting (5.5.11) of the affine jet bundle J1C → C. With
respect to these coordinates, the equation (5.8.10) reads

∂L
∂Spµλ

= 0. (5.8.13)

Then the equation (5.8.11) takes the form
∂L
∂aqµ

= 0. (5.8.14)

A glance at the equalities (5.8.13) and (5.8.14) shows that a gauge invariant
Lagrangian factorizes through the strength F (5.5.8) of a gauge field. Then
the equation (5.8.12, written as

crpqF
p
λµ

∂L
∂Frλµ

= 0,

shows that the gauge symmetry uξ of a Lagrangian L is exact. The following
thus has been proved.

Theorem 5.8.1. A gauge theory Lagrangian (5.8.1) possesses the exact
gauge symmetry uξ (5.8.4) only if it factorizes through the strength F
(5.5.8).
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A corollary of this result is the well-known Utiyama theorem [23].

Theorem 5.8.2. There is a unique gauge invariant quadratic first order
Lagrangian (with the accuracy to variationally trivial ones). It is the con-
ventional Yang–Mills Lagrangian

LYM =
1
4
aGpqg

λµgβνFpλβF
q
µν

√
|g|ω, g = det(gµν), (5.8.15)

where aG is a G-invariant bilinear form on the Lie algebra gr and g is a
world metric on X.

The Euler–Lagrange operator of the Yang–Mills Lagrangian LYM is

EYM = Eµr θµr ∧ ω = (δnr dλ + cnrpa
p
λ)(a

G
nqg

µαgλβFqαβ
√
|g|)θrµ ∧ ω. (5.8.16)

Its kernel defines the Yang–Mills equations

Eµr = (δnr dλ + cnrpa
p
λ)(a

G
nqg

µαgλβFqαβ
√
|g|) = 0. (5.8.17)

We call a Lagrangian system (S∗∞[C], LYM) the Yang–Mills gauge the-

ory.

Remark 5.8.1. In classical gauge theory, there are Lagrangians, e.g., the
Chern–Simons one (see Section 8.2) which do not factorize through the
strength of a gauge field, and whose gauge symmetry uξ (5.8.4) is varia-
tional, but not exact.

5.8.2 Conservation laws

Since the gauge symmetry uξ of the Yang–Mills Lagrangian (5.8.15) is exact,
the first variational formula (5.8.6) leads to the weak conservation law

0 ≈ dλ(−uξµr ∂λµr LYM) (5.8.18)

of the Noether current

J λξ = −(∂µξr + crpqa
p
µξ
q)(aGrqg

µαgλβFqαβ
√
|g|). (5.8.19)

In accordance with Theorem 2.4.2, the Noether current (5.8.19) is brought
into the superpotential form (2.4.50) which reads

J λξ = ξrEµr + dν(ξr∂[νµ]
r LYM), (5.8.20)

Uνµ = ξraGrqg
ναgµβFqαβ

√
|g|. (5.8.21)

Let us study energy-momentum conservation laws in Yang–Mills gauge
theory. If a background world metric g is specified, one can find a particular
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vector field τ on X and its lift γτ (2.4.39) onto C which is an exact sym-
metry of the Yang–Mills Lagrangian (5.8.15). Then the energy-momentum
current (2.4.40) along such a symmetry is conserved. We here obtain the
energy-momentum conservation law as a gauge conservation law in the case
of an arbitrary world metric g and any vector field τ on X.

Given an arbitrary vector field τ on X, let A be a principal connection
on P and τA (5.6.10) the lift of τ onto the bundle of principal connections
C. Let us consider the energy-momentum current along the vector field τA
(5.6.10) [112; 135].

Since the Yang–Mills Lagrangian (5.8.15) depends on a background
world metric g, the vector field τA (5.6.10) is not its exact symmetry in
general. Following the procedure in Section 2.4.6, let us consider the total
Lagrangian

L =
1
4
aGpqσ

λµσβνFpλβF
q
µν

√
|σ|ω, σ = det(σµν), (5.8.22)

on the total configuration space

J1(C ×
X

2
∨TX)

where the tensor bundle
2
∨TX is provided with the holonomic fibre coor-

dinates (σµν). Given a vector field τ on X, there exists its canonical lift
(1.1.26):

τ̃ = τλ∂λ + (∂ντασνβ + ∂ντ
βσνα)∂αβ ,

onto the tensor bundle
2
∨T ∗X. It is the infinitesimal generator of a local

one-parameter group of general covariant transformations of
2
∨T ∗X (see

Section 6.1). Thus, we have the lift

τ̃A = τλ∂λ + (∂µ(Arντ
ν) + crpqa

p
µA

q
ντ
ν − arν∂µτν)∂µr + (5.8.23)

(∂ντασνβ + ∂ντ
βσνα)∂αβ

of a vector field τ on X onto the product

C ×
X

2
∨T ∗X.

Its is readily observed that the vector field τ̃A (5.8.23) is an exact sym-
metry of the total Lagrangian (5.8.22). One the shell (5.8.17), we then
obtain the weak transformation law (2.4.75). This reads

0 ≈ (∂νταgνβ + ∂ντ
βgνα − ∂λgαβτλ)∂αβL − dλJ λA , (5.8.24)
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where

J λA = ∂λµr LYM[τνarνµ − ∂µ(Arντν)− crpqapµAqντν + (5.8.25)

arν∂µτ
ν ]− τλLYM

is the energy-momentum current along the vector field τA (5.6.10).
The weak identity (5.8.24) can be written in the form

0 ≈ ∂λτµtλµ
√
|g| − τµ{µβλ}tλβ

√
|g| − dλJ λA , (5.8.26)

where {µβλ} are the Christoffel symbols (1.3.44) of a world metric g and

tµβ
√
|g| = 2gµα∂αβLYM = (Fqβν∂

µν
q − δ

µ
β )LYM

is the metric energy-momentum tensor of a gauge field. In particular, let a
principal connection B be a solution of the Yang–Mills equations (5.8.17).
Let us consider the lift (5.6.10) of a vector field τ on X onto C by means
of the principal connection A = B. In this case, the energy-momentum
current (5.8.25) reads

J λB ◦B = τµ(tλµ ◦B)
√
|g|. (5.8.27)

Then the weak identity (5.8.26) on a solution B takes the form of the
familiar covariant conservation law

∇λ((tλµ ◦B)
√
|g|) = 0, (5.8.28)

where ∇ is the covariant derivative with respect to the Levi–Civita connec-
tion {µβλ} of the background metric g.

Note that, considering a different lift γτ of a vector field τ on X to a
principal vector field on C, we obtain an energy-momentum current along
γτ which differs from J λB (5.8.27) in a Noether current (5.8.20). Since such
a current is reduced to a superpotential, one can always bring the energy-
momentum transformation law (5.8.24) into the covariant conservation law
(5.8.28).

5.8.3 BRST extension

The gauge invariance conditions (5.8.7) – (5.8.9) lead to the Noether iden-
tities which the Euler–Lagrange operator EYM (5.8.16) of the Yang–Mills
Lagrangian (5.8.15) satisfies (see Remark 2.4.6). These Noether identities
are associated to the gauge symmetry uξ (5.8.4). By virtue of the formula
(2.3.7), they read

cprqa
q
µEµp + dµEµr = 0. (5.8.29)

Lemma 5.8.1. The Noether identities (5.8.29) are non-trivial.
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Proof. Following the procedure in Section 4.1, let us consider the density
dual

V C = V ∗C ⊗
C

n
∧T ∗X = (T ∗X ⊗

X
VGP )∗⊗

C

n
∧T ∗X (5.8.30)

of the vertical tangent bundle V C of C → X, and let us enlarge the differ-
ential graded algebra S∗∞[C] to the differential bigraded algebra (4.1.6):

P∗∞[V C;C] = S∗∞[V C;C],

possessing the local generating basis (arµ, a
µ
r ) where aµr are odd antifields.

Providing this differential bigraded algebra with the nilpotent right graded
derivation

δ =
←
∂

∂aµr
Eµr ,

let us consider the chain complex (4.1.8). Its one-chains

∆r = cprqa
q
µa

µ
p + dµa

µ
r (5.8.31)

are δ-cycles which define the Noether identities (5.8.29). Clearly, they are
not δ-boundaries. Therefore, the Noether identities (5.8.29) are non-trivial.�

Lemma 5.8.2. The Noether identities (5.8.29) are complete.

Proof. The second order Euler–Lagrange operator EYM (5.8.16) takes its
values into the space of sections of the vector bundle

(T ∗X ⊗
X
VGP )∗⊗

X

n
∧T ∗X → X.

Let Φ be a first order differential operator on this vector bundle such that

Φ ◦ EYM = 0.

This condition holds only if the highest derivative term of the composition
Φ1 ◦ E2

YM of the first order derivative term Φ1 of Φ and the second order
derivative term E2

YM of EYM vanishes. This is the case only of

Φ1 = ∆1
r = dµa

µ
r . �

The graded densities ∆rω (5.8.31) constitute a local basis for a C∞(X)-
module C(0) isomorphic to the module VGP (X) of sections of the density
dual VGP of the Lie algebra bundle VGP → X. Let us enlarge the differ-
ential bigraded algebra P∗∞[V C;C] to the differential bigraded algebra

P∗∞{0} = S∗∞[V C;C ×
X
VGP ]

possessing the local generating basis (arµ, a
µ
r , cr) where cr are even Noether

antifields.

Lemma 5.8.3. The Noether identities (5.8.29) are irreducible.
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Proof. Providing the differential bigraded algebra P∗∞{0} with the nilpo-
tent odd graded derivation

δ0 = δ +
←
∂

∂cr
∆r,

let us consider the chain complex (4.1.16). Let us assume that Φ (4.1.17)
is a two-cycle of this complex, i.e., the relation (4.1.18) holds. It is readily
observed that Φ obeys this relation only if its first term G is δ-exact, i.e.,
the first-stage Noether identities (4.1.18) are trivial. �

It follows from Lemmas 5.8.1 – 5.8.3 that Yang–Mills gauge theory is
an irreducible degenerate Lagrangian theory characterized by the complete
Noether identities (5.8.29).

Following inverse second Noether Theorem 4.2.1, let us consider the
differential bigraded algebra

P ∗∞{0} = S∗∞[V C ⊕
C
VGP ;C ×

X
VGP ] (5.8.32)

with the local generating basis (arµ, a
µ
r , c

r, cr) where cr are odd ghosts. The
gauge operator u (4.2.8) associated to the Noether identities (5.8.29) reads

u = u = (crµ + crpqa
p
µc
q)∂µr . (5.8.33)

It is an odd gauge symmetry of the Yang–Mills Lagrangian LYM which can
be obtained from the gauge symmetry uξ (5.8.4) by replacement of gauge
parameters ξr with odd ghosts cr (see Remark 4.2.1).

Since the gauge symmetries uξ form a Lie algebra (5.6.12), the gauge
operator u (5.8.33) admits the nilpotent BRST extension

b = (crµ + crpqa
p
µc
q)

∂

∂arµ
− 1

2
crpqc

pcq
∂

∂cr
,

which is the well-known BRST operator in Yang–Mills gauge theory [63].
Then, by virtue of Theorem 4.4.2, the Yang–Mills Lagrangian LYM is ex-
tended to a proper solution of the master equation

LE = LYM + (crµ + crpqa
p
µc
q)aµrω −

1
2
crpqc

pcqcrω.

5.8.4 Matter field Lagrangian

Let P be a principal bundle, and let Y (5.7.1) be a P -associated bundle
coordinated by (xµ, yi). Treating sections of Y as matter fields, let us con-
sider a Lagrangian system of gauge and matter fields. Its total Lagrangian
Ltot is defined on the configuration space

J1(C ×
X
V ) = J1C ×

X
J1Y. (5.8.34)
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This Lagrangian is the sum

Ltot = LYM + Lm (5.8.35)

where LYM is the pull-back of the Yang–Mills Lagrangian (5.8.15) onto
the total configuration space (5.8.34) and Lm is a matter field Lagrangian
describing matter fields in the presence of a gauge field.

Let us assume that the total Lagrangian (5.8.34) is gauge invariant
and, consequently, that a matter field Lagrangian Lm is separately gauge
invariant. We also assume that Lm depends on gauge fields, but not their
derivatives, i.e., Lm is defined on the pull-back bundle

C ×
X
J1Y, (5.8.36)

coordinated by (xλ, arλ, y
i, yiλ). Infinitesimal gauge transformations of this

bundle are given by vector fields

ϑξ = uξ + J1υξ = (∂µξr + crpqa
p
µξ
q)∂µr + ξpIip∂i + dλ(ξpIip)∂

λ
i . (5.8.37)

The gauge invariance condition reads

LϑxiLm = [(∂µξr + crpqa
p
µξ
q)∂µr Lm + ξpIipEi + dµ(ξpIip∂

µ
i Lm)]ω = 0.

This condition leads to the equality (2.4.45):

∂µr Lm + Iir∂
µ
i Lm = 0,

which results in the following.

Assertion 5.8.1. It follows that a gauge invariant matter field Lagrangian
factorizes as

Lm : C ×
X
J1Y

D−→C ×
X

(T ∗X ⊗
X
V Y )→

n
∧T ∗X

through the covariant differential

D = (yiµ − arµIir)dxµ ⊗ ∂i (5.8.38)

relative to some principal connection on Y → X.

Remark 5.8.2. If a matter field Lagrangian Lm factorizes through the
covariant differential D (5.8.38), it can be regarded as a function of formal
variables yi and kiλ = Di

λ. The infinitesimal gauge transformations (5.8.37)
of these variables read

ϑξ = ξpIip∂i + ξp∂j(Iip)k
j
λ

∂

∂kiλ
.

It is independent of derivatives ∂µξp of gauge parameters ξp. Therefore,
the gauge invariance condition (2.4.45) is trivially satisfied.
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As a consequence, the Euler–Lagrange equation of the total Lagrangian
(5.8.35) of gauge and matter fields takes the form

δiLm − dλ∂λi Lm = 0, (5.8.39)

(δnr dλ + cnrpa
p
λ)(a

G
nqg

µαgλβFqαβ
√
|g|)− ∂µi LmI

i
r = 0. (5.8.40)

The equation (5.8.39) is an equation of motion of matter fields in the pres-
ence of a gauge fields. A glance at the equation (5.8.40) shows that matter
sources of a gauge field are components

Jµr = −∂µi LmI
i
r

of the Noether current (2.4.34):

J µ = Jµr ξ
r = −∂µi Lmυ

i
ξ,

of matter fields.

5.9 Yang–Mills supergauge theory

Yang–Mills gauge theory onX = Rn is straightforwardly extended to Yang–
Mills supergauge theory by replacement of a Lie algebra gr with a Lie
superlagebra. Yang–Mills supergauge theory exemplifies Lagrangian theory
of even and odd fields.

Let

g = g0 ⊕ g1

be a finite-dimensional real Lie superalgebra with the basis {εr}, r =
1, . . . ,m, and real structure constants crij . They obey the relations

crij = −(−1)[i][j]crji, [r] = [i] + [j],

(−1)[i][b]crijc
j
ab + (−1)[a][i]crajc

j
bi + (−1)[b][a]crbjc

j
ia = 0,

where [r] denotes the Grassmann parity of εr. Given the universal envelop-
ing algebra g of g, we assume that there exists an even quadratic Casimir
element hijεiεj of g such that the matrix hij is non-degenerate. Yang–

Mills supergauge theory on X = Rn associated to this Lie superalgebra is
described by the differential bigraded algebra (4.1.6):

P∗∞[F ;Y ] = S∗∞[F ;Y ],

where

F = g⊗
X
T ∗X, Y = g0⊗

X
T ∗X.
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It possesses the generating basis (arλ) of Grassmann parity [arλ] = [r]. First
jets of its elements admit the splitting

arλµ =
1
2
(Frλµ + Srλµ) = (5.9.1)

1
2
(arλµ − arµλ + crija

i
λa
j
µ) +

1
2
(arλµ + arµλ − crijaiλajµ)

(cf. (5.5.12)). Given a constant metric g on Rn, the graded Yang–Mills

Lagrangian reads

LYM =
1
4
hijg

λµgβνF iλβFjµνω.

Its variational derivatives Eλr obey the irreducible complete Noether iden-
tities

crjia
i
λEλr + dλEλj = 0.

Therefore, let us enlarge the differential bigraded algebra P∗∞[F ;Y ] to
the differential bigraded algebra

P ∗∞{0} = S∗∞[F ⊕
X
F ⊕
X
E0⊕

X
E0;Y ],

F = g∗⊗
X
TX ⊗

X

n
∧T ∗X,

E0 = X × g, E0 = g∗×
X

n
∧T ∗X.

Its generating basis (arλ, a
λ
r , c

r, cr) contains gauge fields arλ, their antifields
aλr of Grassmann parity

[aλr ] = ([r] + 1)mod 2,

the ghosts cr of Grassmann parity

[cr] = ([r] + 1)mod 2,

and the Noether antifields cr of Grassmann parity [cr] = [r]. Then the
gauge operator (4.2.8) reads

u = (crλ − crjicjaiλ)
∂

∂arλ
.

It admits the nilpotent BRST extension

b = (crλ − crjicjaiλ)
∂

∂arλ
− 1

2
(−1)[i]crijc

icj
∂

∂cr
.

The corresponding proper solution (4.4.10) of the master equation takes
the form

LE = LYM + (crλ − crjicjaiλ)aλrω −
1
2
(−1)[i]crijc

icjcrω.
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5.10 Reduced structure. Higgs fields

Gauge theory deals with the three types of classical fields. These are gauge
potentials, matter fields and Higgs fields. Higgs fields are responsible for
spontaneous symmetry breaking. Spontaneous symmetry breaking is a
quantum phenomenon, but it is characterized by a classical background
Higgs field. Therefore, it also is described in classical field theory. In clas-
sical gauge theory on a principal bundle P → X, spontaneous symmetry

breaking is characterized by the reduction of a structure Lie group G of
this principal bundle to a closed subgroup H of exact symmetries [83; 89;
120; 131; 155].

5.10.1 Reduction of a structure group

Let H and G be Lie groups and φ : H → G a Lie group homomorphism. If
PH → X is a principal H-bundle, there always exists a principal G-bundle
PG → X together with the principal bundle morphism

Φ : PH −→
X

PG (5.10.1)

over X (see Remark 5.3.3). It is the PH -associated bundle

PG = (PH ×G)/H

with the typical fibreG on whichH acts on the left by the rule h(g) = φ(h)g,
while G acts on PG as

G 3 g′ : (p, g)/H → (p, gg′)/H.

Conversely, if PG → X is a principal G-bundle, a problem is to find a
principal H-bundle PH → X together with a principal bundle morphism
(5.10.1). If H → G is a closed subgroup, we have the structure group

reduction. If H → G is a group epimorphism (a group extension (10.4.10)),
one says that PG lifts to PH .

Here, we restrict our consideration to the reduction problem (see Lemma
7.2.1 for an example of bundle lift). In this case, the bundle monomorphism
(5.10.1) is called a reduced H-structure [64; 93].

Remark 5.10.1. Note that, in [64; 93], the reduced structures on the
principle bundle LX of linear frames in the tangent bundle TX of X only
are considered, and a class of isomorphisms of such reduced structures is
restricted to holonomic automorphisms of LX, i.e., the canonical lifts onto
LX of diffeomorphisms of the base X (see Section 6.1).
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Let P (5.3.1) be a principal G-bundle, and let H, dimH > 0, be a closed
(and, consequently, Lie) subgroup ofG. Then we have the composite bundle

P → P/H → X, (5.10.2)

where

PΣ = P
πPΣ−→P/H (5.10.3)

is a principal bundle with a structure group H and

Σ = P/H
πΣX−→X (5.10.4)

is a P -associated bundle with the typical fibre G/H on which the structure
group G acts on the left (see Example 5.3.1).

One says that a structure Lie group G of a principal bundle P is reduced
to its closed subgroup H if the following equivalent conditions hold.
• A principal bundle P admits a bundle atlas ΨP (5.3.3) with H-valued

transition functions %αβ .
• There exists a principal reduced subbundle PH of P with a structure

group H.

Remark 5.10.2. It is easily justified that these conditions are equivalent.
If PH ⊂ P is a reduced subbundle, its atlas (5.3.5) given by local sections
zα of PH → X is a desired atlas of P . Conversely, let (5.3.5):

ΨP = {(Uα, zα), %αβ},

be an atlas of P with H-valued transition functions %αβ . For any x ∈ Uα ⊂
X, let us define a submanifold zα(x)H ⊂ Px. These submanifolds form a
desired H-subbundle of P because

zα(x)H = zβ(x)H%βα(x)

on the overlaps Uα ∩ Uβ .

Theorem 5.10.1. There is one-to-one correspondence

Ph = π−1
PΣ(h(X)) (5.10.5)

between the reduced principal H-subbundles ih : Ph → P of P and the global
sections h of the quotient bundle P/H → X (5.10.4) [92].

Corollary 5.10.1. A glance at the formula (5.10.5) shows that the reduced
principal H-bundle Ph is the restriction h∗PΣ (1.4.4) of the principal H-
bundle PΣ (5.10.3) to h(X) ⊂ Σ.
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In classical field theory, global sections of a quotient bundle P/H → X

are interpreted as Higgs fields [131; 143].
In general, there is topological obstruction to reduction of a structure

group of a principal bundle to its subgroup.

Assertion 5.10.1. In accordance with Theorem 1.1.4, the structure group
G of a principal bundle P is always reducible to its closed subgroup H, if
the quotient G/H is diffeomorphic to a Euclidean space Rm.

In particular, this is the case of a maximal compact subgroup H of a Lie
group G (see Example 5.3.1). Then the following is a corollary of Assertion
5.10.1 [147].

Assertion 5.10.2. A structure group G of a principal bundle is always
reducible to its maximal compact subgroup H.

As a consequence, there is a bijection between the cohomology sets
H1(X;G∞X ) = H1(X;H∞X ) (5.10.6)

if H is a maximal compact subgroup of G.

Example 5.10.1. For instance, this is the case ofG = GL(n,C), H = U(n)
and G = GL(n,R), H = O(n).

Example 5.10.2. Any affine bundle admits an atlas with linear transi-
tion functions. In accordance with Theorem 5.10.1, its structure group
GA(m,R) (see Example 5.2.1) is always reducible to the linear subgroup
GL(m,R) because

GA(m,R)/GL(m,R) = Rm.

5.10.2 Reduced subbundles

Different principal H-subbundles Ph and Ph
′
of a principal G-bundle P are

not isomorphic to each other in general.

Theorem 5.10.2. Let a structure Lie group G of a principal bundle be
reducible to its closed subgroup H.

(i) Every vertical principal automorphism Φ of P sends a reduced prin-
cipal H-subbundle Ph of P onto an isomorphic principal H-subbundle Ph

′
.

(ii) Conversely, let two reduced subbundles Ph and Ph
′

of a principal
bundle P → X be isomorphic to each other, and let Φ : Ph → Ph

′
be their

isomorphism over X. Then Φ is extended to a vertical principal automor-
phism of P .
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Proof. (i) Let

Ψh = {(Uα, zhα), %hαβ} (5.10.7)

be an atlas of a reduced principal subbundle Ph, where zhα are local sec-
tions of Ph → X and %hαβ are the transition functions. Given a vertical
automorphism Φ of P , let us provide the subbundle Ph

′
= Φ(Ph) with the

atlas

Ψh′ = {(Uα, zh
′

α ), %h
′

αβ} (5.10.8)

given by the local sections zh
′

α = Φ ◦ zhα of Ph
′ → X. Then it is readily

observed that

%h
′

αβ(x) = %hαβ(x), x ∈ Uα ∩ Uβ . (5.10.9)

(ii) Any isomorphism (Φ, IdX) of reduced principal subbundles Ph and
Ph

′
of P defines an H-equivariant G-valued function f on Ph given by the

relation

pf(p) = Φ(p), p ∈ Ph.

Its prolongation to a G-equivariant function on P is defined as

f(pg) = g−1f(p)g, p ∈ Ph, g ∈ G.

In accordance with the relation (5.6.2), this function provides a vertical
principal automorphism of P whose restriction to Ph coincides with Φ. �

Theorem 5.10.3. If the quotient G/H is homeomorphic to a Euclidean
space Rm, all principal H-subbundles of a principal G-bundle P are iso-
morphic to each other [147].

Remark 5.10.3. A principal G-bundle P provided with the atlas Ψh

(5.10.7) can be regarded as a Ph-associated bundle with a structure group
H acting on its typical fibre G on the left. Endowed with the atlas Ψh′

(5.10.8), it is a Ph
′
-associated H-bundle. The H-bundles (P,Ψh) and

(P,Ψh′) fail to be equivalent because their atlases Ψh and Ψh′ are not
equivalent. Indeed, the union of these atlases is the atlas

Ψ = {(Uα, zhα, zh
′

α ), %hαβ , %
h′

αβ , %αα = f(zα)}

possessing transition functions

zh
′

α = zhα%αα, %αα(x) = f(zα(x)), (5.10.10)

between the bundle charts (Uα, zhα) and (Uα, zh
′

α ) of Ψh and Ψh′ , respec-
tively. However, the transition functions %αα are not H-valued. At the
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same time, a glance at the equalities (5.10.9) shows that transition functions
of both the atlases form the same cocycle. Consequently, the H-bundles
(P,Ψh) and (P,Ψh′) are associated. Due to the isomorphism Φ : Ph → Ph

′
,

one can write

P = (Ph ×G)/H = (Ph
′
×G)/H,

(p× g)/H = (Φ(p)× f−1(p)g)/H.

For any ρ ∈ H, we have

(pρ, g)/H = (Φ(p)ρ, f−1(p)g)/H = (Φ(p), ρf−1(p)g)/H =

(Φ(p), f−1(p)ρ′g)/H,

where

ρ′ = f(p)ρf−1(p). (5.10.11)

It follows that (P,Ψh′) can be regarded as a Ph-associated bundle with the
same typical fibre G as that of (P,Ψh), but the action g → ρ′g (5.10.11) of
a structure group H on the typical fibre of (P,Ψh′) is not equivalent to its
action g → ρg on the typical fibre of (P,Ψh) (see Remark 5.1.1).

5.10.3 Reducible principal connections

There are the following properties of principal connections compatible with
a reduced structure [92].

Theorem 5.10.4. Since principal connections are equivariant, every prin-
cipal connection Ah on a reduced principal H-subbundle Ph of a principal
G-bundle P gives rise to a principal connection on P .

Theorem 5.10.5. A principal connection A on a principal G-bundle P is
reducible to a principal connection on a reduced principal H-subbundle Ph

of P if and only if the corresponding global section h of the P -associated
fibre bundle P/H → X is an integral section of the associated principal
connection A on P/H → X.

Theorem 5.10.6. Let the Lie algebra gl of G be the direct sum

gl = hl ⊕m (5.10.12)

of the Lie algebra hl of H and a subspace m such that Adg(m) ⊂ m, g ∈ H
(e.g., H is a Cartan subgroup of G). Let A be a gl-valued connection form
(5.4.12) on P . Then, the pull-back of the hl-valued component of A onto
a reduced principal H-subbundle Ph is a hl-valued connection form of a
principal connection Ah on Ph.
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The following is a corollary of Theorem 5.4.1.

Theorem 5.10.7. Given the composite bundle (5.10.2), let AΣ be a prin-
cipal connection on the principal H-bundle P → Σ (5.10.3). Then, for any
reduced principal H-bundle ih : Ph → P , the pull-back connection i∗hAΣ

(1.4.18) is a principal connection on Ph.

5.10.4 Associated bundles. Matter and Higgs fields

In accordance with Theorem 5.10.1, there is a bijection between the set
of reduced principal H-subbundles Ph of P and the set of Higgs fields h.
Given such a subbundle Ph, let

Y h = (Ph × V )/H (5.10.13)

be the associated vector bundle with a typical fibre V which admits a rep-
resentation of the group H of exact symmetries. Its sections sh describe
matter fields in the presence of the Higgs fields h and some principal con-
nection Ah on Ph. In general, the fibre bundle Y h (5.10.13) fails to be
associated with another principal H-subbundles Ph

′
of P . It follows that,

in this case, a V -valued matter field can be represented only by a pair with
a certain Higgs field. The goal is to describe the totality of these pairs
(sh, h) for all Higgs fields h ∈ Σ(X).

Remark 5.10.4. If reduced principal H-subbundles Ph and Ph
′
of a prin-

cipal G-bundle are isomorphic in accordance with Theorem 5.10.2, then the
Ph-associated bundle Y h (5.10.13) is associated as

Y h = (Φ(p)× V )/H (5.10.14)

to Ph
′
. If a typical fibre V admits an action of the whole group G, the

Ph-associated bundle Y h (5.10.13) also is P -associated as

Y h = (Ph × V )/H = (P × V )/G.

In order to describe matter fields in the presence of different Higgs fields,
let us consider the composite bundle (5.10.2) and the composite bundle

Y
πY Σ−→Σ πΣX−→X (5.10.15)

where Y → Σ is a PΣ-associated bundle

Y = (P × V )/H (5.10.16)
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with a structure group H. Given a global section h of the fibre bundle
Σ → X (5.10.4) and the corresponding reduced principal H subbundle
Ph = h∗P , the Ph-associated fibre bundle (5.10.13) is the restriction

Y h = h∗Y = (h∗P × V )/H (5.10.17)

of the fibre bundle Y → Σ to h(X) ⊂ Σ. By virtue of Theorem 1.4.2, every
global section sh of the fibre bundle Y h (5.10.17) is a global section of the
composite bundle (5.10.15) projected onto the section h = πY Σ ◦ s of the
fibre bundle Σ → X. Conversely, every global section s of the composite
bundle Y → X (5.10.15) projected onto a section h = πY Σ ◦ s of the fibre
bundle Σ → X takes its values into the subbundle Y hY (5.10.17). Hence,
there is one-to-one correspondence between the sections of the fibre bundle
Y h (5.10.13) and the sections of the composite bundle (5.10.15) which cover
h.

Thus, it is the composite bundle Y → X (5.10.15) whose sections de-
scribe the above mentioned totality of pairs (sh, h) of matter fields and
Higgs fields in classical gauge theory with spontaneous symmetry breaking
[112; 143].

Lemma 5.10.1. The composite bundle Y → X (5.10.15) is a P -associated
bundle with a structure group G. Its typical fibre is the H-bundle

W = (G× V )/H (5.10.18)

associated with the principal H-bundle G→ G/H (5.3.6).

Proof. One can consider a principal bundle P → X as the P -associated
bundle

P = (P ×G)/G,

(pg′, g) = (p, g′g), p ∈ P, g, g′ ∈ G,

whose typical fibre is the group space of G which a group G acts on by left
multiplications. Then the quotient (5.10.16) can be represented as

Y = (P × (G× V )/H)/G,

(pg′, (gρ, v)) = (pg′, (g, ρv)) = (p, g′(g, ρv)) = (p, (g′g, ρv)).

It follows that Y (5.10.16) is a P -associated bundle with the typical fibre
W (5.10.18) which the structure group G acts on by the law

g′ : (G× V )/H → (g′G× V )/H. (5.10.19)

This is a familiar induced representation of G [107]. �
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Given an atlas {(Ua, za)} (5.3.5) of the principal H-bundle G→ G/H,
the induced representation (5.10.19) reads

g′ : (σ, v) = (za(σ), v)/H → (σ′, v′) = (g′za(σ), v)/H = (5.10.20)

(zb(πGH(g′za(σ)))ρ′, v)/H = (zb(πGH(g′za(σ))), ρ′v)/H,

ρ′ = z−1
b (πGH(g′za(σ)))g′za(σ) ∈ H, σ ∈ Ua, πGH(g′za(σ)) ∈ Ub.

An example of induced representations is the well-known non-linear real-
ization [30; 86] (see Section 5.11).

Lemma 5.10.2. Given a global section h of the quotient bundle Σ → X

(5.10.4), any atlas of a PΣ-associated bundle Y → Σ defines an atlas of
a P -associated bundle Y → X with H-valued transition functions. The
converse need not be true.

Proof. Any atlas ΨY Σ of a PΣ-associated bundle Y → Σ is defined by
an atlas

ΨPΣ = {(UΣι, zι), %ικ} (5.10.21)

of the principal H-bundle PΣ (5.10.3). Given a section h of Σ → X, we
have an atlas

Ψh = {(πPΣ(UΣι), zι ◦ h), %ικ ◦ h} (5.10.22)

of the reduced principal H-bundle Ph which also is an atlas of P with
H-valued transition functions (see Remark 5.10.2). �

Given an atlas ΨP of P , the quotient bundle Σ→ X (5.10.4) is endowed
with an associated atlas (5.7.5). With this atlas and an atlas ΨY Σ of
Y → Σ, the composite bundle Y → X (5.10.15) is endowed with adapted
bundle coordinates (xλ, σm, yi) where (σm) are fibre coordinates on Σ→ X

and (yi) are those on Y → Σ.

Lemma 5.10.3. Any principal automorphism of a principal G-bundle
P → X also is a principal automorphism of a principal H-bundle P → Σ
and, consequently, it yields an automorphism of the PΣ-associated bundle
Y (5.10.15).

Proof. A principal automorphism of P → X is G-equivariant and, con-
sequently, H-equivariant, i.e., it is a principal automorphism of P → Σ. �

The converse is not true. For instance, a vertical principal automor-
phism of P → Σ is never a principal automorphism of P → X.
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By virtue of Lemma 5.10.3, every G-principal vector field ξ (5.3.16) on
P → X also is an H-principal vector field

ξH = ξλ∂λ + ξp(xµ)Jmp ∂m + ϑaξ (x
µ, σk)ea (5.10.23)

on P → Σ where {Jp} is a representation of the Lie algebra gr of G in G/H
and {εa = ψι(ea)} is a basis for the Lie algebra hr of H. Given different
principal vector fields ξ and η (5.3.16), the Lie algebra bracket (5.3.17)
leads to the relation marrtya

ξpJmp ∂mϑ
a
η − ηpJmp ∂mϑaξ + cabdϑ

b
ξϑ
d
η = ϑa[ξ,η]. (5.10.24)

Both the G-principal vector field ξ (5.3.16) and the H-principal vector field
ξH (5.10.23) yield the infinitesimal gauge transformation υξ (5.7.8) of the
composite bundle Y seen as a P - and PΣ-associated bundle. It reads

υξ = ξλ∂λ + ξp(xµ)Jmp ∂m + ϑaξ (x
µ, σk)Iia∂i, (5.10.25)

where {Ia} is a representation of the Lie algebra hr in V .
Because the principal vector field ξH (5.10.23) is never vertical with

respect to the fibration P → Σ, one also considers vertical principal vector
fields

ζ = ζa(xµ, σk)ea
seen as sections of the Lie algebra bundle VHP → Σ. These vector fields
yield vertical infinitesimal gauge transformations

υζ = ζa(xµ, σk)Iia∂i (5.10.26)
of the PΣ-associated bundle Y → Σ.

Though Y (5.10.16) is a P -associated bundle, a principal connection
on P fails to be reducible to a connection on an arbitrary principal H-
subbundle Ph of P (see Theorem 5.10.5). Therefore, it can not define
a connection on the corresponding subbundle Y h (5.10.13) of Y → X in
general. At the same time, all H-subbundles Y h of Y → X can be provided
with associated principal connections as follows.

Lemma 5.10.4. Given a principal connection
AΣ = dxλ ⊗ (∂λ +Aaλea) + dσm ⊗ (∂m +Aamea) (5.10.27)

on the principal H-bundle P → Σ, let
AY Σ = dxλ ⊗ (∂λ +Aaλ(x

µ, σk)Iia∂i) + (5.10.28)

dσm ⊗ (∂m +Aam(xµ, σk)Iia∂i)
be an associated principal connection on Y → Σ. Then, for any H-
subbundle Y h → X of the composite bundle Y → X, the pull-back con-
nection (1.4.18):
Ah = h∗AY Σ = dxλ⊗[∂λ+(Aam(xµ, hk)∂λhm+Aaλ(x

µ, hk))Iia∂i], (5.10.29)
is a connection on Y h associated with the pull-back principal connection
h∗AΣ on the reduced principal H-subbundle Ph in Theorem 5.10.7.
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5.10.5 Matter field Lagrangian

Lemmas 5.10.1 – 5.10.4 lead to the following feature of formulating Lagran-
gian gauge theory with spontaneous symmetry breaking.

Let P → X be a principal bundle whose structure group G is reducible
to a closed subgroup H. Let Y be the PΣ-associated bundle (5.10.16). The
total configuration space of gauge theory of principal connections on P in
the presence of matter and Higgs fields is

J1C ×
X
J1Y (5.10.30)

where C is the bundle of principal connections on P (5.4.3) and J1Y is the
first order jet manifold of Y → X. A total Lagrangian on the configuration
space (5.10.30) is a sum

Ltot = LYM + Lm + Lσ (5.10.31)

of the Yang–Mills Lagrangian LYM (5.8.15), a matter field Lagrangian Lm

and a Higgs field Lagrangian Lσ. In the case of a background Higgs field h,
one considers the pull-back Lagrangian h∗Ltot on the configuration space

J1C ×
X
J1Y h. (5.10.32)

The total Lagrangian Ltot is required to be invariant with respect to vertical
principal automorphisms of P → X and P → Σ. It follows that a matter
field Lagrangian Lm and a Higgs field Lagrangian Lσ must be separately
gauge invariant. This means that

LJ1υξ
Lm = 0, LJ1υζ

Lm = 0, (5.10.33)

υξ = ξpJmp ∂m + ϑaξI
i
a∂i, υζ = ζaIia∂i, (5.10.34)

and

LJ1υξ
Lσ = 0, υξ = ξpJmp ∂m.

Unless a Higgs field is specified, we restrict our consideration to a matter
field Lagrangian Lm.

In order to satisfy the conditions (5.10.33), let us consider some principal
connection AΣ (5.10.27) on the principal H-bundle P → Σ and the associ-
ated connection AY Σ (5.10.28) on Y → Σ. Let a matter field Lagrangian
Lm factorize as

Lm : J1Y
D̃→T ∗X ⊗

Y
VΣY →

n
∧T ∗X

through the vertical covariant differential D̃ (1.4.17) which reads

D̃ = dxλ ⊗ (yiλ − (Aamσ
m
λ +Aaλ)I

i
a)∂i. (5.10.35)
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In this case, Lm can be regarded as a function Lm(yi, kiλ) of formal variables
yi and kiλ = D̃i

λ. Let

υ = υm(ξ)∂m + υi(ξ)∂i
be a vertical infinitesimal gauge transformation of Y → X generalizing the
infinitesimal gauge transformations (5.10.34). The corresponding infinites-
imal gauge transformation of variables (yi, kiλ) reads

υ = υi∂i + ∂jυ
ikjλ

∂

∂kiλ
.

It is independent of derivatives of gauge parameters ξ. Therefore, the gauge
invariance condition (2.4.45) is trivially satisfied (see Remark 5.8.2). Thus,
we come to the following.

Assertion 5.10.3. In gauge theory with spontaneous symmetry breaking
on a principal bundle P whose structure group G is reducible to a closed
subgroupH, a matter field Lagrangian is gauge invariant only if it factorizes
through the vertical covariant differential of some H-principal connection
on P → P/H (cf. Assertion 5.8.1).

For instance, let the Lie algebra gl of a group G admit the decomposition
(5.10.12). In this case, every principal connection A (5.4.10) on a princi-
pal G-bundle P → X induces a principal connection Ah on any reduced
principal subbundle Ph of P (see Theorem 5.10.12) and, consequently, on
a Ph-associated bundle Y h = h∗Y . By virtue of Theorem 5.10.4, it gives
rise to a principal connection on P such that h is an integral section of the
associated connection

Ah = dxλ ⊗ (∂λ +A
p

λJ
m
p ∂m)

on the P -associated bundle Σ→ X.
Written with respect to a bundle atlas Ψh (5.10.7) of P with H-valued

transition functions, the Higgs field h takes its values into the center of the
homogeneous space G/H and the connection Ah reads

Ah = dxλ ⊗ (∂λ +Aaλea). (5.10.36)

We have

A = Ah + Θ = dxλ ⊗ (∂λ +Aaλea) + Θb
λdx

λ ⊗ eb, (5.10.37)

where {εa = ψh(ea)} is a basis for the Lie algebra hr and {εb = ψh(eb)} is
that for mr. Written with respect to an arbitrary atlas of P , the decompo-
sition (5.10.37) reads

A = Ah + Θ, Θ = Θp
λdx

λ ⊗ ep,
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and obeys the relation

Θp
λJ

m
p = ∇Aλ hm,

where Dλ are covariant derivatives (1.3.19) relative to the associated prin-
cipal connection A on Σ→ X.

Based on this fact, let consider the covariant differential

D = Dm
λ dx

λ ⊗ ∂m = (σmλ −A
p
λJ

m
p )dxλ ⊗ ∂m

relative to the associated principal connection A on Σ → X. It can be
regarded as a V Σ-valued one-form on the jet manifold J1Σ of Σ → X.
Since the decomposition (5.10.37) holds for any section h of Σ→ X, there
exists a VGP -valued one-form

Θ = Θp
λdx

λ ⊗ ep

on J1Σ which obeys the equation

Θp
λJ

m
p = Dm

λ . (5.10.38)

Then we obtain the VGP -valued one-form

AH = dxλ ⊗ (∂λ + (Apλ −Θp
λ)ep)

on J1Σ whose pull-back onto each J1h(X) ⊂ J1Σ is the connection Ah
(5.10.36) written with respect to the atlas Ψh (5.10.22). The decomposi-
tion (5.10.37) holds and, consequently, the equation (5.10.38) possesses a
solution for each principal connection A. Therefore, there exists a VGP -
valued one-form

AH = dxλ ⊗ (∂λ + (apλ −Θp
λ)ep) (5.10.39)

on the product

J1Σ×
X
J1C

such that, for any principal connection A and any Higgs field h, the restric-
tion of AH (5.10.39) to

J1h(X)×A(X) ⊂ J1Σ×
X
J1C

is the connection Ah (5.10.36) written with respect to the atlas Ψh (5.10.22).
Let us now assume that, whenever A is a principal connection on a

principal G-bundle P → X, there exists a principal connection AΣ (5.10.27)
on a principal H-bundle P → Σ such that the pull-back connection Ah =



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

210 Gauge theory on principal bundles

h∗AY Σ (5.10.29) on Y h coincides with Ah (5.10.36) for any h ∈ Σ(X). In
this case, there exists VΣY -valued one-form

D̃ = dxλ ⊗ (yiλ − (Aamσmλ +Aaλ)Iia)∂i (5.10.40)

on the configuration space (5.10.30) whose components are defined as fol-
lows. Given a point

(xλ, arµ, a
r
λµ, σ

m, σmλ , y
i, yiλ) ∈ J1C ×

X
J1Y, (5.10.41)

let h be a section of Σ→ X whose first jet j1xh at x ∈ X is (σm, σmλ ), i.e.,

hm(x) = σm, ∂λh
m(x) = σmλ .

Let the bundle of principal connections C and the Lie algebra bundle VGP
be provided with the atlases associated with the atlas Ψh (5.10.22). Then
we write

Ah = Ah, Aamσmλ +Aaλ = aaλ −Θa
λ. (5.10.42)

These equations for functions Aam and Aaλ at the point (5.10.41) have a
solution because Θa

λ are affine functions in the jet coordinates σmλ .
Given solutions of the equations (5.10.42) at all points of the configu-

ration space (5.10.30), we require that a matter field Lagrangian factorizes
as

Lm : J1C ×
X
J1Y

D̃→T ∗X ⊗
Y
VΣY →

n
∧T ∗X (5.10.43)

through the form D̃ (5.10.40), called the universal covariant differential.
It should be emphasized that the universal covariant differential D̃

(5.10.40) and, consequently, a Lagrangian Lm depends on the local transi-
tion functions

ψι ◦ h = %ιαψα (5.10.44)

where ψα and ψι are trivialization morphisms of the atlases ΨP (5.3.5) of
P → X and ΨPΣ (5.10.21) of P → Σ. One can not exclude the functions
(5.10.44) from a matter field Lagrangian Lm because the configuration space
(5.10.30) is necessarily characterized by both these atlases. Therefore, let
us treat them as additional variables. These are not dynamic variables
because any local function (5.10.44) cab be brought into the identity map
by an appropriate choice of atlases ΨP and ΨPΣ, but they provide the
gauge invariance of the matter field Lagrangian (5.10.43) both with respect
to vertical automorphisms of P → X and P → Σ.
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As a generalization of Remark 5.6.1, the transition functions (5.10.44)
can be represented by local sections of the following composite bundle. Let
us consider the pull-back of the principal G-bundle P → X onto Σ and the
product

(Σ×
X
P )×PΣ.

This is a principal bundle over Σ with the structure group G×H. Let us
consider the associated bundle

P% = ((P × P )×G)/(G×H), (5.10.45)

((pg × pρ)× g′) = ((p× p)× ρg′g−1).

Transition functions % (5.10.44) are sections of the composite bundle

P% → Σ→ X.

Hence, the total configuration space of the matter field Lagrangian Lm

(5.10.43) is

J1C ×
X

(J1Y ×
Σ
P%). (5.10.46)

Vertical automorphisms of P → X and P → Σ yield automorphisms (5.7.7)
of the bundle P% (5.10.45) and the gauge transformations of the configura-
tion space (5.10.46).

In Section 7.3, we apply this scheme of spontaneous symmetry breaking
to describing Dirac fermion fields in gauge gravitation theory.

5.11 Appendix. Non-linear realization of Lie algebras

The well-known non-linear realization of a Lie group G possessing a Cartan
subgroup H exemplifies the induced representation (5.10.20) [30; 86]. In
fact, it is a representation of the Lie algebra of G around its origin as
follows.

The Lie algebra gr of a Lie group G containing a Cartan subgroup H is
split into the sum

g = hr + f

of the Lie algebra hr of H and its supplement f obeying the commutation
relations

[f, f] ⊂ hr, [f, hr] ⊂ f.
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In this case, there exists an open neighbourhood U of the unit 1 ∈ G such
that any element g ∈ U is uniquely brought into the form

g = exp(F ) exp(I), F ∈ f, I ∈ hr.

Let UG be an open neighbourhood of the unit of G such that U2
G ⊂ U ,

and let U0 be an open neighbourhood of the H-invariant center σ0 of the
quotient G/H which consists of elements

σ = gσ0 = exp(F )σ0, g ∈ UG.

Then there is a local section

s(gσ0) = exp(F )

of G → G/H over U0. With this local section, one can define the induced
representation (5.10.20) of elements g ∈ UG ⊂ G on U0 × V given by the
expressions

g exp(F ) = exp(F ′) exp(I ′), (5.11.1)

g : (exp(F )σ0, v)→ (exp(F ′)σ0, exp(I ′)v).

The corresponding representation of the Lie algebra gr of G takes the fol-
lowing form. Let {Fα}, {Ia} be the bases for f and h, respectively. Their
elements obey the commutation relations

[Ia, Ib] = cdabId, [Fα, Fβ ] = cdαβId, [Fα, Ib] = cβαbFβ .

Then the relation (5.11.1) leads to the formulas

Fα : F → F ′ = Fα +
∑
k=1

l2k[ . . .
2k

[Fα, F ], F ], . . . , F ]− (5.11.2)

ln
∑
n=1

[ . . .
n

[F, I ′], I ′], . . . , I ′],

I ′ =
∑
k=1

l2k−1[ . . .
2k−1

[Fα, F ], F ], . . . , F ], (5.11.3)

Ia : F → F ′ = 2
∑
k=1

l2k−1[ . . .
2k−1

[Ia, F ], F ], . . . , F ], (5.11.4)

I ′ = Ia, (5.11.5)

where coefficients ln, n = 1, . . ., are obtained from the recursion relation

n

(n+ 1)!
=

n∑
i=1

li
(n+ 1− i)!

.

Let UF be an open subset of the origin of the vector space f such that the
series (5.11.2) – (5.11.5) converge for all F ∈ UF , Fα ∈ f and Ia ∈ hr. Then
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the above mentioned non-linear realization of the Lie algebra gr in UF ×V
reads

Fα : (F, v)→ (F ′, I ′v),

Ia : (F, v)→ (F ′, I ′v),

where F ′ and I ′ are given by the expressions (5.11.2) – (5.11.4). In physical
models, the coefficients σα of F = σαFα are treated as Goldstone fields.

Non-linear realizations of many groups especially in application to grav-
itation theory have been studied [82; 91; 104].
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Chapter 6

Gravitation theory on natural bundles

Gravitation theory (without matter fields) can be formulated as gauge the-
ory on natural bundles T over an oriented four-dimensional manifold X
[140; 142]. It is metric-affine gravitation theory whose dynamic variables
are linear world connections and pseudo-Riemannian world metrics on X.
Its Lagrangians are invariant under general covariant transformations. In-
finitesimal generators of local one-parameter groups of these transforma-
tions are the functorial lift (i.e., the Lie algebra monomorphism) of vector
fields on X onto a natural bundle. They are infinitesimal gauge transfor-
mations whose gauge parameters are vector fields on X.

Throughout Chapters 6 and 7, by X is meant an oriented simply con-
nected four-dimensional manifold, called a world manifold.

6.1 Natural bundles

Let π : Y → X be a smooth fibre bundle coordinated by (xλ, yi). Any
automorphism (Φ, f) of Y , by definition, is projected as

π ◦ Φ = f ◦ π

onto a diffeomorphism f of its base X. The converse is not true. A diffeo-
morphism of X need not give rise to an automorphism of Y , unless Y → X

is a trivial bundle.
Given a one-parameter group (Φt, ft) of automorphisms of Y , its in-

finitesimal generator is a projectable vector field

u = uλ(xµ)∂λ + ui(xµ, yj)∂i

on Y . This vector field is projected as

τ ◦ π = Tπ ◦ u

215
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onto a vector field τ = uλ∂λ on X. Its flow is the one-parameter group (ft)
of diffeomorphisms of X which are projections of autmorphisms (Φt, ft) of
Y . Conversely, let

τ = τλ∂λ (6.1.1)

be a vector field on X. There is a problem of constructing its lift to a
projectable vector field

u = τλ∂λ + ui∂i

on Y projected onto τ . Such a lift always exists, but it need not be canon-
ical. Given a connection Γ on Y , any vector field τ (6.1.1) gives rise to the
horizontal vector field Γτ (1.3.6) on Y . This horizontal lift τ → Γτ yields
a monomorphism of the C∞(X)-module T (X) of vector fields on X to the
C∞(Y )-module of vector fields on Y , but this monomorphisms is not a Lie
algebra morphism, unless Γ is a flat connection.

In this Chapter, we address the category of natural bundles T → X

which admit the functorial lift τ̃ onto T of any vector field τ (6.1.1) on X

such that τ → τ is a monomorphism

T (X)→ T (T ), [τ̃ , τ̃ ′] = [̃τ, τ ′],

of the real Lie algebra T (X) of vector fields on X to the real Lie algebra
T (Y ) of vector fields on T [94; 153]. One treats the functorial lift τ̃ as
an infinitesimal general covariant transformation or, strictly speaking, an
infinitesimal generator of a local one-parameter group of general covariant
transformations of T .

Remark 6.1.1. It should be emphasized that, in general, there exist diffeo-
morphisms of X which do not belong to any one-parameter group of diffeo-
morphisms of X. In a general setting, one therefore considers a monomor-
phism f → f̃ of the group of diffeomorphisms of X to the group of bundle
automorphisms of a natural bundle T → X. Automorphisms f̃ are called
general covariant transformations of T . No vertical automorphism of T , un-
less it is the identity morphism, is a general covariant transformation. The
group of automorphisms of a natural bundle is a semi-direct product of its
subgroup of vertical automorphisms and the subgroup of general covariant
transformations.

Natural bundles are exemplified by tensor bundles (1.1.14). For in-
stance, the tangent and cotangent bundles TX and T ∗X of X are natural
bundles. Given a vector field τ (6.1.1) on X, its functorial (or canonical)
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lift onto the tensor bundle T (1.1.14) is given by the formula (1.1.26). Let
us introduce the collective index A for the tensor bundle coordinates

yA = ẋα1···αm

β1···βk
.

In this notation, the functorial lift τ̃ (1.1.26) reads

τ̃ = τλ∂λ + uAβα∂βτ
α∂A. (6.1.2)

The expression (6.1.2) is a general form of the functorial lift of a vector
field τ on X onto a natural bundle T , when this lift depends only on first
derivatives of components of τ . In particular, let us recall the functorial lift
(1.1.28) and (1.1.29) of τ onto the tangent bundle TX and the cotangent
bundle T ∗X:

τ̃ = τµ∂µ + ∂ντ
αẋν

∂

∂ẋα
, (6.1.3)

τ̃ = τµ∂µ − ∂βτν ẋν
∂

∂ẋβ
, (6.1.4)

respectively.

Remark 6.1.2. Any diffeomorphism f of X gives rise to the tangent au-
tomorphisms f̃ = Tf of TX which is a general covariant transformation of
TX as a natural bundle. Accordingly, the general covariant transformation
of the cotangent bundle T ∗X over a diffeomorphism f of its base X reads

ẋ′µ =
∂xν

∂x′µ
ẋν .

Tensor bundles over a world manifold X have the structure group

GL4 = GL+(4,R). (6.1.5)

The associated principal bundle is the fibre bundle

πLX : LX → X

of oriented linear frames in the tangent spaces to a world manifold X. It is
called the linear frame bundle. Its (local) sections are termed frame fields.

Given holonomic frames {∂µ} in the tangent bundle TX associated with
the holonomic atlas ΨT (1.1.13), every element {Ha} of the linear frame
bundle LX takes the form

Ha = Hµ
a ∂µ,
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where Hµ
a is a matrix of the natural representation of the group GL4 in R4.

These matrices constitute the bundle coordinates

(xλ,Hµ
a ), H ′µa =

∂x′µ

∂xλ
Hλ
a ,

on LX associated to its holonomic atlas

ΨT = {(Uι, zι = {∂µ})} (6.1.6)

given by the local frame fields zι = {∂µ}. With respect to these coordinates,
the right action (5.3.2) of GL4 on LX reads

RgP : Hµ
a → Hµ

b g
b
a, g ∈ GL4.

The linear frame bundle LX is equipped with the canonical R4-valued
one-form

θLX = Ha
µdx

µ ⊗ ta, (6.1.7)

where {ta} is a fixed basis for R4 and Ha
µ is the inverse matrix of Hµ

a .
The linear frame bundle LX → X belongs to the category of natural

bundles. Any diffeomorphism f of X gives rise to the principal automor-
phism

f̃ : (xλ,Hλ
a )→ (fλ(x), ∂µfλHµ

a ) (6.1.8)

of LX which is its general covariant transformation (or a holonomic au-

tomorphism). For instance, the associated automorphism of TX is the
tangent morphism Tf to f .

Given a (local) one-parameter group of diffeomorphisms of X and its
infinitesimal generator τ , their lift (6.1.8) results in the functorial lift

τ̃ = τµ∂µ + ∂ντ
αHν

a

∂

∂Hα
a

(6.1.9)

of a vector field τ (6.1.1) on X onto LX defined by the condition

Lτ̃θLX = 0.

Every LX-associated bundle Y → X admits a lift of any diffeomorphism
f of its base to the principal automorphism f̃Y (5.7.7) of Y associated with
the principal automorphism f̃ (6.1.8) of the liner frame bundle LX. Thus,
all bundles associated with the linear frame bundle LX are natural bundles.
However, there are natural bundles which are not associated with LX.

Remark 6.1.3. In a more general setting, higher order natural bundles
and gauge natural bundles are considered [37; 41; 94]. Note that the linear
frame bundle LX over a manifold X is the set of first order jets of local
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diffeomorphisms of the vector space Rn to X, n = dimX, at the origin of
Rn. Accordingly, one considers r-order frame bundles LrX of r-order jets
of local diffeomorphisms of Rn to X. Furthermore, given a principal bundle
P → X with a structure group G, the r-order jet bundle J1P → X of its
sections fails to be a principal bundle. However, the product

W rP = LrX × JrP

is a principal bundle with the structure group W r
nG which is a semidirect

product of the group Grn of invertible r-order jets of maps Rn to itself
at its origin (e.g., G1

n = GL(n,R)) and the group T rnG of r-order jets of
morphisms Rn → G at the origin of Rn. Moreover, if Y → X is a P -
associated bundle, the jet bundle JrY → X is a vector bundle associated
with the principal bundle W rP . It exemplifies gauge natural bundles which
can be described as fibre bundles associated with principal bundles W rP .
Natural bundles are gauge natural bundles for a trivial group G = 1. The
bundle of principal connections C (5.4.3) is a first order gauge natural
bundle. This fact motivates somebody to develop generalized gauge theory
on gauge natural bundles [41].

6.2 Linear world connections

Since the tangent bundle TX is associated with the linear frame bundle
LX, every world connection (1.3.39):

Γ = dxλ ⊗ (∂λ + Γλµν ẋν ∂̇µ), (6.2.1)

on a world manifold X is associated with a principal connection on LX.
We agree to call Γ (6.2.1) the linear world connection in order to distinct
it from an affine world connection in Section 6.7.

Being principal connections on the linear frame bundle LX, linear world
connections are represented by sections of the quotient bundle

CW = J1LX/GL4, (6.2.2)

called the bundle of world connections. With respect to the holonomic atlas
ΨT (6.1.6), the bundle of world connections CW (6.2.2) is provided with
the coordinates

(xλ, kλνα), k′λ
ν
α =

[
∂x′ν

∂xγ
∂xβ

∂x′α
kµ
γ
β +

∂xβ

∂x′α
∂2x′ν

∂xµ∂xβ

]
∂xµ

∂x′λ
,

so that, for any section Γ of CW → X,

kλ
ν
α ◦ Γ = Γλνα
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are components of the linear world connection Γ (6.2.1).
Though the bundle of world connections CW → X (6.2.2) is not LX-

associated, it is a natural bundle. It admits the lift

f̃C : J1LX/GL4 → J1f̃(J1LX)/GL4

of any diffeomorphism f of its base X and, consequently, the functorial lift

τ̃C = τµ∂µ + [∂νταkµνβ − ∂βτνkµαν − ∂µτνkναβ + ∂µβτ
α]

∂

∂kµαβ
(6.2.3)

of any vector field τ on X [112].
The first order jet manifold J1CW of the bundle of world connections

admits the canonical splitting (5.5.11). In order to obtain its coordinate ex-
pression, let us consider the strength (5.7.12) of the linear world connection
Γ (6.2.1). It reads

FΓ =
1
2
Fλµ

b
aIb

adxλ ∧ dxµ =
1
2
Rµν

α
βdx

λ ∧ dxµ,

where

(Iba)αβ = Hα
b H

a
β

are generators of the group GL4 (6.1.5) in fibres of TX with respect to the
holonomic frames, and

Rλµ
α
β = ∂λΓµαβ − ∂µΓλαβ + ΓλγβΓµαγ − ΓµγβΓλαγ (6.2.4)

are components if the curvature (1.3.41) of a linear world connection Γ.
Accordingly, the above mentioned canonical splitting (5.5.11) of J1CW can
be written in the form

kλµ
α
β =

1
2
(Rλµαβ + Sλµαβ) = (6.2.5)

1
2
(kλµαβ − kµλαβ + kλ

γ
βkµ

α
γ − kµγβkλαγ) +

1
2
(kλµαβ + kµλ

α
β − kλγβkµαγ + kµ

γ
βkλ

α
γ).

It is readily observed that, if Γ is a section of CW → X, then

Rλµαβ ◦ J1Γ = Rλµ
α
β .

Because of the canonical vertical splitting (1.1.43) of the vertical tangent
bundle V TX of TX, the curvature form (1.3.41) of a linear world connection
Γ can be represented by the tangent-valued two-form

R =
1
2
Rλµ

α
βẋ

βdxλ ∧ dxµ ⊗ ∂α (6.2.6)
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on TX. Due to this representation, the Ricci tensor

Rc =
1
2
Rλµ

λ
βdx

µ ⊗ dxβ (6.2.7)

of a linear world connection Γ is defined.
Owing to the above mentioned vertical splitting (1.1.43) of V TX, the

torsion form T (1.3.42) of Γ can be written as the tangent-valued two-form

T =
1
2
Tµ

ν
λdx

λ ∧ dxµ ⊗ ∂ν , (6.2.8)

Tµ
ν
λ = Γµνλ − Γλνµ,

on X. The soldering torsion form

T = Tµ
ν
λẋ

λdxµ ⊗ ∂̇ν (6.2.9)

on TX is also defined. Then one can show the following.
• Given a linear world connection Γ (6.2.1) and its soldering torsion

form T (6.2.9), the sum Γ + cT , c ∈ R, is a linear world connection.
• Every linear world connection Γ defines a unique symmetric world

connection

Γ′ = Γ− 1
2
T. (6.2.10)

• If Γ and Γ′ are linear world connections, then

cΓ + (1− c)Γ′

is so for any c ∈ R.
A world manifold X is said to be flat if it admits a flat linear world

connection Γ. By virtue of Theorem 1.3.4, there exists an atlas of local
constant trivializations of TX such that

Γ = dxλ ⊗ ∂λ
relative to this atlas. As a consequence, the curvature form R (6.2.6) of this
connection equals zero. However, such an atlas is not holonomic in general.
Relative to this atlas, the canonical soldering form (1.1.39) on TX reads

θJ = Ha
µdx

µ∂̇a,

and the torsion form T (1.3.42) of Γ defined as the Nijenhuis differential
dΓθJ (1.3.30) need not vanish.

A world manifold X is called parallelizable if the tangent bundle TX →
X is trivial. By virtue of Theorem 1.3.4, a parallelizable world manifold
is flat. Conversely, a flat world manifold is parallelizable if it is simply
connected (see Theorem 8.1.6).
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Every linear world connection Γ (6.2.1) yields the horizontal lift

Γτ = τλ(∂λ + Γλβαẋα∂̇β) (6.2.11)

of a vector field τ on X onto the tangent bundle TX. A vector field τ on X
is said to be parallel relative to a connection Γ if it is an integral section of
Γ. Its integral curve is called the autoparallel of a linear world connection
Γ.

Remark 6.2.1. By virtue of Theorem 1.3.2, any vector field on X is an
integral section of some linear world connection. If τ(x) 6= 0 at a point
x ∈ X, there exists a coordinate system (qi) on some neighbourhood U of
x such that τ i(x) =const. on U . Then τ on U is an integral section of the
local symmetric linear world connection

Γτ (x) = dqi ⊗ ∂i, x ∈ U, (6.2.12)

on U . In particular, the functorial lift τ̃ (6.1.3) can be obtained at each
point x ∈ X as the horizontal lift of τ by means of the local symmetric
connection (6.2.12).

The horizontal lift of a vector field τ on X onto the linear frame bundle
LX by means of a world connection K reads

Γτ = τλ
(
∂λ + ΓλναHα

a

∂

∂Hν
a

)
. (6.2.13)

It is called standard if the morphism

ucθLX : LX → R4

is constant on LX. It is readily observed that every standard horizontal
vector field on LX takes the form

uv = Hλ
b v

b

(
∂λ + ΓλναHα

a

∂

∂Hν
a

)
(6.2.14)

where v = vbtb ∈ R4. A glance at this expression shows that a standard
horizontal vector field is not projectable.

Since TX is an LX-associated fibre bundle, we have the canonical mor-
phism

LX × R4 → TX,

(Hµ
a , v

a)→ ẋµ = Hµ
a v

a.

The tangent map to this morphism sends every standard horizontal vector
field (6.2.14) on LX to the horizontal vector field

u = ẋλ(∂λ + Γλναẋα∂̇ν) (6.2.15)
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on the tangent bundle TX. Such a vector field on TX is called holonomic
[112]. Given holonomic coordinates (xµ, ẋµ, ẋµ, ẍµ) on the double tangent
bundle TTX, the holonomic vector field (6.2.15) defines the second order
dynamic equation

ẍν = Γλναẋλẋα (6.2.16)

on X which is called the geodesic equation with respect to a linear world
connection Γ. Solutions of the geodesic equation (6.2.16), called the
geodesics of Γ, are the projection of integral curves of the vector field
(6.2.15) in TX onto X. Moreover, one can show the following [92].

Theorem 6.2.1. The projection of an integral curve of any standard hor-
izontal vector field (6.2.14) on LX onto X is a geodesic in X. Conversely,
any geodesic in X is of this type.

It is readily observed that, if linear world connections Γ and Γ′ differ
from each other only in the torsion, they define the same holonomic vector
field (6.2.15) and the same geodesic equation (6.2.16).

Let τ be an integral vector field of a linear world connection Γ, i.e.,

∇Γ
µτ = 0.

Consequently, it obeys the equation

τµ∇Γ
µτ = 0.

Then one can show that any autoparallel of a linear world connection Γ is its
geodesic and, conversely, a geodesic of Γ is an autoparallel of its symmetric
part (6.2.10).

6.3 Lorentz reduced structure. Gravitational field

Gravitation theory on a world manifold X is classical field theory with
spontaneous symmetry breaking described by different reduced structures
of the linear frame bundle LX as follows [83; 142].

The geometric formulation of the equivalence principle states the exis-
tence of an atlas of the tangent bundle TX → X and associated bundles
with transition functions taking their values into the Lorentz group [83]. In
other words, the structure group GL4 (6.1.5) of the linear frame bundle LX
over a world manifold X must be reducible to the Lorentz group SO(1, 3).
At the same time, the existence of Dirac fermion fields implies that GL4 is
reducible to the proper Lorentz group

L = SO0(1, 3),
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which is the connected component of the unit of SO(1, 3). If a structure
group of LX is reducible to the proper Lorentz group, it also is reducible to
its maximal compact subgroup SO(3) that defines a space-time structure
of a world manifold X (see Section 6.4).

In this and next Chapters, we deal with the following reduced Lorentz
and proper Lorentz structures.
• By a Lorentz structure is meant a reduced principal SO(1, 3)-

subbundle LgX, called the Lorentz subbundle, of the linear frame bundle
LX.
• A proper Lorentz structure is defined as a reduced L-subbundle LhX,

called proper Lorentz subbundle, of the linear frame bundle LX.

Lemma 6.3.1. There is one-to-ne correspondence between the reduced
Lorentz and proper Lorentz structures.

Proof. The Lorentz group SO(1, 3) is isomorphic to the group product

SO(1, 3) = Z2 × L.

Since a world manifold X is simply connected, any principal Z2-bundle is
trivial by virtue of Theorem 8.1.6. Therefore, any principal Lorentz bundle
PSO(1,3) is isomorphic to the product

PSO(1,3) = Z2×
X
PL,

where PL is a principal L-bundle. �

One can show that different proper Lorentz subbundles LhX and Lh
′
X

of the frame bundle LX are isomorphic as principal L-bundles [77]. This
means that there exists a vertical automorphism of the frame bundle LX
which sends LhX onto Lh

′
X (see Theorem 5.10.2). By virtue of Lemma

6.3.1, the similar property of Lorentz subbundles also is true.

Remark 6.3.1. There is the well-known topological obstruction to the
existence of a Lorentz structure on a world manifold X. All non-compact
manifolds and compact manifolds whose Euler characteristic equals zero
admit a reduced SO(1, 3)-structure [34]. In gravitational models, some
conditions of causality should be also satisfied [74]. A compact space-time
does not possess this property. At the same time, a non-compact world
manifold X has a Dirac spinor structure if and only if it is parallelizable [51;
165].
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By virtue of Theorem 5.10.1, there is one-to-one correspondence between
the principal L-subbundles LhX of the frame bundle LX and the global
sections h of the quotient fibre bundle

ΣT = LX/L, (6.3.1)

called the tetrad bundle. This is an LX-associated fibre bundle with the
typical fibre GL4/L. Its global sections are called the tetrad fields. The
fibre bundle (6.3.1) is the two-fold covering

ζ : ΣT → ΣPR

of the metric bundle

ΣPR = LX/SO(1, 3), (6.3.2)

whose typical fibre is Gl4/SO(1, 3) and whose global sections are pseudo-

Riemannian world metrics g onX. In particular, every tetrad field h defines
uniquely a pseudo-Riemannian metric g = ζ◦h. For the sake of convenience,
one usually identifies the metric bundle (6.3.2) with an open subbundle of
the tensor bundle

ΣPR ⊂
2
∨TX. (6.3.3)

Therefore, the metric bundle ΣPR (6.3.2) can be equipped with the bundle
coordinates (xλ, σµν).

In General Relativity, a pseudo-Riemannian world metric (or a tetrad
field) describes a gravitational field. Therefore, the existence of a reduced
Lorentz structure is part and parcel of gravitation theory.

Every tetrad field h defines an associated Lorentz bundle atlas

Ψh = {(Uι, zhι = {ha})} (6.3.4)

of the linear frame bundle LX such that the corresponding local sections zhι
of LX take their values into the Lorentz subbundle LhX and the transition
functions of Ψh (6.3.4) between the frames {ha} are L-valued. The frames
(6.3.4):

{ha = hµa(x)∂µ}, hµa = Hµ
a ◦ zhι , x ∈ Uι, (6.3.5)

are called the tetrad frames. Certainly, a Lorentz bundle atlas Ψh is not
unique.

Given a Lorentz bundle atlas Ψh, the pull-back

h = ha ⊗ ta = zh∗ι θLX = haλ(x)dx
λ ⊗ ta (6.3.6)
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of the canonical form θLX (6.1.7) by a local section zhι is called the (local)
tetrad form. The tetrad form (6.3.6) determines the tetrad coframes

{ha = haµ(x)dx
µ}, x ∈ Uι, (6.3.7)

in the cotangent bundle T ∗X. They are the dual of the tetrad frames
(6.3.5). The coefficients hµa and haµ of the tetrad frames (6.3.5) and coframes
(6.3.7) are called the tetrad functions. They are transition functions be-
tween the holonomic atlas ΨT (6.1.6) and the Lorentz atlas Ψh (6.3.4) of
the linear frame bundle LX.

With respect to the Lorentz atlas Ψh (6.3.4), a tetrad field h can be
represented by the R4-valued tetrad form (6.3.6). Relative to this atlas,
the corresponding pseudo-Riemannian world metric g = ζ ◦ h takes the
well-known form

g = η(h⊗ h) = ηabh
a ⊗ hb, gµν = haµh

b
νηab, (6.3.8)

where η is the Minkowski metric in R4 written with respect to its fixed
basis {ta}. It is readily observed that the tetrad coframes {ha} (6.3.7)
and the tetrad frames {ha} (6.3.5) are orthornormal relative to the pseudo-
Riemannian metric (6.3.8), namely:

gµνhaµh
b
ν = ηab, gµνh

µ
ah

ν
b = ηab.

Therefore, their components h0, h0 and hi, hi, i = 1, 2, 3, are called time-
like and spatial, respectively.

A principal connection on a proper Lorentz subbundle LhX of the frame
bundle LX is called the Lorentz connection. By virtue of Theorem 5.10.4,
this connection is extended to a principal connection Γ on the linear frame
bundle LX. It also is called the Lorentz connection. The associated linear
world connection on the tangent bundle TX with respect to a Lorentz atlas
Ψh reads

Γ = dxλ ⊗ (∂λ +
1
2
Aλ

abIab
c
dh
d
µẋ

µhνc ∂̇ν) (6.3.9)

where

Iab
c
d = ηbdδ

c
a − ηadδcb (6.3.10)

are generators of the right Lie algebra gL of the proper Lorentz group L
in the Minkowski space R4. Written relative to a holonomic atlas, the
connection Γ (6.3.9) possesses the components

Γλµν = hkν∂λh
µ
k + ηkah

µ
b h

k
νAλ

ab. (6.3.11)
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Its holonomy group is a subgroup of the Lorentz group L. Conversely, let
Γ be a linear world connection whose (abstract) holonomy group K is a
subgroup of the Lorentz group. Since a base X is simply connected, this
holonomy group coincides with restricted holonomy group (see Theorem
8.1.2). Consequently, it is connected and, therefore, is a subgroup of the
proper Lorentz group L. By virtue of Theorem 8.1.4, this linear world con-
nection Γ defines a proper Lorentz subbundle of the frame bundle LX, and
it is reducible to a Lorentz connection on this subbundle. Thus, we come
to the following.

Assertion 6.3.1. A linear world connection is a Lorentz connection if and
only if its holonomy group is a subgroup of the proper Lorentz group L.

Given a pseudo-Riemannian metric g, every linear world connection Γ
(6.2.1) admits the decomposition

Γµνα = {µνα}+ Sµνα +
1
2
Cµνα (6.3.12)

in the Christoffel symbols {µνα} (1.3.44), the non-metricity tensor

Cµνα = Cµαν = ∇Γ
µgνα = ∂µgνα + Γµνα + Γµαν (6.3.13)

and the contorsion

Sµνα = −Sµαν =
1
2
(Tνµα + Tναµ + Tµνα + Cανµ − Cναµ), (6.3.14)

where Tµνα = −Tανµ are coefficients of the torsion form (6.2.8) of Γ.
A linear world connection Γ is called a metric connection for a pseudo-

Riemannian world metric g if g is its integral section, i.e., the metricity

condition

∇Γ
µgνα = 0 (6.3.15)

holds. A metric connection reads

Γµνα = {µνα}+
1
2
(Tνµα + Tναµ + Tµνα). (6.3.16)

For instance, the Levi–Civita connection is a torsion-free metric connection
Γ where Γµνα = {µνα}.

By virtue of Theorem 5.10.5, a metric connection Γ for a pseudo-
Riemmanian world metric g = ζ ◦h is reducible to a Lorentz connection on
the proper Lorentz subbundle LhX, i.e., it is a Lorentz connection. Con-
versely, every Lorentz connection obeys the metricity condition (6.3.15) for
some pseudo-Riemannian metric g (which is not necessarily unique [154]).
Thus, the following is true.

Assertion 6.3.2. A Lorentz connection is a metric connection, and vice
versa.
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Though a linear world connection is not a Lorentz connection in general,
any world connection Γ defines a Lorentz connection Γh on each principal
L-subbundle LhX of the frame bundle as follows.

Since the Lorentz group is a Cartan subgroup of the general linear group
GL4, the Lie algebra of the general linear group GL4 is the direct sum

gGL4 = gL ⊕m

of the Lie algebra gL of the Lorentz group and a subspace m such that

[gL,m] ⊂ m.

Then this is the case of Theorem 5.10.6. Therefore, let consider the local
connection one-form (5.4.13) of a connection Γ with respect to a Lorentz
atlas Ψh of LX given by the tetrad forms ha. It reads

zh∗ι Γ = −Γλbadxλ ⊗ Iba,
Γλba = −hbµ∂λhµa + Γλµνhbµh

ν
a,

where {eab} is the basis for the Lie algebra gGL4 . Then, the Lorentz part of
this form is precisely the local connection one-form (5.4.13) of the connec-
tion Γh on LhX. We have

zh∗ζ Γh = −1
2
Aλ

abdxλ ⊗ Iab, (6.3.17)

Aλ
ab =

1
2
(ηkbhaµ − ηkahbµ)(∂λh

µ
k − h

ν
kΓλ

µ
ν).

Then combining this expression and the expression (6.3.9) gives the con-
nection

Γ = dxλ⊗(∂λ+
1
4
(ηkbhaµ−ηkahbµ)(∂λh

µ
k−h

ν
kΓλ

µ
ν)Iabcdhdµẋ

µhνc ∂̇ν) (6.3.18)

with respect to a Lorentz atlas Ψh and this connection

Γh = dxλ ⊗ [∂λ +
1
2
(hkαδ

β
µ − ηkcgµαhβc )(∂λh

µ
k − h

ν
kΓλ

µ
ν)ẋα∂β ] (6.3.19)

relative to a holonomic atlas. If Γ is a Lorentz connection (6.3.11) extended
from LhX, then obviously Γh = Γ.

6.4 Space-time structure

If the structure groupGL4 (6.1.5) of the linear frame bundle LX is reducible
to the proper Lorentz group L, it is always reducible to the maximal com-
pact subgroup SO(3) of L in accordance with Assertion 5.10.2. By virtue



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

6.4. Space-time structure 229

of Assertion 5.10.2, the structure group GL4 of LX also is reducible to
its maximal compact subgroup SO(4). Thus, there is the commutative
diagram

GL4 −→ SO(4)

? ?
L −→ SO(3)

(6.4.1)

of the reduction of structure groups of the linear frame bundle LX in grav-
itation theory [132]. This reduction diagram results in the following.
• By virtue of Theorem 5.10.1, there is one-to-one correspondence be-

tween the reduced principal SO(4)-subbundles Lg
R

X of the linear frame
bundle LX and the global sections of the quotient bundle

LX/SO(4)→ X.

Its global sections are Riemannian world metrics gR on X. Thus, a Rie-
mannian metric on a world manifold always exists. In fact, its existence
results from paracompactness of a world manifold, but the converse also is
true. One can show that a smooth manifold is paracompact if it admits a
Riemannian structure [92].
• As was mentioned above, a reduction of the structure group of the

linear frame bundle LX to the proper Lorentz group means the existence
of a reduced Lorentz subbundle LhX ⊂ LX associated with a tetrad field
h or a pseudo-Riemannian metric g = ζ ◦ h on X.
• Since the structure group L of this reduced Lorentz bundle LhX

is reducible to the group SO(3) there exists a reduced principal SO(3)-
subbundle

Lh0X ⊂ LhX ⊂ LX, (6.4.2)

called the spatial structure. The corresponding global section of the quo-
tient fibre bundle

LhX/SO(3)→ X

with the typical fibre R3 is a one-codimensional spatial distribution F ⊂ TX
on X. Its annihilator AnnF is a one-dimensional codistribution F∗ ⊂ T ∗X.

Given the spatial structure Lh0X (6.4.2), let us consider a Lorentz bundle
atlas Ψh

0 (6.3.4) given by local sections zι of LX taking their values into the
reduced SO(3)-subbundle Lh0X. Its transition functions are SO(3)-valued.
Thus, the following is stated.

Assertion 6.4.1. In gravitation theory on a world manifold X, one can
always choose an atlas of the tangent bundle TX and associated bundles
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with SO(3)-valued transition functions. This bundle atlas, called the spatial
bundle atlas, however need not be holonomic.

Given a spatial bundle atlas Ψh
0 , its SO(3)-valued transition functions

preserve the time-like component

h0 = h0
λdx

λ (6.4.3)

of local tetrad forms (6.3.6) which, therefore, is globally defined. We agree
to call it the time-like tetrad form. Accordingly, the dual time-like vector
field

h0 = hµ0∂µ (6.4.4)

also is globally defined. In this case, the spatial distribution F is spanned
by spatial components hi, i = 1, 2, 3, of the tetrad frames (6.3.5), while the
time-like tetrad form (6.4.3) spans the tetrad codistribution F∗, i.e.,

h0cF = 0. (6.4.5)

Then the tangent bundle TX of a world manifold X admits the space-time

decomposition

TX = F⊕ T 0X, (6.4.6)

where T 0X → X is the one-dimensional fibre bundle spanned by the time-
like vector field h0 (6.4.4).

Since the diagram (6.4.1) is commutative, the reduced spatial subbundle
Lh0X (6.4.2) of a reduced Lorentz bundle LhX is a reduced subbundle of
some reduced SO(4)-bundle Lg

R

X too, i.e.,

LhX ⊃ Lh0X ⊂ Lg
R

X. (6.4.7)

Let g = ζ◦h and gR be the corresponding pseudo-Riemannian and Rieman-
nian world metrics on X. Written with respect to a spatial bundle atlas
Ψh

0 , they read

g = ηabh
a ⊗ hb, gµν = haµh

b
νη
ab, (6.4.8)

gR = ηEabh
a ⊗ hb, gRµν = haµh

b
νη
E
ab, (6.4.9)

where ηE is the Euclidean metric in R4. The space-time decomposition
(6.4.6) is orthonormal with respect to both of the metrics (6.4.8) and (6.4.9).

The world metrics (6.4.8) and (6.4.9) satisfy the following well-known
theorem [74].



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

6.4. Space-time structure 231

Theorem 6.4.1. For any pseudo-Riemannian metric g on a world mani-
fold X, there exist a normalized time-like one-form h0 and a Riemannian
metric gR such that

g = 2h0 ⊗ h0 − gR. (6.4.10)

Conversely, let a world manifold X admit a nowhere vanishing one-form
σ (or, equivalently, a nowhere vanishing vector field). Then any Rieman-
nian world metric gR on X yields the pseudo-Riemannian world metric g
(6.4.10) where

h0 =
σ√

gR(σ, σ)
.

The following is a corollary of this theorem.

Corollary 6.4.1. A world manifold X admits a pseudo-Riemannian metric
if and only if there exists a nowhere vanishing one-form (or a vector field)
on X.

Note that the condition (6.4.7) gives something more.

Theorem 6.4.2. There is one-to-one correspondence between the reduced
SO(3)-subbundles of the linear frame bundle LX and the triples (g,F, gR) of
a pseudo-Riemannian metric g, a spatial distribution F defined by the con-
dition (6.4.5) and a Riemannian metric gR which obey the relation (6.4.10).

Proof. Given the triple (6.4.7) of the reduced subbundles, let us suppose
that there exists a different reduced SO(3)-subbundle L′h0 X both of the
reduced Lorentz subbundle LhX and the SO(4)-one Lg

R

X. By virtue of
Theorem 5.10.3, the reduced SO(3)-subbundles Lh0X and L′h0 X of the prin-
cipal Lorentz bundle LhX are isomorphic because L/SO(3) = R3. Conse-
quently, there exists an automorphism of LhX which sends Lh0X onto L′h0 X
(see Theorem 5.10.2). However, no automorphism of the reduced Lorentz
bundle LhX extended to an automorphism of LX preserves the reduced
SO(4)-bundle Lg

R

X. �

A spatial distribution F and a Riemannian metric gR in the triple
(g,F, gR) in Theorem 6.4.2 are called g-compatible.

Remark 6.4.1. A g-compatible Riemannian metric gR in a triple (g,F, gR)
defines a g-compatible distance function d(x, x′) on a world manifold X.
Such a function brings X into a metric space whose locally Euclidean topol-
ogy is equivalent to a manifold topology on X. Given a gravitational field



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

232 Gravitation theory on natural bundles

g, the g-compatible Riemannian metrics and the corresponding distance
functions are different for different spatial distributions F and F′. It fol-
lows that physical observers associated with different spatial distributions
F and F′ perceive a world manifold X as different Riemannian spaces. The
well-known relativistic changes of sizes of moving bodies exemplify this phe-
nomenon [132]. Note that there are attempts of deriving a world topology
directly from a pseudo-Riemannian structure of a world manifold (path
topology, etc.) [74]. However, they are rather extraordinary in general.

From the physical viewpoint, it is natural to assume that a pseudo-
Riemannian metric g on X admits an integrable g-compatible spatial dis-
tribution F given by the condition (6.4.5). Then F defines a spatial foliation

F of a world manifold X whose leaves are spatial three-dimensional sub-
spaces of X. In this case, the time-like vector field h0 (6.4.4) is transversal
to the spatial foliation F , and the one-dimensional subbundle T 0X spanned
by h0 is the normal bundle to F which splits the exact sequence (1.1.31).

By virtue of Theorem 1.1.14, a spatial distribution F is integrable if and
only if the one-form h0 (6.4.3) is closed. In this case, a spatial distribution
F. Because a world manifold X is simply connected, its first de Rham
cohomology is trivial and, therefore, a closed one-form h0 is exact, i.e.,
h0 = df . Consequently, a spatial distribution F is simple, i.e., its leaves are
fibres of a fibred manifold X → f(X). Since the function f has no critical
points where df = 0, the foliation F obeys the notion of stable causality by
Hawking [74]. No curve transversal to leaves of such a foliation intersects
each leave more than once. It follows that a world manifold X admitting
this foliation is non-compact.

These speculations motivate us restrict our consideration to gravitation
theory on a non-compact world manifold. This restriction is essential for
describing Dirac spinor fields because, as was mentioned in Remark 6.3.1, a
non-compact world manifold X admits a Dirac spinor structure if and only
if it is parallelizable.

6.5 Gauge gravitation theory

At present, Yang–Mills gauge theory on principal bundles (see Section 5.8)
provides a universal description of the fundamental electroweak and strong
interactions. Gauge gravitation theory from the very beginning aims to
extend this description to gravity.

The first gauge model of gravity was suggested by Utiyama [158] in 1956
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just two years after birth of the gauge theory itself. Utiyama was first who
generalized the original gauge model of Yang and Mills for SU(2) to an
arbitrary symmetry Lie group and, in particular, to the Lorentz group in
order to describe gravity. However, he met the problem of treating general
covariant transformations and a pseudo-Riemannian metric (a tetrad field)
which had no partner in Yang–Mills gauge theory. To eliminate this draw-
back, representing tetrad fields as gauge fields of the translation group was
attempted (see [76; 83; 122] for a review). Since the Poincaré group comes
from the Wigner–Inönii contraction of the de Sitter groups SO(2, 3) and
SO(1, 4) and it is a subgroup of the conformal group, gauge theories on
fibre bundles Y → X with these structure groups were also considered [84;
156]. In a different way, gravitation theory was formulated as the gauge
theory with a reduced Lorentz structure where a metric (tetrad) grav-
itational field was treated as the corresponding Higgs field [83; 140;
142].

Studying gauge gravitation theory, one believes reasonable to require
that it incorporates Einstein’s General Relativity and, in particular, ad-
mits general covariant transformations. Therefore, we formulate gauge
gravitation theory as Lagrangian field theory on natural bundles over a
world manifold X. It is metric-affine gravitation theory whose Lagrangian
LMA is invariant under general covariant transformations. In the absence
of matter fields, its dynamic variables are linear world connections and
pseudo-Riemannian metrics on X.

Linear world connections are represented by sections of the bundle of
world connections CW (6.2.2). Pseudo-Riemannian world metrics are de-
scribed by sections of the open subbundle (6.3.3). Therefore, let us consider
the bundle product

Y = ΣPR×
X
CW (6.5.1)

coordinated by (xλ, σµν , kµαβ). The configuration space of gauge gravita-
tion theory is the jet manifold

J1Y = J1ΣPR×
X
J1CW, (6.5.2)

where J1CW possesses the canonical splitting (5.5.11) given by the coor-
dinate expression (6.2.5). Let us consider the differential graded algebra
(1.7.9):

S∗∞[Y ] = O∗∞Y (6.5.3)
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possessing the local generating basis (σαβ , kµαβ). A Lagrangian LMA of
gauge gravitation theory is a first order Lagrangian on the configuration
space (6.5.2). Its Euler–Lagrange operator reads

δLMA = (Eαβdσαβ + Eµαβdkµαβ) ∧ ω. (6.5.4)

The fibre bundle (6.5.1) is a natural bundle admitting the functorial lift

τ̃ΣC = τµ∂µ + (σνβ∂ντα + σαν∂ντ
β)

∂

∂σαβ
+ (6.5.5)

(∂νταkµνβ − ∂βτνkµαν − ∂µτνkναβ + ∂µβτ
α)

∂

∂kµαβ

of vector fields τ (6.1.1) on X [112]. Following Definition 2.3.1, one can
treat vector fields τ̃ΣC (6.5.5) as infinitesimal gauge transformations whose
gauge parameters are vector fields τ on X.

Therefore, let us consider the pull-back bundle

TX ×
X
Y = TX ×

X
ΣPR×

X
CW,

and let us enlarge the differential graded algebra S∗∞[Y ] (6.5.3) to the dif-
ferential bigraded algebra

P∗∞[TX;Y ] (6.5.6)

possessing the local basis (σαβ , kµαβ , cµ) of even fields (σαβ , kµαβ) and
odd ghosts (cµ). Taking the vertical part of vector fields τ̃ΣC (6.5.5) and
replacing gauge parameters τλ with ghosts cλ (see Remark 4.2.1), we obtain
the odd vertical graded derivation

u = uαβ
∂

∂σαβ
+ uµ

α
β

∂

∂kµαβ
= (6.5.7)

(σνβcαν + σανcβν − cλσ
αβ
λ )

∂

∂σαβ
+

(cαν kµ
ν
β − cνβkµαν − cνµkναβ + cαµβ − cλkλµαβ)

∂

∂kµαβ

of the differential bigraded algebra (6.5.6).
In metric-affine gravitation theory, all gravitation Lagrangians LMA, by

construction, are invariant under general covariant transformations. This
means that infinitesimal gauge transformations τ̃ΣC (6.5.5) are exact sym-
metries of a Lagrangian LMA (see Remarks 6.5.1 – 6.5.3). By virtue of
Lemma 3.5.3, it follows that the vertical graded derivation u (6.5.7) is a
variational symmetry of LMA and, thus, is its gauge symmetry. Then by
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virtue of the formulas (2.3.6) – (2.3.7), the Euler–Lagrange operator δLMA

(6.5.4) of this Lagrangian obeys the complete Noether identities

−σαβλ Eαβ − 2dµ(σµβEλβ − kλµαβEµαβ − (6.5.8)

dµ[(kνµβδαλ − kναλδ
µ
β − kλ

α
βδ
µ
ν )Eναβ ] + dµβEµλβ = 0.

These Noether identities are irreducible. Therefore, the gauge operator
(4.2.8) of gauge gravitation theory is u = u. It admits the nilpotent BRST
extension

b = u+ cλµc
µ ∂

∂cλ
. (6.5.9)

Accordingly, an original gravitation Lagrangian LMA is extended to the
proper solution of the master equation LE = Le (4.2.9) which reads

LE = LMA + uαβσαβω + uµ
α
βk

µ
α
βω + cλµc

µcλω,

where σαβ , k
µ
α
β and cλ are the corresponding antifields.

Remark 6.5.1. By analogy with Theorem 5.8.1, one can show that, if
a first order Lagrangian LMA on the configuration space (6.5.2) does not
depend on the jet coordinates σαβλ and it possesses exact gauge symmetries
(6.5.5), it factorizes through the terms Rλµαβ (6.2.5).

Remark 6.5.2. The Hilbert–Einstein Lagrangian LHE of General Rela-
tivity depends only on metric variables σαβ . It is a reduced second order
Lagrangian which differs from the first order one L′HE in a variationally
trivial term (see Theorem 2.4.4). The infinitesimal gauge covariant trans-
formations τ̃ΣC (6.5.5) are variational (but not exact) symmetries of the
first order Lagrangian L′HE, and the graded derivation u (6.5.7) is so. It
reads

u = (σνβcαν + σανcβν − cλσ
αβ
λ )

∂

∂σαβ
.

Then the corresponding Noether identities (6.5.8) take the familiar form

∇µEµλ = (dµ + {µβλ})Eµβ = 0,

where Eµλ = σµαEαλ and

{µβλ} = −1
2
σβν(dµσνλ + dλσµν − dνσµλ) (6.5.10)

are the Christoffel symbols expressed into function σαβ of σµν given by the
relations σµασαβ = δµβ .
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Remark 6.5.3. General covariant transformations are sufficient in order
to restart both Einstein’s General Relativity and metric-affine gravitation
theory [140]. However, one also considers the total group of automorphisms
of the linear frame bundle LX [76]. Such an automorphism is the composi-
tion of some general covariant transformation and a vertical automorphism
of LX (see Remark 6.1.1). Subject to associated vertical automorphisms,
the tangent bundle TX is provided with non-holonomic frames. A prob-
lem is that the most of gravitation Lagrangians, e.g., the Hilbert–Einstein
Lagrangian are not invariant under vertical non-holonomic frame transfor-
mations.

6.6 Energy-momentum conservation law

Since infinitesimal general covariant transformations τ̃ΣC (6.5.5) are ex-
act symmetries of a metric-affine gravitation Lagrangian, let us study
the corresponding conservation laws. These are the energy-momentum
conservation laws because the vector fields τ̃ΣC are not vertical [52;
135]. There are several approaches to discover an energy-momentum con-
servation law in gravitation theory. Here we treat this conservation law as
a particular gauge conservation law. Accordingly, the energy-momentum
of gravity is seen as a particular symmetry current (see, e.g., [8; 19; 76;
79]). Since infinitesimal general covariant transformations τ̃ΣC (6.5.5) are
infinitesimal gauge transformations depending on derivatives of gauge pa-
rameters, the corresponding energy-momentum current reduces to a super-
potential (see Theorem 2.4.2).

In view of Remark 6.5.1, let us assume that a metric-affine gravitation
Lagrangian LMA is independent of the derivative coordinates σλαβ of a
world metric and that it factorizes through the curvature terms Rλµαβ
(6.2.5). Then the following relations take place:

πλνα
β = −πνλαβ , πλνα

β =
∂LMA

∂kλναβ
, (6.6.1)

∂LMA

∂kναβ
= πλνα

σkλ
β
σ − πλνσβkλσα. (6.6.2)

Let us follow the compact notation

yA = kµ
α
β ,

uµ
α
β
εσ
γ = δεµδ

σ
βδ

α
γ ,

uµ
α
β
ε
γ = kµ

ε
βδ
α
γ − kµαγδεβ − kγαβδεµ.
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Then the vector fields (6.5.5) take the form
τ̃ΣC = τλ∂λ + (σνβ∂ντα + σαν∂ντ

β)∂αβ +

(uAβα∂βτ
α + uAβµα ∂βµτ

α)∂A.
We also have the equalities

πλAu
Aβµ
α = πλµα

β ,

πεAu
Aβ
α = −∂εαβLMA − πεβσγkασγ .

Let a Lagrangian LMA be invariant under general covariant transforma-
tions, i.e.,

LJ1τ̃ΣC
LMA = 0.

Then the first variational formula (2.4.29) takes the form
0 = (σνβ∂ντα + σαν∂ντ

β − τλσαβλ )δαβLMA + (6.6.3)

(uAβα∂βτ
α + uAβµα ∂βµτ

α − τλyAλ )δALMA −
dλ[πλA(yAα τ

α − uAβα∂βτα − uAεβα ∂εβτα)− τλLMA].
The first variational formula (6.6.3) on-shell leads to the weak conservation
law

0 ≈ −dλ[πλA(yAα τ
α − uAβα∂βτα − uAεβα ∂εβτα)− τλLMA], (6.6.4)

where
JMA

λ = πλA(yAα τ
α − uAβα∂βτα − uAεβα ∂εβτα)− τλLMA (6.6.5)

is the energy-momentum current of the metric-affine gravity.

Remark 6.6.1. It is readily observed that, with respect to a local coor-
dinate system where a vector field τ is constant, the energy-momentum
current (6.6.5) leads to the canonical energy-momentum tensor

JMA
λ
ατ

α = (πλµβνkαµβν − δλαLMA)τα.
This tensor was suggested in order to describe the energy-momentum com-
plex in the Palatini model [32; 121].

Due to the arbitrariness of gauge parameters τλ, the first variational
formula (6.6.3) falls into the set of equalities (2.4.43) – (2.4.46) which read

π(λε
γ
σ) = 0, (6.6.6)

(uAεσγ ∂A + uAεγ∂
σ
A)LMA = 0, (6.6.7)

δβαLMA + 2σβµδαµLMA + uAβαδALMA + dµ(π
µ
Au

Aβ
α)− (6.6.8)

yAαπ
β
A = 0,

∂λLMA = 0.

Remark 6.6.2. It is readily observed that the equalities (6.6.6) and (6.6.7)
hold due to the relations (6.6.1) and (6.6.2), respectively.
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Substituting the term yAαπ
β
A from the expression (6.6.8) in the energy-

momentum conservation law (6.6.4), one brings this conservation law into
the form

0 ≈ −dλ[2σλµταδαµLMA + uAλατ
αδALMA − πλAuAβα∂βτα + (6.6.9)

dµ(πλµαβ)∂βτα + dµ(π
µ
Au

Aλ
α)τα − dµ(πλµαβ∂βτα)].

After separating the variational derivatives, the energy-momentum conser-
vation law (6.6.9) of the metric-affine gravity takes the superpotential form

0 ≈ −dλ[2σλµταδαµLMA +

(kµλγδµαγLMA − kµσαδµσλLMA − kασγδλσγLMA)τα +

δλα
µLMA∂µτ

α − dµ(δµαλLMA)τα + dµ(πµλαν(∂ντα − kσαντσ))],

where the energy-momentum current on-shell reduces to the generalized

Komar superpotential

UMA
µλ = πµλα

ν(∂ντα − kσαντσ) (6.6.10)

[52; 135]. We can rewrite this superpotential as

UMA
µλ = 2

∂LMA

∂Rµλαν
(Dντ

α + Tν
α
στ

σ),

where Dν is the covariant derivative relative to the connection kνασ and

Tν
α
σ = kν

α
σ − kσαν (6.6.11)

is its torsion.

Example 6.6.1. Let us consider the Hilbert–Einstein Lagrangian

LHE =
1
2κ
R
√
−σω,

R = σλνRαλαν , σ = det(σαβ),

in the metric-affine gravitation model. Then the generalized Komar super-
potential (6.6.10) comes to the Komar superpotential if we substitute the
Levi–Civita connection kνασ = {νασ} (6.5.10).

6.7 Appendix. Affine world connections

The tangent bundle TX of a world manifold X as like as any vector bun-
dle possesses a natural structure of an affine bundle (see Section 1.1.3).
Therefore, one can consider affine connections on TX, called affine world

connections. Here we study them as principal connections.
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Let Y → X be an affine bundle with an k-dimensional typical fibre
V . It is associated with a principal bundle AY of affine frames in Y ,
whose structure group is the general affine group GA(k,R). Then any
affine connection on Y → X can be seen as an associated with a principal
connection on AY → X. These connections are represented by global
sections of the affine bundle

J1P/GA(k,R)→ X.

They are always exist.
As was mentioned in Section 1.3.5, every affine connection Γ (1.3.45)

on Y → X defines a unique associated linear connection Γ (1.3.46) on the
underlying vector bundle Y → X. This connection Γ is associated with a
linear principal connection on the principal bundle LY of linear frames in
Y whose structure group is the general linear group GL(k,R). We have the
exact sequence of groups

0→ Tk → GA(k,R)→ GL(k,R)→ 1, (6.7.1)
where Tk is the group of translations in Rk. It is readily observed that there
is the corresponding principal bundle morphism AY → LY over X, and
the principal connection Γ on LY is the image of the principal connection
Γ on AY → X under this morphism in accordance with Theorem 5.4.2.

The exact sequence (6.7.1) admits a splitting
GL(k,R)→ GA(k,R),

but this splitting is not canonical. It depends on the morphism
V 3 v → v − v0 ∈ V ,

i.e., on the choice of an origin v0 of the affine space V . Given v0, the image
of the corresponding monomorphism

GL(k,R)→ GA(k,R)
is a stabilizer

G(v0) ⊂ GA(k,R)
of v0. Different subgroups G(v0) and G(v′0) are related to each other as
follows:

G(v′0) = T (v′0 − v0)G(v0)T−1(v′0 − v0),
where T (v′0 − v0) is the translation along the vector (v′0 − v0) ∈ V .

Remark 6.7.1. Accordingly, the well-known morphism of a k-dimensional
affine space V onto a hypersurface yk+1 = 1 in Rk+1 and the corresponding
representation of elements of GA(k,R) by particular (k + 1) × (k + 1)-
matrices also fail to be canonical. They depend on a point v0 ∈ V sent to
vector (0, . . . , 0, 1) ∈ Rk+1.
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One can say something more if Y → X is a vector bundle provided
with the natural structure of an affine bundle whose origin is the canonical
zero section 0̂. In this case, we have the canonical splitting of the exact se-
quence (6.7.1) such that GL(k,R) is a subgroup of GA(k,R) and GA(k,R)
is the semidirect product of GL(k,R) and the group T (k,R) of translations
in Rk. Given a GA(k,R)-principal bundle AY → X, its affine structure
group GA(k,R) is always reducible to the linear subgroup since the quo-
tient GA(k,R)/GL(k,R) is a vector space Rk provided with the natural
affine structure (see Example 5.10.2). The corresponding quotient bundle
is isomorphic to the vector bundle Y → X. There is the canonical injection
of the linear frame bundle LY → AY onto the reduced GL(k,R)-principal
subbundle of AY which corresponds to the zero section 0̂ of Y → X. In
this case, every principal connection on the linear frame bundle LY gives
rise to a principal connection on the affine frame bundle in accordance with
Theorem 5.10.4. This is equivalent to the fact that any affine connection
Γ on a vector bundle Y → X defines a linear connection Γ on Y → X

and that every linear connection on Y → X can be seen as an affine one.
Then any affine connection Γ on the vector bundle Y → X is represented
by the sum of the associated linear connection Γ and a basic soldering form
σ on Y → X. Due to the vertical splitting (1.1.17), this soldering form is
represented by a global section of the tensor product T ∗X ⊗ Y .

Let now Y → X be the tangent bundle TX → X considered as an affine
bundle. Then the relationship between affine and linear world connections
on TX is the repetition of that we have said in the case of an arbitrary
vector bundle Y → X. In particular, any affine world connection

Γ = dxλ ⊗ (∂λ + Γλαµ(x)ẋµ + σαλ (x))∂α (6.7.2)

on TX → X is represented by the sum of the associated linear world
connection

Γ = Γλαµ(x)ẋµdxλ ⊗ ∂α (6.7.3)

on TX → X and a basic soldering form

σ = σαλ (x)dxλ ⊗ ∂α (6.7.4)

on Y → X, which is the (1, 1)-tensor field on X. For instance, if σ = θX
(1.1.37), we have the Cartan connection (1.3.48).

It is readily observed that the soldered curvature (1.3.29) of any solder-
ing form (6.7.4) equals zero. Then we obtain from (1.3.32) that the torsion
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(1.3.47) of the affine connection Γ (6.7.2) with respect to σ (6.7.4) coincides
with that of the associated linear connection Γ (6.7.3) and reads

T =
1
2
T iλµdx

µ ∧ dxλ ⊗ ∂i,

Tλ
λ
µ = Γλανσνµ − Γµανσνλ. (6.7.5)

The relation between the curvatures of an affine world connection Γ (6.7.2)
and the associated linear connection Γ (6.7.3) is given by the general ex-
pression (1.3.33) where ρ = 0 and T is (6.7.5).

Remark 6.7.2. On may think on the physical meaning of the tensor field
σ (6.7.4). One can use σαλdx

λ as a non-holonomic coframes in the metric-
affine gauge theory with non-holonomic GL4 gauge transformations (see,
e.g., [76]). In the gauge theory of dislocations in continuous media, the field
σ is treated as an elastic distortion [87; 110; 130].
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Chapter 7

Spinor fields

Classical theory of Dirac spinor fields is a theory with spontaneous symme-
try breaking. The following three facts make it most interesting both from
physical and mathematical viewpoints.
• Dirac fermions are unique observable matter fields.
• Dirac fermions are odd fields.
• The existence of Dirac fermion matter possessing Lorentz symmetries

is the underlying physical reason of breakdown of world symmetries and,
consequently, of the existence of a gravitational field.

7.1 Clifford algebras and Dirac spinors

Dirac spinors are conventionally described in the framework of formalism
of Clifford algebras [103].

Let M = R4 be the Minkowski space equipped with the Minkowski
metric

η = diag(1,−1,−1,−1),

written with respect to a fixed basis {ea} for M . Let C1,3 be the complex
Clifford algebra generated by elements of M . It is defined as the complex-
ified quotient of the tensor algebra

⊗M = R⊕M ⊕ · · · ⊕M⊗k ⊕ · · ·

of M by the two-sided ideal generated by elements

e⊗ e′ + e′ ⊗ e− 2η(e, e′) ∈ ⊗M, e, e′ ∈M.

Remark 7.1.1. The complex Clifford algebra C1,3 is isomorphic to the
real Clifford algebra R2,3, whose generating space is R5 equipped with the

243



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

244 Spinor fields

pseudo-Euclidean metric

diag(1,−1,−1,−1, 1).

Its subalgebra generated by elements of M ⊂ R5 is the real Clifford algebra
R1,3.

A Dirac spinor space V (or, simply, a spinor space) is defined as a
minimal left ideal of C1,3 on which this algebra acts on the left. There is
the representation

γ : M ⊗ V → V, (7.1.1)

γ(eα) = γα,

of elements of the Minkowski subspace M ⊂ C1,3 by the Dirac γ-matrices
on V . Let us mention the relations

(γα)+ = ηααγα, (γ0γα)+ = γ0γα,

where the symbol ()+ stands for a Hermitian conjugate matrix.

Remark 7.1.2. The explicit form of the representation (7.1.1) depends
on the choice of a minimal left ideal V of C1,3. Different ideals lead to
equivalent representations (7.1.1). One usually considers the representa-
tion, where

γ0 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 .

The Clifford group G1,3 ⊂ R1,3 is defined to consist of the invertible
elements ls of the real Clifford algebra R1,3 such that the inner automor-
phisms given by these elements preserve the Minkowski space M ⊂ R1,3,
i.e.,

lsel
−1
s = l(e), e ∈M, (7.1.2)

where l is a Lorentz transformation ofM . Hence, there is an epimorphism of
the Clifford group G1,3 onto the Lorentz group O(1, 3). However, the action
(7.1.2) of the Clifford group on the Minkowski space M is not effective.
Therefore, one consider its pin and spin subgroups. The subgroup Pin(1, 3)
of G1,3 is generated by elements e ∈ M such that η(e, e) = ±1. The even
part of Pin(1, 3) is the spin group Spin(1, 3), i.e., η(e, e) = 1, e ∈ Spin(1, 3).
Its component of the unity

Ls = Spin0(1, 3) ' SL(2,C) (7.1.3)
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is the well-known two-fold universal covering group

zL : Ls → L = Ls/Z2 (7.1.4)

of the proper Lorentz group L. We agree to call Ls (7.1.4) the spinor Lorentz

group. Its Lie algebra gL is that of the proper Lorentz group L.

Remark 7.1.3. The generating elements e ∈ M , η(e, e) = ±1, of the pin
group Pin(1, 3) act on the Minkowski space by the adjoint representation
which is the composition

e : v → eve−1 = −v + 2
η(e, v)
η(e, e)

e, e, v ∈ R4,

of the total reflection of M and the reflection across the hyperplane

e⊥ = {w ∈M ; η(e, w) = 0}

which is perpendicular to e with respect to the metric η in M . By the well-
known Cartan–Dieudonné theorem, every element of the pseudo-orthogonal
group O(p, q) can be written as a product of r ≤ p + q reflections across
hyperplanes in the vector space Rp+q [103]. In particular, the spin group
Spin(1, 3) consists of the elements of Pin(1, 3) which result from an even
number of reflections of M . The epimorphism of Spin(1, 3) onto the Lorentz
group L and the epimorphism (7.1.4) are defined by the fact that elements
e and −e of M determine the same reflection of M across the hyperplane
e⊥ = (−e)⊥. We further consider an action of the spinor Lorentz group Ls

(factorizing through that of the proper Lorentz group L) on the Minkowski
space M , but it is not effective.

The Clifford group G1,3 acts on the Dirac spinor space V by left multi-
plications

G1,3 3 ls : v 7→ lsv, v ∈ V.

This action preserves the representation (7.1.1), i.e.,

γ(lM ⊗ lsV ) = lsγ(M ⊗ V ).

The spinor Lorentz group Ls acts on the Dirac spinor space V by means of
the infinitesimal generators

Iab =
1
4
[γa, γb]. (7.1.5)

Since

I+
abγ

0 = −γ0Iab,
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the Dirac spinor space V is provided with the Ls-invariant bilinear form

a(v, v′) =
1
2
(v+γ0v′ + v′

+
γ0v), (7.1.6)

called the spinor metric.
In the framework of classical field theory on fibre bundles, classical Dirac

spinor fields are described by sections of a spinor bundle S on a world
manifold X whose typical fibre is the Dirac spinor space V and whose
structure group is the spinor Lorentz group Ls. In order to construct the
Dirac operator, one however need a fibrewise action (7.1.1) of the whole
Clifford algebra C1,3 on a spinor bundle (see Remark 7.2.3). Therefore, a
spinor bundle must be represented as a subbundle of the bundle in Clifford
algebras [103].

Let us start with a fibre bundle in Minkowski spaces MX → X over a
world manifold X. It is defined as a fibre bundle with the typical fibre M
and the structure group L. This fibre bundle is extended to a fibre bundle in

Clifford algebras CX whose fibres CxX are the Clifford algebras generated
by the fibres MxX of the fibre bundle in Minkowski spaces MX. The fibre
bundle CX possesses the structure group Aut(C1,3) of inner automorphisms
of the complex Clifford algebra C1,3. This structure group is reducible to
the proper Lorentz group L and, certainly, the bundle in Clifford algebras
CX contains the subbundle MX of the generating Minkowski spaces. How-
ever, CX need not contain a spinor subbundle because a spinor subspace
V of C1,3 is not stable under inner automorphisms of C1,3. A spinor sub-
bundle SM of CX exists if transition functions of CX can be lifted from
the Clifford group G1,3. This condition agrees with the familiar condition
of the existence of a spinor structure (see Remark 7.2.1).

The bundle MX in Minkowski spaces must be isomorphic to the cotan-
gent bundle T ∗X in order that sections of the spinor bundle SM describe
Dirac fermion fields on a world manifold X. In other words, we should
consider a spinor structure on the cotangent bundle T ∗X of X [103].

7.2 Dirac spinor structure

There are several almost equivalent definitions of a spinor structure on a
world manifold X [7; 103]. A Dirac spinor structure on a world manifold X
is said to be a pair (Ps, zs) of a principal Ls-bundle Ps → X and a principal
bundle morphism

zs : Ps →
X
LX (7.2.1)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

7.2. Dirac spinor structure 247

of Ps to the linear frame bundle LX → X.
Since the group homomorphism Ls → GL4 factorizes through the epi-

morphism (7.1.4), every bundle morphism (7.2.1) factorizes through a mor-
phism

zh : Ps → LhX, (7.2.2)

zh ◦RgP = RzL(g)P , g ∈ Ls,

of Ps to some reduced principal Lorentz subbundle LhX of the linear frame
bundle LX whose structure group is the proper Lorentz group L.

It follows that the necessary condition for the existence of a Dirac spinor
structure on X is that the structure group GL4 of LX is reducible to the
proper Lorentz group L. Herewith, any Dirac spinor structure on a world
manifold X is associated with some tetrad field h or a pseudo-Riemannian
metric g = ζ ◦ h. Therefore, this Dirac spinor structure also is the pseudo-

Riemannian spinor structure on a world manifold.
Conversely, given a reduced Lorentz structure LhX ⊂ LX, the associ-

ated Dirac spinor structure (7.2.2) exists if the following conditions hold.

Lemma 7.2.1. All spinor structures on a world manifold X which are
related to the two-fold universal covering groups possess the following two
properties [70].

(i) Let P → X be a principal bundle whose structure group G has the
fundamental group π1(G) = Z2. Let G̃ be the universal two-fold covering
group of G, i.e., G̃ is the extension (10.4.10):

1→ Z2 −→ G̃ −→G→ 1,

of a group G by the commutative group Z2. The topological obstruction to
that a principal G-bundle P → X lifts to a principal G̃-bundle P̃ → X is
given by the Čech cohomology group H2(X; Z2) of X. Namely, a principal
bundle P defines an element of H2(X; Z2) which must be zero so that P →
X can give rise to P̃ → X.

(ii) Non-equivalent lifts of P → X to principal G̃-bundles are classified
by elements of the Čech cohomology group H1(X; Z2).

In our case, the topological obstruction to that a reduced Lorentz struc-
ture LhX lifts to the Dirac spinor one is the second Stiefel–Whitney class
w2(X) ∈ H2(X; Z2) of X [103].

Remark 7.2.1. A world manifold X thus must satisfy certain topological
conditions in order to admit a Dirac spinor structure. Spinor bundles S
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over X with the structure group Ls (7.1.3) are classified by the Chern
classes ci(S) ∈ H2i(X,Z), i = 1, 2. Since the group Ls is reducible to
its maximal compact subgroup SU(2), the first Chern class c1(S) of S is
trivial, while the second Chern class c2(S) is represented by the cohomology
of the characteristic form c2(F ) (see Example 8.1.4). Let S = Sh be a Dirac
spinor bundle associated with the cotangent bundle T ∗X both due to the
bundle morphism (7.2.2) and that T ∗X is associated with reduced Lorentz
bundle LhX. Strictly speaking, T ∗X is associated with the tensor product
Sh ⊗ Sh∗. Because of the inclusion

GL4 → GL(4,C)

(see the commutative diagram (8.1.24)), the cotangent bundle T ∗X can be
regarded as a GL(4,C)-bundle ϕ(T ∗X). Consequently, there is the rela-
tion (8.1.29) between the Pontryagin and Chern classes of a world mani-
fold. Moreover, since the fibre bundle ϕ(T ∗X) is associated with the tensor
product Sh ⊗ Sh∗, we obtain

p1(X) = −c2(ϕ(T ∗X)) = −4c2(Sh).

One can reproduce the first relation in terms of the characteristic forms
(8.1.22) and (8.1.17) if a principal connection on LX is a Lorentz connec-
tion on LhX induced by a spinor connection on Ph (see Theorem 7.2.1).
Some additional properties of a space-time structure (e.g., that a spatial
distribution F is orientable) also are required. As a result, one can state
the following [51; 165].
• A non-compact world manifold admits a Dirac spinor structure if and

only if it is parallelizable.
• For a compact world manifold X, its Euler characteristic and the sec-

ond Stiefel-Whitney class w2 must be zero, and its first Pontryagin number
must be multiple of 48.

Remark 7.2.2. Let us compare a pseudo-Riemannian spinor structure
with the Riemannian one. To introduce a Riemannian spinor structure,
one considers the complex Clifford algebra C4,0 which is generated by el-
ements of the vector space R4 equipped with the Euclidean metric [103].
The corresponding spinor space VE is a minimal left ideal of C4,0. The spin
group is Spin(4) which is the two-fold universal covering group of the group
SO(4). It is isomorphic to SU(2)⊗ SU(2). Let us assume that the second
Stiefel–Whitney class w2(X) of X vanishes. A Riemannian spinor structure

on a world manifold X is defined as a pair of a principal Spin(4)-bundle
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Ps → X and a principal bundle morphism zs of Ps to LX. Since such a
morphism factorizes through a bundle morphism

zgR : Ps → Lg
R

X

for a Riemannian metric gR, this spinor structure is a gR-associated spinor
structure.

Hereafter, we restrict our consideration to Dirac spinor structures on a
non-compact (and, consequently, parallelizable) world manifold X. In this
case, all Dirac spinor structures are isomorphic [7; 51]. Therefore, there is
one-to-one correspondence

zh : Phs → LhX ⊂ LX (7.2.3)

between the reduced Lorentz structures LhX and the Dirac spinor struc-
tures (Phs , zh) which factorize through the corresponding LhX. In partic-
ular, every Lorentz bundle atlas Ψh = {zhι } (6.3.4) of LhX gives rise to an
atlas

Ψ
h

= {zhι }, zhι = zh ◦ zhι , (7.2.4)

of the principal Ls-bundle Phs . We agree to call Phs the spinor principal

bundles.
Let (Phs , zh) be the Dirac spinor structure associated with a tetrad field

h. Let

Sh = (Phs × V )/Ls → X (7.2.5)

be the Phs -associated spinor bundle whose typical fibre V carriers the spinor
representation (7.1.5) of the spinor Lorentz group Ls. One can think of
sections of Sh (7.2.5) as describing Dirac spinor fields in the presence of a
tetrad field h.

Indeed, let us consider the LhX-associated bundle in Minkowski spaces

MhX = (LhX ×M)/L = (Phs ×M)/Ls (7.2.6)

and the Phs -associated spinor bundle Sh (7.2.5). By virtue of Remark 5.10.4,
the fibre bundle MhX (7.2.6) is isomorphic to the cotangent bundle

T ∗X = (LhX ×M)/L. (7.2.7)

Then, using the morphism (7.1.1), one can define the representation

γh : T ∗X ⊗ Sh = (Phs × (M ⊗ V ))/Ls → (7.2.8)

(Phs × γ(M ⊗ V ))/Ls = Sh
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of covectors to X by the Dirac γ-matrices on elements of the spinor bundle
Sh. Relative to a Lorentz bundle atlas {zhι } of LX and the corresponding
atlas {zι} (7.2.4) of the spinor principal bundle Phs , the representation
(7.2.8) reads

yA(γh(ha(x)⊗ v)) = γaABy
B(v), v ∈ Shx ,

where yA are the associated bundle coordinates on Sh, and ha are the tetrad
coframes (6.3.7). For brevity, we write

ĥa = γh(ha) = γa,

d̂xλ = γh(dxλ) = hλa(x)γ
a.

Remark 7.2.3. In fact, the spinor bundle Sh is a subbundle of the bun-
dle in Clifford algebras generated by the fibre bundle in Minkowski spaces
MhX. Then the representation γh (7.2.8) results from the action γ (7.1.1)
of M on V .

Furthermore, let

Ah = dxλ ⊗ (∂λ +
1
2
Aλ

abeab) (7.2.9)

be a principal connection on a spinor principal bundle Phs . It is called
a spinor connection. The associated principal connection on the spinor
bundle Sh (7.2.5) reads

Ah = dxλ ⊗ (∂λ +
1
2
AabλIab

A
By

B)∂A, (7.2.10)

where Iab are the generators (7.1.5) of the spinor Lorentz group Ls. Let

D : J1Sh → T ∗X ⊗
Sh
Sh,

D = (yAλ −AabλIabAByB)dxλ ⊗ ∂A,
be the corresponding covariant differential (1.3.18), where the canonical
vertical splitting

V Sh = Sh×
X
Sh

has been used. The first order differential Dirac operator is defined on Sh

as the composition

Dh = γh ◦D : J1Sh → T ∗X ⊗ Sh → Sh, (7.2.11)

yA ◦ Dh = hλaγ
aA

B(yBλ −
1
2
AabλIab

A
By

B).

Theorem 7.2.1. There is one-to-one correspondence between the spinor
principal connections on a spinor principal bundle Phs and the Lorentz con-
nection on the principal L-bundle LhX.
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Proof. It follows from Theorem 5.4.2 that every principal connection on
Phs defines a principal connection on LhX which is given by the same ex-
pression (7.2.9). Conversely, the pull-back z∗hAh onto Phs of the connection
form Ah of a Lorentz connection Ah on LhX is equivariant under the action
of group Ls on Phs and, consequently, it is a connection form of a spinor
principal connection on Phs . �

In particular, the Levi–Civita connection of a pseudo-Riemannian met-
ric g = ζ ◦ h gives rise to a spinor connection

Ah = dxλ ⊗ [∂λ +
1
2
ηkbhaµ(∂λh

µ
k − h

ν
k{λµν})IabAByB ]∂A (7.2.12)

on the h-associated spinor bundle Sh.
Moreover, every linear world connection Γ on a world manifoldX defines

the Lorentz connection (6.3.18) on a reduced Lorentz bundle LhX and the
associated spinor connection (7.2.10):

Ah = dxλ⊗ [∂λ+
1
4
(ηkbhaµ−ηkahbµ)(∂λh

µ
k −h

ν
kΓλ

µ
ν)IabAByB ]∂A, (7.2.13)

on the h-associated spinor bundle Sh. Such a connection has been consid-
ered in [5; 125; 136].

Substituting the spinor connection (7.2.13) in the Dirac operator
(7.2.11), we obtain a description of Dirac spinor fields in the presence of
an arbitrary linear world connection on a world manifold, not only of the
Lorentz type.

It should be emphasized that a spinor bundle Sh is not natural. Any
connection Ah (7.2.13) defines the horizontal lift

Ahτ = τλ∂λ +
1
4
τλ(ηkbhaµ − ηkahbµ)(∂λh

µ
k − h

ν
kΓλ

µ
ν)IabAByB∂A (7.2.14)

onto Sh of a vector field τ on X. Moreover, there is the canonical horizontal
lift

τ̃ = τλ∂λ +
1
4
(ηkbhaµ − ηkahbµ)(τλ∂λh

µ
k − h

ν
k∂ντ

µ)IabAByB∂A (7.2.15)

onto Sh of vector fields τ on X. However, this lift fails to be functorial.

Remark 7.2.4. In order to construct the canonical lift (7.2.15), one can
write the functorial lift (6.1.9) of τ onto the linear frame bundle LX with
respect to a Lorentz atlas Ψh and, afterwards, can take its Lorentz part.
Another way is the following. Let us consider a local nowhere vanishing
vector field τ and the local symmetric world connection Γτ (6.2.12) whose
integral section is τ (see Remark 6.2.1). Let Aτ be the corresponding
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spinor connection (7.2.13). The horizontal lift (7.2.14) of τ by means of
this connection is given by the expression (7.2.15). In a straightforward
manner, one can check that (7.2.15) is a well-behaved lift of any vector
field τ on X. The canonical lift (7.2.15) is brought into the form

τ̃ = τ{} −
1
4
(ηkbhaµ − ηkahbµ)hνk∇ντµIabAByB∂A,

where τ{} is the horizontal lift (7.2.14) of τ by means of the spinor Levi–
Civita connection (7.2.12) of a tetrad field h, and ∇ντµ are the covariant
derivatives of τ relative to the same Levi–Civita connection. This is pre-
cisely the Lie derivative of spinor fields described in [95].

7.3 Universal spinor structure

Dirac spinor fields in the presence of different tetrad field h and h′ are
described by sections of different spinor bundles Sh and Sh

′
. A problem is

that, though the reduced Lorentz bundles LhX and Lh
′
X are isomorphic,

the associated structures of bundles in Minkowski spaces MhX and Mh′X

(7.2.7) on the cotangent bundle T ∗X are not equivalent because of the
non-equivalent actions of the Lorentz group on the typical fibre of T ∗X
seen as a typical fibre of MhX and that of Mh′X (see Remark 5.10.3). As
a consequence, the representations γh and γh′ (7.2.8) for different tetrad
fields h and h′ are not equivalent [132]. Indeed, let

t∗ = tµdx
µ = tah

a = t′ah
′a

be an element of T ∗X. Its representations γh and γh′ (7.2.8) read

γh(t∗) = taγ
a = tµh

µ
aγ

a,

γh′(t∗) = t′aγ
a = tµh

′µ
aγ

a.

They are not equivalent because no isomorphism Φs of Sh onto Sh
′

can
obey the condition

γh′(t∗) = Φsγh(t∗)Φ−1
s , t∗ ∈ T ∗X.

It follows that a Dirac fermion field must be described in a pair with
a certain tetrad (gravitational) field. We thus observe the phenomenon of
spontaneous symmetry breaking in gauge gravitation theory which exhibits
the physical nature of gravity as a Higgs field [132; 140]. In order to study
this phenomenon, let us follow the general scheme of describing spontaneous
symmetry breaking in Section 5.10. We are based on the fact that any Dirac
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spinor structure on a world manifold is a reduced subbundle of a so called
universal spinor bundle [53; 138].

The structure group GL4 of the linear frame bundle LX is not simply-
connected. Its first homotopy group is

π1(GL4) = π1(SO(4)) = Z2

[68]. Therefore, the groupGL4 admits the universal two-fold covering group
G̃L4 such that the diagram

G̃L4 −→ GL4

6 6

Spin(4) −→ SO(4)

(7.3.1)

is commutative [76; 103; 148]. The universal spinor structure on a world
manifold X is defined as a pair (L̃X, z̃) of a principal G̃L4-bundle L̃X → X

and a principal bundle morphism

z̃ : L̃X −→
X

LX (7.3.2)

[31; 148]. Due to the commutative diagram (7.3.1), there is the commuta-
tive diagram of principal bundles

L̃X
z̃−→ LX

6 6

P g
R −→ Lg

R

X

(7.3.3)

for any Riemannian metric gR [148].
Since the group G̃L4 is homotopic to the group Spin(4), there is one-to-

one correspondence between the non-equivalent universal spinor structures
and non-equivalent Riemannian spinor structures (see Remark 7.2.2) [148].
All universal spinor structures (as like as the Riemannian ones) on a par-
allelizable world manifold X are equivalent, i.e., the principal G̃L4-bundle
L̃X (7.3.2) is uniquely defined. It is called the universal spinor bundle.
Then it follows from the commutative diagram (7.3.3) that any Rieman-
nian spinor structure on a world manifold is a reduced subbundle of the
universal spinor bundle L̃X.

Remark 7.3.1. Though the group G̃L4 has finite-dimensional representa-
tions, its spinor representation is infinite-dimensional [76; 119]. Elements
of this representation are called world spinors. Their field model has been
developed (see [76] and references therein).
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The pseudo-Riemannian spinor structures as like as the Riemannian
ones are subbundles of the universal spinor bundle L̃X as follows [53; 138].

Lemma 7.3.1. Just as the diagram (7.3.1), the diagram

G̃L4 −→ GL4

6 6

Ls
zL−→ L

(7.3.4)

is commutative.

Proof. The restriction of the universal covering group G̃L4 → GL4 to
the proper Lorentz group L⊂ GL4 is obviously a covering space of L. Let us
show that this is the universal covering space. Indeed, any non-contractible
cycle in GL4 belongs to some subgroup SO(3) ⊂ GL4, and the restriction
of the covering bundle G̃L4 → GL4 to SO(3) is the universal covering
of SO(3). Since the proper Lorentz group is homotopic to its maximal
compact subgroup SO(3), its universal covering space belongs to G̃L4. �

Due to the commutative diagram (7.3.4), we have the commutative
diagram of principal bundles

L̃X
z̃−→ LX

6 6

Phs
zh−→ LhX

for any tetrad field h [47; 53; 138].
It follows that any Dirac spinor structure Phs (7.2.3) is a reduced Ls-

subbundle of the universal spinor bundle L̃X. Moreover, L̃X is a principal
Ls-bundle

π̃ : L̃X → ΣT (7.3.5)

over the tetrad bundle (6.3.1):

ΣT = L̃X/Ls = LX/L, (7.3.6)

such that the universal spinor structure (7.3.2) is a bundle morphism

z̃ : L̃X −→
ΣT

LX (7.3.7)

over ΣT. It is called the universal Dirac spinor structure on the tetrad
bundle ΣT (7.3.6). Given a tetrad field h, the restriction h∗L̃X of the
principal Ls-bundle (7.3.5) to h(X) ⊂ ΣT is isomorphic to the subbundle
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Ph of the fibre bundle L̃X → X which is the h-associated Dirac spinor
structure on a world manifold.

Let us consider the spinor bundle

S = (L̃X × V )/Ls → ΣT (7.3.8)

associated with the principal Ls-bundle (7.3.5). It also is the composite
bundle

S → ΣT → X. (7.3.9)

This however is not a spinor bundle over X. By virtue of Theorem 5.10.1,
this composite bundle is a L̃X-associated bundle whose typical fibre is the
spinor bundle

(G̃L4 × V )/Ls → G̃L4/Ls.

Given a tetrad field h, there is the canonical isomorphism

ih : Sh = (Ph × V )/Ls → (h∗L̃X × V )/Ls

of the h-associated spinor bundle Sh (7.2.5) onto the restriction h∗S of the
spinor bundle S → ΣT to h(X) ⊂ ΣT (see Theorem 1.4.1). Then every
global section sh of the spinor bundle Sh corresponds to the global section
ih ◦sh of the composite bundle (7.3.9). Conversely, every global section s of
the composite bundle (7.3.9) projected onto a tetrad field h takes its values
into the subbundle ih(Sh) ⊂ S (see Theorem 1.4.2).

Let the linear frame bundle LX → X be provided with a holonomic
atlas ΨT (6.1.6), and let the principal bundles L̃X → ΣT and LX → ΣT

have the associated atlases {(Uε, zsε )} and

{(Uε, zε = z̃ ◦ zsε )}, (7.3.10)

respectively. With these atlases, the composite bundle S (7.3.9) is equipped
with the bundle coordinates (xλ, σµa , y

A), where (xλ, σµa ) are coordinates on
the tetrad bundle ΣT such that, whenever h is a tetrad field, hµa = σµa ◦ h
are the tetrad functions of the Lorentz bundle atlas

Ψh = {h−1(Uε), zε ◦ h}

of the reduced Lorentz bundle LhX.

Remark 7.3.2. In fact, σµa = Hµ
a ◦zε are coordinates of the image of ΣT in

LX with respect to local sections zε. They are the above mentioned transi-
tion functions (5.10.44) between a holonomic bundle atlas ΨT of LX → X

and the atlas (7.3.10) of the bundle LX → ΣT.
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The spinor bundle S → ΣT is the subbundle of the bundle in Clifford
algebras which is generated by the bundle in Minkowski spaces

EM = (LX ×M)/L→ ΣT (7.3.11)

associated with the principal L-bundle LX → Σ. By virtue of Lemma
5.10.1, it is the LX-associated composite bundle

EM → ΣT → X (7.3.12)

whose typical fibre is the L-bundle

(GL4 × R4)/L

associated with the principal L-bundle

PL = GL4 → GL4/L. (7.3.13)

Lemma 7.3.2. The principal L-bundle (7.3.13) is trivial.

Proof. In accordance with the classification theorem [147], a principal
G-bundle over an n-dimensional sphere Sn is trivial if the homotopy group
πn−1(G) is trivial. The base space Z = GL4/L of the principal bundle
(7.3.13) is homeomorphic to S3 × R7. Let us consider the morphism f1 of
S3 into Z, f1(p) = (p, 0), and the pull-back principal L-bundle f∗1PL → S3.
Since L is homeomorphic to RP3×R3 and π2(L) = 0, this bundle is trivial.
Let f2 be the projection of Z onto S3. Then, the pull-back principal L-
bundle

f∗2 (f∗1PL)→ Z (7.3.14)

also is trivial. Since the composition f1 ◦ f2 of Z into Z is homotopic to
the identity morphism of Z, the fibre bundle (7.3.14) is equivalent to the
bundle PL [147]. It follows that the bundle (7.3.13) also is trivial. �

Since a world manifold is assumed to be parallelizable, the linear frame
bundle LX → X also is trivial, and the fibre bundle EM → X is so.
Hence, it is isomorphic to the product ΣT×

X
T ∗X. Then there exists the

representation

γΣ : T ∗X ⊗
ΣT

S = (L̃X × (M ⊗ V ))/Ls → (7.3.15)

(L̃X × γ(M ⊗ V ))/Ls = S,

given by the coordinate expression

d̂xλ = γΣ(dxλ) = σλaγ
a.
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Restricted to h(X) ⊂ ΣT, this representation recovers the morphism γh
(7.2.8).

Let Γ (6.2.1) be a linear world connection. It defines the spinor connec-
tion Ah (7.2.13) on each h-associated spinor bundle Sh (7.2.5). Following
the construction in Section 5.10.5, let us consider a connection AΣ on the
spinor bundle S → ΣT (7.3.8) such that, for each tetrad field h, the pull-
back connection h∗AΣ (5.10.29) on Sh coincides with the spinor connection
Ah (7.2.13). Such a connection AΣ exists [138]. It takes the form

AΣ = dxλ ⊗ (∂λ +
1
2
Aλ

abIab
A
By

B∂A) + (7.3.16)

dσµk ⊗ (∂kµ +
1
2
Akµ

abIab
A
By

B∂A),

Aλ
ab = −1

2
(ηkbσaµ − ηkaσbµ)σνkΓλµν ,

Akµ
ab =

1
2
(ηkbσaµ − ηkaσbµ).

The connection (7.3.16) yields the first order differential operator D̃
(1.4.17) on the composite bundle S → X (7.3.9) which reads

D̃ : J1S → T ∗X ⊗
ΣT

S,

D̃ = dxλ ⊗ [yAλ −
1
2
(Aλab +Akµ

abσµλk)Iab
A
By

B ]∂A = (7.3.17)

dxλ ⊗ [yAλ −
1
4
(ηkbσaµ − ηkaσbµ)(σ

µ
λk − σ

ν
kΓλ

µ
ν)IabAByB ]∂A.

The restriction D̃h of the operator D̃ (7.3.17) to J1Sh ⊂ J1S recovers the
familiar covariant differential on the h-associated spinor bundle Sh (7.2.5)
relative to the spinor connection (7.2.13).

Combining the formulas (7.3.15) and (7.3.17) gives the first order dif-
ferential operator

D = γΣT ◦ D̃ : J1S → T ∗X ⊗
ΣT

S → S, (7.3.18)

yB ◦ D = σλaγ
aB

A[yAλ −
1
4
(ηkbσaµ − ηkaσbµ)(σ

µ
λk − σ

ν
kΓλ

µ
ν)IabAByB ],

on the composite bundle S → X. One can think of the operator D (7.3.18)
as being the total Dirac operator on S → X since, for every tetrad field
h, the restriction of D to J1Sh ⊂ J1S is exactly the Dirac operator Dh
(7.2.11) on the spinor bundle Sh in the presence of a background tetrad
field h and a linear world connection Γ.
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Thus, we come to metric-affine gravitation theory in the presence of
Dirac spinor fields. The total configuration space of this classical field
theory is the jet manifold J1Y of the bundle product

Q = (ΣT×
X
CW) ×

ΣT

S (7.3.19)

where CW is the bundle of world connections (6.2.2). This product is
coordinated by (xµ, σµa , kµ

α
β , y

A). The corresponding field system algebra
is the differential graded algebra (1.7.9):

S∗∞[Q] = O∗∞Q. (7.3.20)

A question however is that Dirac fermion fields are odd.

7.4 Dirac fermion fields

In order to describe odd Dirac fermion fields, let us regard the fibre bundle
(7.3.19) as a composite bundle (3.4.1):

F → Y → X,

where F → Y is the vector bundle

F = (ΣT×
X
CW) ×

ΣT

(S ⊕
ΣT

S∗)→ (ΣT×
X
CW) = Y (7.4.1)

and S∗ → ΣT is the dual of the spinor bundle S → ΣT. Let us consider
the composite graded manifold (Y,AF ) modelled over the vector bundle
F → Y (7.4.1). Then we replace the differential graded algebra (7.3.20)
with the differential bigraded algebra S∗∞[F ;Y ] (3.4.7) possessing the local
generating basis

(σµa , kµ
α
β , ψ

A, ψ∗A) (7.4.2)

whose odd elements are ψA and ψ∗A.
In accordance with Remark 3.3.5, the first order differential operator

(the vertical covariant differential) D̃ (7.3.17) and the total Dirac operator
D (7.3.18) on the composite bundle S → X yield the graded first order
differential operator

D̃ = dxλ ⊗ [ψAλ −
1
4
(ηkbσaµ − ηkaσbµ)(σ

µ
λk − σ

ν
kkλ

µ
ν)IabABψB ]∂A (7.4.3)

and the graded Dirac operator

Dψ = σλaγ
aB

A[ψAλ −
1
4
(ηkbσaµ − ηkaσbµ)(σ

µ
λk − σ

ν
kkλ

µ
ν)IabABψB ], (7.4.4)
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on the differential bigraded algebra S∗∞[F ;Y ].
The total Lagrangian L ∈ S(0,n)

∞ [F ;Y ] of metric-affine gravity and
fermion fields is the sum

L = LMA + LD (7.4.5)

of a metric-affine gravitation Lagrangian

LMA = LMA(Rµλαβ , σµν)ω, σµν = σµaσ
ν
b η

ab, (7.4.6)

on the configuration space J1Y (see Section 6.5) and the Dirac Lagrangian
LD.

In accordance with Assertion 5.10.3, the Dirac Lagrangian factorizes
through the vertical covariant differential D̃ (7.4.3) and the graded Dirac
operator (7.4.4). The Dirac Lagrangian reads

LD = [a(iDψ,ψ)−ma(ψ,ψ)]σ0 ∧ · · · ∧ σ3, σa = σaµdx
µ,

where a(, ) is the spinor metric (7.1.6). Written with respect to the local
generating basis (7.4.2), the Dirac Lagrangian takes the form

LD = (7.4.7)

{ i
2
σλq [ψ+

A(γ0γq)AB(ψBλ −
1
4
(ηkbσaµ − ηkaσbµ)(σ

µ
λk − σ

ν
kkλ

µ
ν)IabBCψC)−

(ψ+
λA −

1
4
(ηkbσaµ − ηkaσbµ)(σ

µ
λk − σ

ν
kkλ

µ
ν)ψ+

CI
+
ab
C
A(γ0γq)ABψB ]−

mψ+
A(γ0)ABψB}

√
|σ|ω, σ = det(σµν).

It is readily observed that

∂LD

∂kλµν
+

∂LD

∂kνµλ
= 0, (7.4.8)

i.e., the Dirac Lagrangian (7.4.7) depends only on the torsion (6.6.11) of a
world connection.

Given a tetrad field h and a linear world connection Γ, the pull-back
h∗Γ∗LD of the Dirac Lagrangian (7.4.7) is the Dirac Lagrangian of fermion
fields in the presence of a background tetrad gravitational field h and a
linear world connection Γ.

Let us study gauge symmetries of the Dirac Lagrangian LD (7.4.7).
A metric-affine gravitation Lagrangian LMA (7.4.6), by construction, is
invariant under general covariant transformations (see Section 6.5).

As was mentioned above, the composite bundle S → X (7.3.9) is a L̃X-
associated bundle in accordance with Theorem 5.10.1. Therefore, S (7.3.9)
inherits automorphisms of the universal spinor bundle L̃X.
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Since a world manifoldX is parallelizable and the universal spinor struc-
ture is unique, the principal G̃L4-bundle L̃X → X as well as the linear
frame bundle LX admits the canonical lift of any diffeomorphism f of the
base X. This lift is defined by the commutative diagram

L̃X
f̃s−→ L̃X

z̃
? ?

z̃

LX
f̃−→ LX

? ?
X

f−→ X

where f̃ is the holonomic bundle automorphism of LX (6.1.8) induced by
f [31; 77]. Consequently, the universal spinor bundle L̃X is a natural
bundle, and it admits the functorial lift τ̃s of vector fields τ on its base
X. These lifts τ̃s are infinitesimal general covariant transformations of
L̃X. Consequently, the composite bundle S → X (7.3.9) also is a natural
bundle, and it possesses infinitesimal general covariant transformations [53;
138]. Let us obtain their explicit form.

By virtue of Lemma 5.10.3, infinitesimal general covariant transforma-
tions of the principal G̃L4-bundle L̃X → X also are infinitesimal gauge
transformations of the principal Ls-bundle L̃X → ΣT. They take the form
(5.10.23):

τ̃s = τλ∂λ + ∂ντ
µσνc

∂

∂σµc
+

1
2
ϑabτ eab, (7.4.9)

where the last term depends on the choice of a bundle atlas (7.3.10) and
obeys the condition (5.10.24). Infinitesimal gauge transformations (7.4.9)
of L̃X → ΣT depending on gauge parameters τ yield infinitesimal gauge
transformations of the associated spinor bundle S → ΣT given by vector
fields (5.10.25):

τ̃S = τλ∂λ + ∂ντ
µσνc

∂

∂σµc
+ (7.4.10)

1
2
ϑabτ

(
−Iabdcσµd

∂

∂σµc
+ Iab

A
By

B ∂

∂yA

)
,

where Iabdc (6.3.10) and IabAB (7.1.5) are generators of the spinor Lorentz
group Ls in the Minkowski space and the Dirac spinor space, respectively.

One can think of the vector fields (7.4.10) as being infinitesimal general
covariant transformations of the natural composite bundle S → X. Ex-
tended to the total bundle Q (7.3.19), these infinitesimal transformations
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read

τ̃Q = τλ∂λ + ∂ντ
µσνc

∂

∂σµc
+

[∂νταkµνβ − ∂βτνkµαν − ∂µτνkναβ + ∂µβτ
α]

∂

∂kµαβ
+

1
2
ϑabτ

(
−Iabdcσµd

∂

∂σµc
+ Iab

A
By

B ∂

∂yA

)
.

Replacing the gauge parameters τλ with the odd ghosts cλ and the bundle
coordinates yA with the odd elements ψA of the local generating basis
(7.4.2), we obtain the odd graded derivation

u = ũ+ ϑ, (7.4.11)

ũ = τλ∂λ + cµνσ
ν
c

∂

∂σµc
+

[cαν kµ
ν
β − cνβkµαν − cνµkναβ + cαµβ ]

∂

∂kµαβ
,

ϑ =
1
2
ϑab

(
−Iabdcσµd

∂

∂σµc
+ Iab

A
Bψ

B ∂

∂ψA
+ I+

ab
A
Bψ

+
A

∂

∂ψ+
B

)
,

of the differential bigraded algebra S∗∞[F ;Y ].
Besides the infinitesimal gauge transformations τ̃S (7.4.10), one also

considers vertical infinitesimal gauge transformations (5.10.26):

υζ =
1
2
ζab
(
−Iabdcσµd

∂

∂σµc
+ Iab

A
By

B ∂

∂yA

)
,

of the spinor bundle S → ΣT. These transformations yield the odd graded
derivation

υ =
1
2
cab
(
−Iabdcσµd

∂

∂σµc
+ Iab

A
Bψ

B ∂

∂ψA
+ I+

ab
A
Bψ

+
A

∂

∂ψ+
B

)
(7.4.12)

(where cab are odd ghosts) of the differential bigraded algebra S∗∞[F ;Y ].
It is easily justified that

LJ1υLD = 0

and, obviously,

LυLMA = 0.

Therefore, the graded derivation υ (7.4.12) is a gauge symmetry of the total
Lagrangian L (7.4.5). However, this gauge symmetry does not depend on
jets of the ghosts cab and, therefore, does not lead to non-trivial Noether
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identities. At the same time, the corresponding Noether conservation law
holds.

Since the bundle S → X is trivial and its trivialization is fixed, the
decomposition (7.4.11) of the graded derivation u is global. Its second
summand ϑ takes the form (7.4.12) and, consequently, it is an exact sym-
metry of the total Lagrangian L (7.4.5). The first summand ũ of the graded
derivation (7.4.11) is independent of an atlas of the spinor bundle S and,
therefore, it can be regarded as the canonical form of the infinitesimal gen-
eral covariant transformation of S which differs from u in an infinitesimal
vertical automorphism ϑ of S.

Since a metric-affine gravitation Lagrangian LMA, by construction, is
invariant under general covariant transformations, we have

LJ1ũLMA = 0. (7.4.13)

It is readily observed that also

LJ1ũLD = 0. (7.4.14)

The equalities (7.4.13) – (7.4.14) lead to the energy-momentum con-
servation law. Since it is a gauge conservation law, the correspond-
ing energy–momentum current is reduced to a superpotential. One can
show that it is exactly the generalized Komar superpotential (6.6.10) of
metric-affine gravitation theory and that that Dirac fermion fields do
not contribute to this superpotential because of the relation (7.4.8) [53;
136].
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Chapter 8

Topological field theories

In classical field theory, topological field theories of Schwartz type are
mainly considered [18]. They are Lagrangian field theories whose Lagrangi-
ans are independent of a world metric on a base X. Here, we are concerned
with the following topological field models.
• In comparison with Yang–Mills gauge theory in Section 5.8, Chern–

Simons topological field theory on a principal bundle possesses gauge sym-
metries which are neither vertical nor exact, and some of them become
trivial if dimX = 3 (Section 8.2).
• Topological BF theory in Section 8.3 exemplifies reducible degenerate

Lagrangian theory.
• Since submanifolds of a smooth manifold are locally represented by

sections of fibre bundles, their Lagrangian theory can be developed as the
topological one (Section 8.4). For instance, classical string theory is of this
type.

Note that any gauge theory of principal connections possesses charac-
teristics which are topological invariants of a base manifold X. Section 8.1
is devoted to these characteristics.

8.1 Topological characteristics of principal connections

Theorem 8.1.1 below shows that the set H1(X;G0
X) of equivalence classes

of associated continuous G-bundles over a paracompact topological space X
depends only on the homotopic class of the space X, i.e., it is a topological
invariant. Due to the bijection (5.2.7), the set H1(X;G∞X ) of equivalence
classes of associated smooth G-bundles over a manifold X also is a topo-
logical invariant.

263
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8.1.1 Characteristic classes of principal connections

Theorem 5.2.3 leads to the following classification theorem.

Theorem 8.1.1. For every topological group G, there exist a topological
space BG, called the classifying space, and a continuous principal G-bundle
PG → BG (see Remark 5.3.1), called the universal bundle, which possess
the following properties.
• For any continuous principal G-bundle Y over a paracompact base X,

there exists a continuous map f : X → BG such that Y is associated with
the pull-back bundle f∗PG.
• If two maps f1 and f2 of X to BG are homotopic, then the pull-back

principal bundles f∗1PG and f∗2PG are equivalent, and vice versa.

Let us concentrate our attention to the most relevant physical case
of bundles with the structure groups GL(n,C) (reduced to U(n)) and
GL(n,R) (reduced to O(n)) (see Example 5.10.1). The classifying spaces
for these groups are

BU(n) = lim
N→∞

G(n,N − n; C),

BO(n) = lim
N→∞

G(n,N − n; R),
(8.1.1)

where G(n,N − n; C) and G(n,N − n; R) are the Grassmann manifolds

of n-dimensional vector subspaces of CN and RN , respectively. Then the
equivalence classes of principal U(n)- O(n)-bundles over a manifold X can
be represented by elements of the Čech cohomology groups H∗(X; Z). They
are called the characteristic classes. Due to the cohomology homomorphism
(10.9.17):

H∗(X; Z)→ H∗DR(X), (8.1.2)

these characteristic classes are given by elements of the de Rham cohomol-
ogy H∗DR(X) of X. They are cohomology classes of certain exterior forms
defined as follows.

Given a principal bundle P → X with a structure Lie group G, let
C → X be the bundle of principal connections (5.4.3), A the canonical
principal connection (5.5.4) on the principal G-bundle PC (5.5.5), and FA
(5.5.6) its strength. Let

Ik(χ) = br1...rk
χr1 · · ·χrk (8.1.3)

be a G-invariant polynomial of degree k > 1 on the Lie algebra gr of G.
With FA (5.5.6), one can associate to this polynomial Ik the closed 2k-form

P2k(FA) = br1...rk
F r1A ∧ · · · ∧ F

rk

A , 2k ≤ n, (8.1.4)



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

8.1. Topological characteristics of principal connections 265

on C which is invariant under automorphisms of C induced by vertical
principal automorphisms of P . Given a section A of C → X, the pull-back

P2k(FA) = A∗P2k(FA) (8.1.5)

of the form P2k(FA) (8.1.4) is a closed 2k-form on X where FA is the
strength (5.4.16) of a principal connection A. It is called the characteris-

tic form. The characteristic forms (8.1.5) possess the following important
properties [38; 92].
• Every characteristic form P2k(FA) (8.1.5) is a closed form, i.e.,

dP2k(FA) = 0;
• The difference P2k(FA)− P2k(FA′) of characteristic forms is an exact

form, whenever A and A′ are different principal connections on a principal
bundle P .

It follows that characteristic forms P2k(FA) possesses the same de Rham
cohomology class [P2k(FA)] for all principal connections A on P . The as-
sociation

Ik(χ)→ [P2k(FA)] ∈ H∗DR(X)

is the well-known Weil homomorphism. The de Rham cohomology class
[P2k(FA)] is a topological invariant. Choosing a certain family of charac-
teristic forms (8.1.5), one therefore can obtain characteristic classes of a
principal bundle P .

Remark 8.1.1. If X is an oriented compact manifold of even dimension
2k, then a value

Cn =
∫
X

P2k(FA)ω

is the same for all principal connections A on P . It is called the charac-

teristic number of a principal bundle P . In gauge theory, this topological
number is treated as a topological charge [38].

However, there is problem that, if a principal bundle P admits a flat
principal connection A whose strength FA vanishes, all characteristic classes
of P are trivial, but P need not be a trivial bundle (see Theorem 1.3.4).
Therefore, there are topological effects related to flat principal connections,
e.g., the Aharonov–Bohm effect.
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8.1.2 Flat principal connections

A flat principal connection on a principal bundle πP : P → X, by defini-
tion, obeys the conditions of Theorem 1.3.3. It follows from Theorem 1.3.4
that a principal connection A on P represented by the TGP -valued form
(5.4.10) is flat if and only if its strength FA (5.4.16) vanishes. In order to
characterize flat principal connections, we however must involve the notion
of a holonomy group of a principal connection [92]. For the sake of simplic-
ity, we consider smooth paths, but everything that we say below holds true
for the smooth piecewise ones.

Any principal connection A (5.4.1) on a principal G-bundle P → X is
an Ehresmann connection (see Remark 1.3.2) [92]. Let

c : [0, 1]→ X

be a closed path (a loop) through a point x ∈ X. For any point p ∈ Px =
π−1
P (x), there exists the horizontal lift cp of a loop c through p such that
cp(0) = p. Then the map

γc : Px 3 p = cp(0)→ cp(1) ∈ Px (8.1.6)

defines an isomorphism gc of the fibre Px. This isomorphism can be seen
as a parallel displacement of the point p along a loop c with respect to a
connection A. Let us consider the group Cx of all loops through a point
x ∈ X and its subgroup C0x of the contractible ones. Then the set

Kx = {γc, c ∈ Cx}

of isomorphisms (8.1.6) and its subset

K0
x = {γc, c ∈ C0x}

are groups, called the holonomy group and the restricted holonomy group of
a principal connection A at a point x ∈ X, respectively. Since X is assumed
to be connected, the holonomy groups Kx for all x ∈ X are mutually
isomorphic, and one speaks on the abstract holonomy group K and its
restricted subgroup K0.

There exists a monomorphism of the holonomy group Kx to a structure
group G which, however, is not canonical. For a point p ∈ π−1

P (x), it is a
map

Kx 3 γc → gc ∈ Kp ⊂ G, (8.1.7)

where gc is given by the relation γc(p) = pgc. The subgroup Kp (8.1.7)
of the structure group G is called the holonomy group at a point p ∈ P .
Accordingly, K0

p denotes the restricted holonomy group at a point p ∈ P .
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Since a principal connection A is G-equivariant, we have
γc(pg) = pgcg = pg(g−1gcg).

Therefore, the holonomy groups Kp and Kp′ at different points p, p′ ∈ Px
are conjugate in G.

The forthcoming theorems summarize the main properties of holonomy
groups [92].

Theorem 8.1.2. The holonomy group Kp (resp. the restricted holonomy
group K0

p) is a Lie subgroup (resp. a connected Lie subgroup) of a structure
group G such that the factor group Kp/K0

p is countable.

Theorem 8.1.3. Since
Cx/C0x = π1(X,x),

there is an epimorphism
π1(X,x)→ Kx/K0

x (8.1.8)
of the first homotopy group π1(X,x) at a point x ∈ X onto the factor group
Kx/K0

x. In particular, if a manifold X is simply connected, then Kx = K0
x

for all x ∈ X and K = K0.

Theorem 8.1.4. Given a point p ∈ P and the holonomy group Kp of a
principal connection A on P , the points of P connected with p along hori-
zontal paths form a subbundle P (p) of P . It is a reduced principal bundle
with the structure group Kp, and A is reducible to a principal connection
on P (p).

Theorem 8.1.5. The values of the curvature form R of a principal con-
nection A (5.4.1) (see Remark 5.4.3) at any point of the reduced subbundle
P (p) span a subalgebra of the Lie algebra gl of the group G which is iso-
morphic to the Lie algebra of the restricted holonomy group K0

p.

The following assertion is a corollary of Theorems 8.1.3 – 8.1.5.

Theorem 8.1.6. If a principal bundle over a simply connected base admits
a flat connection, it is trivial.

Proof. It follows from Theorem 8.1.5 that, if a principal connection A

on a principal G-bundle P → X is flat, the restricted holonomy group K0
p

of A at any point p ∈ P is trivial and the holonomy group Kp is discrete
(at most countable). In accordance with Theorem 8.1.3, if this principal
bundle is over a simply connected base X, then the holonomy group of
this connection is trivial. Then, by virtue of Theorem 8.1.4, the principal
bundle P admits a trivial reduced subbundle, i.e., it is trivial. �



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

268 Topological field theories

The proof of Theorem 8.1.6 gives something more. If a principal connec-
tion A is flat, its holonomy group Kp at any point p ∈ P is discrete. Then
it follows from Theorem 8.1.4, that a principal bundle P contains a con-
nected principal subbundle with a discrete structure group Kp. It should
be emphasized that a connected principal bundle with a discrete structure
group is necessarily non-trivial.

Lemma 8.1.1. Let K be a discrete group. A connected principal K-bundle
over a connected manifold X exists if and only if there is a subgroup N ⊂
π1(X) such that π1(X)/N = K.

Proof. Let π : Y → X be a fibre bundle. Given y ∈ Y and x = π(y),
there exists the following exact sequence of homotopy groups of Y → X:

· · · → πk(Yx, y)→ πk(Y, y)→ πk(X,x)→ πk−1(Yx, y)→ (8.1.9)

· · · → π1(X,x)→ π0(Yx, y)→ π0(Y, y)→ π0(X,x)→ 0.
If Y is a connected principal bundle with a discrete structure group K, we
have

πk>0(Yx, y) = π0(Y, y) = π0(X,x) = 0, π0(Yx, y) = K.

Then the exact sequence (8.1.9) is reduced to the short exact sequences
0→ πk(Y, y)→ πk(X,x)→ 0, k > 1,

0→ π1(Y, y)→ π1(X,x)→ K → 0.
It follows that π1(Y, y) is a subgroup of π1(X,x) and

π1(X,x)/π1(Y, y) = K. (8.1.10)
This is a necessary condition for a desired fibre bundle over X to exist.
One can show that, since a manifold X is a locally contractible space, the
condition that

K = π1(X, .)/N
for some subgroup N ⊂ π1(X, .) is sufficient. �

Remark 8.1.2. The fibre bundle Y → X in Lemma 8.1.1 is called the
covering space over X. A covering space is said to be universal if it is
simply connected.

Now let us formulate the general result concerning flat principal con-
nections [1; 112].

Theorem 8.1.7. There is a bijection between the set of conjugate flat
principal connections on a principal G-bundle P → X and the set
Hom (π1(X), G)/G of conjugate homomorphisms of the homotopy group
π1(X) of X to the group G.
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Proof. Given a flat principal connection A (5.4.1) on a principal G-
bundle P over X, the composition of homomorphisms (8.1.8) and (8.1.7)
gives the homomorphism π1(X,x) → G which is not unique, but depends
on a point p ∈ P where the map (8.1.7) is defined. Therefore, every flat
principal connection A on a principal G-bundle P → X defines a class of
conjugate homomorphisms of the homotopy group π1(X) to G. Let Φ be
a vertical automorphisms of a principal bundle P and A′ the image of a
connection A with respect to this automorphism in accordance with Theo-
rem 5.4.2, i.e., A′ is a conjugate connection to A (see Remark 5.4.4). It is
obviously flat. Since a vertical automorphism of P preserves the homotopy
class of curves in P , the holonomy groups Kx and K′x of gauge conjugate
connections are identically isomorphic, while K′Φ(p) = Kp.

Conversely, let π1(X)→ G be a homomorphism whose image is a sub-
group K ⊂ G and whose kernel is a subgroup N ⊂ π1(X). By virtue of
Lemma 8.1.1, there exists a connected principal K-bundle PK → X and,
consequently, a principal G-bundle P → X which contains PK as a sub-
bundle, and whose structure group G is reducible to the discrete subgroup
K. It follows that there exists an atlas of the principal bundle P with
constant K-valued transition functions. This is an atlas of local constant
trivializations. Following Theorem 1.3.4, one can define a flat connection
A on P → X whose local coefficients with respect to this atlas equal zero.
This is a principal connection. Certainly, the holonomy group K of this
connection is K. �

Note that, in topological field theory, the space Hom (π1(X), G)/G is
treated as a moduli space of flat connections [18].

Example 8.1.1. The well-known Aharonov–Bohm effect in electromag-
netic theory exemplifies phenomena related to flat principal connections.
Let a Euclidean space R3 be equipped with the Cartesian coordinates
(x, y, z) or the cylindrical ones (ρ, α, z). Its submanifold

X = R3 \ {ρ = 0}

admits an electromagnetic potential

A =
Φ
2π
dα =

Φy
x2 + y2

dx− Φx
x2 + y2

dy, Φ ∈ R, (8.1.11)

whose strength F = dA vanishes everywhere on X, i.e., the one-form A

(8.1.11) is closed. However, this form is not exact. Hence, A (8.1.11)
belongs to a non-vanishing element of the de Rham cohomology group
H1

DR(X) = R of X. Being represented by the one-forms (8.1.11), elements



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

270 Topological field theories

of this cohomology group are indexed by real coefficients Φ in the expression
(8.1.11). Let us denote them by [Φ] ⊂ H1

DR(X). Then the corresponding
group operation in H1

DR(X) reads

[Φ] + [Φ′] = [Φ + Φ′].

Let us notice that the field (8.1.11) can be extended to the whole space R3

in terms of generalized functions

A =
Φ

2πρ
θ(ρ)dα, F =

Φ
2
δ(ρ2)dρ ∧ dα, (8.1.12)

where θ(ρ) is the step function, while δ(ρ2) is the Dirac δ-function. The
field (8.1.12) satisfies the Stokes formula∫

∂S

A =

2π∫
0

Aαρdα =
∫
S

Fρdρdα = Φ, (8.1.13)

where S is a centered disc in the plane z = 0. Thus, we obtain the well-
known Aharonov–Bohm effect.

One can extend the description of the Aharonov–Bohm effect in Exam-
ple 8.1.1 to a non-Abelian gauge model on a principal bundle P → X which
admits a flat principal connection A with a non-trivial discrete holonomy
group K. Let Y → X be a P -associated vector bundle (5.7.1). The notion
of holonomy group is generalized in a straightforward manner to associated
principal connections on Y → X. In particular, if A is a flat principal con-
nection with a holonomy group K on P → X, the associated connection
A (5.7.9) on Y → X is a flat connection with the same holonomy group.
By virtue of Theorem 1.3.4, there exists an atlas Ψ = {Uα, %αβ} of local
constant trivializations of a fibre bundle Y → X such that the connection
A on Y → X takes the form A = dxλ ⊗ ∂λ. Let c be a loop through a
point x ∈ X which crosses the charts Uα1 , . . . , Uαk

of the atlas Ψ. Then
the parallel displacement of a vector v ∈ Yx along this curve with respect
to the flat connection A reduces to the product of transition functions

v → (%α2α1 · · · %α1αk
)(v).

It depends only on the homotopic class of a loop c.

8.1.3 Chern classes of unitary principal connections

Characteristic classes of principal GL(k,C)-bundles (which are always prin-
cipal U(k)-bundles) are Chern classes ci(P ) ∈ H2i(X; Z) given by cohomol-
ogy of Chern characteristic forms [38; 80].
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Let M be a complex (k × k)-matrix and r(M) a GL(k,C)-invariant
polynomial, called the characteristic polynomial of components of M , i.e.,

r(M) = r(gMg−1), γ ∈ GL(k,C).

If a matrix M has eigenvalues a1, . . . , ak, a characteristic polynomial r(M)
takes the form

r(M) = b0 + b1S1(a) + b2S2(a) + · · ·

where bi are complex numbers and

Sj(a) =
∑

i1<...<ij

ai1 . . . aij (8.1.14)

are symmetric polynomials of a1, . . . , ak.

Example 8.1.2. An important example of a characteristic polynomial is

det(1 +M) = 1 + S1(a) + S2(a) + . . .+ Sk(a),

where 1 denotes the unit matrix.

Let P → X be a principal U(k)-bundle and E the associated vector
bundle with the typical fibre Ck which is a carrier space of the natural
representation of U(k).

Let F be the strength form (5.7.12) of some associated principal con-
nection A on E. The characteristic form

c(F ) = det
(
1 +

i

2π
F

)
= 1 + c1(F ) + c2(F ) + · · · (8.1.15)

is called the total Chern form, and its components ci(F ) are called Chern

2i-forms. For instance,

c0(F ) = 0,

c1(F ) =
i

2π
TrF, (8.1.16)

c2(F ) =
1

8π2
[Tr(F ∧ F )− TrF ∧ TrF ]. (8.1.17)

All Chern forms ci(F ) are closed, and their cohomology are identified with
the Chern classes ci(E) ∈ H2i(X; Z) of the U(k)-bundle E under the homo-
morphism (8.1.2). The total Chern form (8.1.15) corresponds to the total

Chern class

c(E) = c0(E) + c1(E) + · · · .



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

272 Topological field theories

Example 8.1.3. Let us consider a U(1)-bundle L → X with the typical
fibre C on which the group U(1) acts by the generator I = i. It is called
the complex linear bundle. The strength form (5.7.12) of an associated
principal connection on this fibre bundle reads

F =
i

2
Fλµdx

λ ∧ dxµ.

Then the total Chern form (8.1.15) of a U(1)-bundle is

c(F ) = 1 + c1(F ),

c1(F ) =
i

2π
TrF = − 1

4π
Fλµdx

λ ∧ dxµ.

Example 8.1.4. Let us consider a SU(2)-bundle E → X. The strength
form (5.7.12) of an associated principal connection on this fibre bundle is

F =
iσa
2
F a,

where σa, a = 1, 2, 3 are the Pauli matrices. Then we have

c(F ) = 1 + c1(F ) + c2(F ),

c1(F ) = 0,

c2(F ) =
1

8π2
Tr(F ∧ F ) = − 1

(4π)2
Fa ∧ Fa.

Using the natural properties of the Chern forms, one can obtain the
following properties of Chern classes:

(i) ci(E) = 0 if 2i > n = dimX;
(ii) ci(E) = 0 if i > k;
(iii) c(E ⊕ E′) = c(E)c(E′);
(iv) c1(L ⊕ L′) = c1(L) + c1(L′) where L and L′ are complex linear

bundles;
(v) if f∗E → X ′ is the pull-back bundle generated by a morphism

f : X ′ → X, then

c(f∗E) = f∗c(E),

where f∗ also denotes the induced morphism of the cohomology groups

f∗ : H∗(X; Z)→ H∗(X ′; Z). (8.1.18)

Properties (iii) and (v) of Chern classes are utilized in the following
theorem.

Theorem 8.1.8. For any U(k)-bundle E → X, there exists a topological
space X ′ and a continuous morphism f : X ′ → X so that:
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(i) the pull-back f∗E → X ′ is the Whitney sum of complex linear bun-
dles (see Example 8.1.3)

f∗E = L1 ⊕ · · · ⊕ Lk;
(ii) the induced morphism f∗ (8.1.18) is an inclusion.

It follows that the total Chern class of any U(k)-bundle E can be seen
as

c(E) = f∗c(E) = c(L1 ⊕ · · · ⊕ Lk) = c(L1) · · · c(Lk) = (8.1.19)

(1 + a1) · · · (1 + ak),

where ai = c1(Li) denotes the Chern class of the linear bundle Li (see
Example 8.1.3). The formula (8.1.19) is called the splitting principle. In
particular, we have

c1(E) =
∑
i

ai,

c2(E) =
∑
i1<i2

ai1ai2 ,

cj(E) =
∑

i1<···<ij

ai1 · · · aij

(cf. (8.1.14)).

Example 8.1.5. Let E∗ be the U(k)-bundle, dual of E. In accordance
with the splitting principle, we have

c(E∗) = c(L∗1) · · · c(L∗k) = (1 + a∗1) · · · (1 + a∗k).

Since the generator of the dual representation of U(1) is I = −i, then
F ∗ = −F and a∗i = −ai. It follows that

ci(E∗) = (−1)ici(E). (8.1.20)

If a base X of a U(k)-bundle E is an oriented compact manifold of
even dimension n, one can construct some exterior n-forms from the Chern
forms ci(F ), and can integrate them over X. Such integrals are called
Chern numbers. Chern numbers are integer since the Chern forms belongs
to the integer cohomology classes. For instance, if n = 4, there are the
following two Chern numbers

C2(E) =
∫
X

c2(F ),

C2
1 (E) =

∫
X

c1(F ) ∧ c1(F ).
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There exist some other characteristic classes of U(k)-bundles which are
expressed into the Chern classes. Let us mention the following two ones.

The Chern character ch(E) is given by the characteristic polynomial

ch(M) = Tr exp
(
i

2π
M

)
=
∞∑
m=0

1
m!

Tr
(
i

2π
M

)m
.

It has the properties

ch(E ⊕ E′) = ch(E) + ch(E′),

ch(E ⊗ E′) = ch(E) · ch(E′).

Using the splitting principle, one can express the Chern character into the
Chern classes as follows:

ch(E) = ch(L1 ⊕ · · · ⊕ Lk) = ch(L1) + · · ·+ ch(Lk) =

exp a1 + · · ·+ exp ak = k +
∑
i

ai +
1
2

∑
i

a2
i + · · · =

k +
∑
i

ai +
1
2

[
(
∑
i

ai)2 − 2
∑
i1<i2

ai1aa2

]
+ · · · =

k + c1(E) +
1
2
[c21(E)− 2c2(E)] + · · · .

The Todd class is defined as

td(E) =
k∑
i=1

ai
1− exp(−ai)

= 1 +
1
2
c1 +

1
12

(c21 + c2) + · · · .

It possesses the property

td(E ⊕ E′) = td(E) · td(E′).

8.1.4 Characteristic classes of world connections

Characteristic classes of real GL(k,R)-bundles (which are always principal
O(k)-bundles) are Pontryagin classes given by cohomology of the Pontrya-
gin characteristic forms [38; 80].

Let E be a k-dimensional vector bundle with the structure group O(k).
Its Pontryagin classes in the de Rham cohomology algebra H∗DR(X) are
associated with the characteristic polynomial

p(F ) = Det
(
1− 1

2π
F

)
= 1 + p1(F ) + p2(F ) + · · · (8.1.21)
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of the strength form F (5.7.12) of some associated principal connection A

on E which takes its values into the Lie algebra o(k) of the group O(k).
Since generators

Iab
c
d = ηEbdδ

c
a − ηEadδcb , diag ηE = (1, . . . , 1),

of the group O(k) in E satisfy the condition

(I)ba = −(I)ab,

the components of even degrees in F in the decomposition (8.1.21) only are
different from zero, i.e., pi(E) ∈ H4i

DR(X).
Pontryagin classes possess the following properties:
(i) pi(E) = 0 if 4i > n = dimX;
(ii) pi(E) = 0 if 2i > k;
(iii) p(E ⊕ E′) = p(E) + p(E′).
Note that, for the Pontriagin classes taken in the Čech cohomology

H∗(X; Z), the property (ii) is true only modulo cyclic elements of order 2.

Remark 8.1.3. Though fibre bundles with the structure groups O(k) and
GL(k,R) have the same characteristic classes, their characteristic forms are
different. For instance, if the strength F takes its values into the Lie algebra
gl(k,R), the characteristic polynomial p(F ) (8.1.21) contains the terms of
odd degrees in F in general. Therefore, to construct the characteristic
forms corresponding to Pontryagin classes, one should use only O(k)- or
O(k −m,m)-valued strength forms F . In this case, we have

p1(F ) = − 1
8π2

TrF ∧ F, (8.1.22)

p2(F ) =
[

1
32π2

εabcdF
ab ∧ F cd

]
, (8.1.23)

where εabcd is the skew-symmetric Levi–Civita tensor.

Remark 8.1.4. If E = TX is the tangent bundle of a smooth manifold
X, characteristic classes of TX are regarded as characteristic classes of a
manifold X itself.

Let us consider the relations between the Pontryagin classes of O(k)-
bundles and the Chern classes of U(k)-bundles. There are the following
commutative diagrams of group monomorphisms

O(k) −→ U(k)

? ?
GL(k,R) −→ GL(k,C)

(8.1.24)
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U(k) −→ O(2k)

? ?
GL(k,C) −→ GL(2k,R)

(8.1.25)

The diagram (8.1.24) implies the inclusion

ϕ : H1(X;G∞O(k))→ H1(X;G∞U(k)),

and one can show that

pi(E) = (−1)ic2i(ϕ(E)). (8.1.26)

The diagram (8.1.25) yields the inclusion

ρ : H1(X;G∞U(k))→ H1(X;G∞O(2k)).

Then we have

ϕρ : H1(X;G∞U(k))→ H1(X;G∞O(2k))→ H1(X;G∞U(2k)).

This means that, if E is a U(k)-bundle, then ρ(E) is a O(2k)-bundle, while
ϕρ(E) is a U(2k)-bundle.

Remark 8.1.5. Let A be an element of U(k). The group monomorphisms

U(k)→ O(2k)→ U(2k)

define the transformation of matrices

A −→
(

ReA −ImA

ImA ReA

)
−→

(
A 0
0 A∗

)
, (8.1.27)

written relative to complex coordinates zi on the space Ck, real coordinates

xi = Re zi, xk+i = Im zi

on R2k, and complex coordinates

zi = xi + ixk+i, zk+i = xi − ixk+i

on the space C2k.

A glance at the diagram (8.1.27) shows that the fibre bundle ϕρ(E) is
the Whitney sum of E and E∗ and, consequently,

c(ϕρ(E)) = c(E)c(E∗).

Then combining (8.1.20) and (8.1.26) gives the relation∑
i

(−1)ipi(ρ(E)) = c(ϕρ(E)) = c(E)c(E∗) = (8.1.28)

[∑
i

ci(E)

]∑
j

(−1)jcj(E)


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between the Chern classes of a U(k)-bundle E and the Pontryagin classes
of the O(2k)-bundle ρ(E).

Example 8.1.6. In accordance with Remark 8.1.4, by Pontryagin classes

pi(X) of a manifold X are meant those of the tangent bundle T (X). Let
a manifold X be oriented and dimX = 2m. One says that a manifold
X admits an almost complex structure if its structure group GL(2m,R) is
reducible to the image of GL(m,C) in GL(2m,R). By Chern classes ci(X)
of such a manifold X are meant those of the tangent bundle T (X) seen as
a GL(m,C)-bundle, i.e.,

ci(X) = ci(ρ(T (X))).

Then the formula (8.1.28) provides the relation between the Pontryagin and
Chern classes of a manifold X admitting an almost complex structure:∑

i

(−1)ipi(X) =

[∑
i

ci(X)

]∑
j

(−1)jcj(X)

 .
In particular, we have

p1(X) = c21(X)− 2c2(X), (8.1.29)

p2(X) = c22(X)− 2c1(X)c3(X) + 2c4(X).

If the structure group of a O(k)-bundle E is reduced to SO(k), the Euler

class e(E) of E can be defined as an element of the Čech cohomology group
Hk(X; Z) which satisfies the conditions:

(i) 2e(E) = 0 if k is odd;
(ii) e(f∗E) = f∗e(E);
(iii) e(E ⊕ E′) = e(E)e(E′);
(iv) e(E) = c1(E) if k = 2 because of an isomorphism of groups SO(2)

and U(1).
Let us consider the relationship between the Euler class and the Pon-

tryagin ones. Let E be a U(k)-bundle and ρ(E) the corresponding SO(2k)-
bundle. Then, using the splitting principle and properties (iii), (iv) of the
Euler class, we obtain

e(ρ(E)) = e(ρ(L1)⊕ · · · ⊕ ρ(Lk)) = (8.1.30)

e(ρ(L1)) · · · e(ρ(Lk)) =

c1(L1) · · · c1(Lk) = a1 · · · ak = ck(E).

At the same time, one can deduce from (8.1.28) that

pk(ρ(E)) = c2k(E). (8.1.31)
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Combining (8.1.30) and (8.1.31) gives a desired relation

e(E) = [pk(E)]1/2 (8.1.32)

for any SO(2k)-bundle.
For instance, let X be a 2k-dimensional oriented compact manifold. Its

tangent bundle TX has the structure group SO(2k). Then the integral

e =
∫
X

e(R)

coincides with the Euler characteristic of X.
In conclusion, let us also mention the Stiefel–Whitney classes wi ∈

Hi(X; Z2) of the tangent bundle TX. In particular, a manifold X is ori-
entable if and only if w1 = 0. If X admits an almost complex structure,
then

w2i+1 = 0, w2i = cimod2.

In contrast with the above mentioned characteristic classes, the Stiefel–
Whitney ones are not represented by the de Rham cohomology of exterior
forms.

8.2 Chern–Simons topological field theory

We consider gauge theory of principal connections on a principal bundle
P → X with a structure real Lie group G. In contrast with the Yang–Mills
Lagrangian LYM (5.8.15), the Lagrangian LCS (8.2.4) of Chern–Simons
topological field theory on an odd-dimensional manifold X is independent
of a world metric on X. Therefore, its non-trivial gauge symmetries are
wider than those of the Yang–Mills one. However, some of them become
trivial if dimX = 3.

Note that one usually considers the local Chern–Simons Lagrangian
which is the local Chern–Simons form derived from the local transgression
formula for the Chern characteristic form. The global Chern–Simons La-
grangian is well defined, but depends on a background gauge potential [20;
42; 58].

Let Ik (8.1.3) be a G-invariant polynomial of degree k > 1 on the Lie
algebra gr of G. Let P2k(FA) (8.1.4) be the corresponding closed 2k-form
on C and P2k(FA) (8.1.5) its pullback onto X by means of a section A of
C → X. Let the same symbol P2k(FA) stand for its pull-back onto C. Since
C → X is an affine bundle and, consequently, the de Rham cohomology of
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C equals that of X, the exterior forms P2k(FA) and P2k(FA) possess the
same de Rham cohomology class

[P2k(FA)] = [P2k(FA)]

for any principal connection A. Consequently, the exterior forms P2k(FA)
and P2k(FA) on C differ from each other in an exact form

P2k(FA)− P2k(FA) = dS2k−1(a,A). (8.2.1)

This relation is called the transgression formula on C. Its pull-back by
means of a section B of C → X gives the transgression formula on a base

X:

P2k(FB)− P2k(FA) = dS2k−1(B,A).

For instance, let

c(FA) = det
(
1 +

i

2π
FA

)
= 1 + c1(FA) + c2(FA) + · · ·

be the total Chern form on a bundle of principal connections C. Its com-
ponents ck(FA) are Chern characteristic forms on C. If

P2k(FA) = ck(FA)

is the characteristic Chern 2k-form, then S2k−1(a,A) (8.2.1) is the Chern–

Simons (2k − 1)-form.
In particular, one can choose a local section A = 0. In this case,

S2k−1(a, 0) is called the local Chern–Simons form. Let S2k−1(A, 0) be
its pull-back onto X by means of a section A of C → X. Then the Chern–
Simons form S2k−1(a,A) (8.2.1) admits the decomposition

S2k−1(a,A) = S2k−1(a, 0)−S2k−1(A, 0) + dK2k−1. (8.2.2)

The transgression formula (8.2.1) also yields the transgression formula

h0(P2k(FA)− P2k(FA)) = dH(h0S2k−1(a,A)),

h0S2k−1(a,A) = k

1∫
0

P2k(t, A)dt, (8.2.3)

P2k(t, A) = br1...rk
(ar1µ1

−Ar1µ1
)dxµ1 ∧ Fr2(t, A) ∧ · · · ∧ Frk(t, A),

Frj (t, A) =
1
2
[tarj

λjµj
+ (1− t)∂λjA

rj
µj
− tarj

µjλj
−

(1− t)∂µjA
rj

λj
+

1
2
crj
pq(ta

p
λj

+ (1− t)Apλj
)(taqµj

+

(1− t)Aqµj
]dxλj ∧ dxµj ⊗ er,
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on J1C (where br1...rk
are coefficients of the invariant polynomial (8.1.3)).

If 2k − 1 = dimX, the density (8.2.3) is the global Chern–Simons La-

grangian

LCS(A) = h0S2k−1(a,A) (8.2.4)

of Chern–Simons topological field theory. It depends on a background gauge
field A. The decomposition (8.2.2) induces the decomposition

LCS(A) = h0S2k−1(a, 0)− h0S2k−1(A, 0) + dHh0K2k−1, (8.2.5)

where

LCS = h0S2k−1(a, 0) (8.2.6)

is the local Chern–Simons Lagrangian.
For instance, if dimX = 3, the global Chern–Simons Lagrangian (8.2.4)

reads

LCS(A) =
[
1
2
hmnε

αβγamα (Fnβγ −
1
3
cnpqa

p
βa

q
γ)
]
ω − (8.2.7)[

1
2
hmnε

αβγAmα (FAnβγ −
1
3
cnpqA

p
βA

q
γ)
]
ω −

dα(hmnεαβγamβ A
n
γ )ω,

where εαβγ is the skew-symmetric Levi–Civita tensor.
Since the density

−S2k−1(A, 0) + dHh0K2k−1

is variationally trivial, the global Chern–Simons Lagrangian (8.2.4) pos-
sesses the same Noether identities and gauge symmetries as the local one
(8.2.6). They are the following.

Recall that infinitesimal generators of local one-parameter groups of
automorphisms of a principal bundle P are G-invariant projectable vector
fields vP on P . They are identified with sections (5.3.16):

ξ = τλ∂λ + ξrer, (8.2.8)

of the vector bundle TGP → X (5.3.11), and yield the vector fields (5.6.7):

υ = τλ∂λ + (−crpqξpa
q
λ + ∂λξ

r − arµ∂λτµ)∂λr (8.2.9)

on the bundle of principal connections C. Sections ξ (8.2.8) play a role of
gauge parameters.

Lemma 8.2.1. Vector fields (8.2.9) are locally variational symmetries of
the global Chern–Simons Lagrangian LCS(B) (8.2.4).
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Proof. Since dimX = 2k− 1, the transgression formula (8.2.1) takes the
form

P2k(FA) = dS2k−1(a,A).

The Lie derivative LJ1υ acting on its sides results in the equality

0 = d(υcdS2k−1(a,A)) = d(LJ1υS2k−1(a,A)),

i.e., the Lie derivative LJ1υS2k−1(a,A) is locally d-exact. Consequently,
the horizontal form h0LJ1υS2k−1(a,A) is locally dH -exact. A direct com-
putation shows that

h0LJ1υS2k−1(a,A) = LJ1υ(h0S2k−1(a,A)) + dHS.

It follows that the Lie derivative LJ1υLCS(A) of the global Chern–Simons
Lagrangian along any vector field υ (8.2.9) is locally dH -exact, i.e., this
vector field is locally a variational symmetry of LCS(A). �

By virtue of Lemma 2.2.3, the vertical part

υV = (−crpqξpa
q
λ + ∂λξ

r − arµ∂λτµ − τµarµλ)∂λr (8.2.10)

of the vector field υ (8.2.9) also is locally a variational symmetry of LCS(A).
Given the fibre bundle TGP → X (5.3.11), let the same symbol also

stand for the pull-back of TGP onto C. Let us consider the differential
bigraded algebra (4.1.6):

P∗∞[TGP ;C] = S∗∞[TGP ;C],

possessing the local generating basis (arλ, c
λ, cr) of even fields arλ and odd

ghosts cλ, cr. Substituting these ghosts for gauge parameters in the vec-
tor field υ (8.2.10) (see Remark 4.2.1), we obtain the odd vertical graded
derivation

u = (−crpqcpa
q
λ + crλ − c

µ
λa

r
µ − cµarµλ)∂λr (8.2.11)

of the differential bigraded algebra P∗∞[TGP ;C]. This graded derivation
as like as vector fields υV (8.2.10) is locally a variational symmetry of
the global Chern–Simons Lagrangian LCS(A) (8.2.4), i.e., the odd density
LJ1u(LCS(A)) is locally dH -exact. Hence, it is δ-closed and, consequently,
dH -exact in accordance with Corollary 3.5.1. Thus, the graded derivation
u (8.2.11) is variationally trivial and, consequently, it is a gauge symmetry
of the global Chern–Simons Lagrangian LCS(A).

By virtue of the formulas (2.3.6) – (2.3.7), the corresponding Noether
identities read

δ∆j = −crjiaiλEλr − dλEλj = 0, (8.2.12)

δ∆µ = −arµλEλr + dλ(arµEλr ) = 0. (8.2.13)
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They are irreducible and non-trivial, unless dimX = 3. Therefore, the
gauge operator (4.2.8) is u = u. It admits the nilpotent BRST extension

b = (−crjicjaiλ + crλ − c
µ
λa

r
µ − cµarµλ)

∂

∂arλ
− (8.2.14)

1
2
crijc

icj
∂

∂cr
+ cλµc

µ ∂

∂cλ
.

In order to include antifields (aλr , cr, cµ), let us enlarge the differential
bigraded algebra P∗∞[TGP ;C] to the differential bigraded algebra

P∗∞{0} = S∗∞[V C ⊕
C
TGP ;C ×

X
TGP ]

where V C is the density dual (5.8.30) of the vertical tangent bundle V C
of C → X and TGP is the density dual of TGP → X (cf. (5.8.32)). By
virtue of Theorem 4.4.2, given the BRST operator b (8.2.14), the global
Chern–Simons Lagrangian LCS(A) (8.2.4) is extended to the proper solution
(4.4.10) of the master equation which reads

LE = LCS(A) + (−crpqcpa
q
λ + crλ − c

µ
λa

r
µ − cµarµλ)aλrω −

1
2
crijc

icjcrω + cλµc
µcλω.

If dimX = 3, the global Chern–Simons Lagrangian takes the form
(8.2.7). Its Euler–Lagrange operator is

δLCS(B) = Eλr θrλ ∧ ω, Eλr = hrpε
λβγFpβγ .

A glance at the Noether identities (8.2.12) – (8.2.13) shows that they are
equivalent to the Noether identities

δ∆j = −crjiaiλEλr − dλEλj = 0, (8.2.15)

δ∆′µ = δ∆µ + arµδ∆r = cµFrλµEλr = 0. (8.2.16)

These Noether identities define the gauge symmetry u (8.2.11) written in
the form

u = (−crpqc′pa
q
λ + c′rλ + cµFrλµ)∂λr (8.2.17)

where c′r = cr−arµcµ. It is readily observed that, if dimX = 3, the Noether
identities δ∆′µ (8.2.16) are trivial. Then the corresponding part cµFrλµ∂λr of
the gauge symmetry u (8.2.17) also is trivial. Consequently, the non-trivial
gauge symmetry of the Chern–Simons Lagrangian (8.2.7) is

u = (−crpqc′pa
q
λ + c′rλ )∂λr .
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8.3 Topological BF theory

We address the topological BF theory of two exterior forms A and B of
form degree |A| + |B| = dimX − 1 on a smooth manifold X [18]. It is
reducible degenerate Lagrangian theory which satisfies the homology regu-
larity condition (Condition 4.1.1) [14]. Its dynamic variables A and B are
sections of the fibre bundle

Y =
p
∧T ∗X ⊕

q
∧T ∗X, p+ q = n− 1 > 1,

coordinated by

(xλ, Aµ1...µp , Bν1...νq ).

Without a loss of generality, let q be even and q ≥ p. The corresponding
differential graded algebra is O∗∞Y (1.7.9).

There are the canonical p- and q-forms

A = Aµ1...µp
dxµ1 ∧ · · · ∧ dxµp ,

B = Bν1...νqdx
ν1 ∧ · · · ∧ dxνq

on Y . A Lagrangian of topological BF theory reads

LBF = A ∧ dHB = εµ1...µnAµ1...µp
dµp+1Bµp+2...µn

ω, (8.3.1)

where ε is the Levi–Civita symbol. It is a reduced first order Lagrangian.
Its first order Euler–Lagrange operator (2.4.2) is

δL = Eµ1...µp

A dAµ1...µp ∧ ω + Eνp+2...νn

B dBνp+2...νn ∧ ω, (8.3.2)

Eµ1...µp

A = εµ1...µndµp+1Bµp+2...µn
, (8.3.3)

Eµp+2...µn

B = −εµ1...µndµp+1Aµ1...µp
. (8.3.4)

The corresponding Euler–Lagrange equations can be written in the form

dHB = 0, dHA = 0. (8.3.5)

They obey the Noether identities

dHdHB = 0, dHdHA = 0. (8.3.6)

One can regard the components Eµ1...µp

A (8.3.3) and Eµp+2...µn

B (8.3.4) of

the Euler–Lagrange operator (8.3.2) as a (
p
∧TX)⊗

X
(
n
∧T ∗X)-valued differ-

ential operator on the fibre bundle
q
∧T ∗X and a (

q
∧TX)⊗

X
(
n
∧T ∗X)-valued

differential operator on the fibre bundle
p
∧T ∗X, respectively. They are of
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the same type as the
n−1
∧ TX-valued differential operator (4.5.23) in Exam-

ple 4.5.1 (cf. the equations (8.3.5) and (4.5.22)). Therefore, the analysis
of the Noether identities of the differential operators (8.3.3) and (8.3.4) is
a repetition of that of Noether identities of the operator (4.5.23) (cf. the
Noether identities (8.3.6) and (4.5.28)).

Following Example 4.5.1, let us consider the family of vector bundles

Ek =
p−k−1
∧ T ∗X ×

X

q−k−1
∧ T ∗X, 0 ≤ k < p− 1,

Ek = R×
X

q−p
∧ T ∗X, k = p− 1,

Ek =
q−k−1
∧ T ∗X, p− 1 < k < q − 1,

Eq−1 = X × R.

Let us enlarge the differential graded algebra O∗∞Y to the differential bi-
graded algebra P ∗∞{q − 1} (4.2.2) which is

P ∗∞{q − 1} = P∗∞[V Y ⊕
Y
E0 ⊕ · · ·⊕

Y
Eq−1⊕

Y
E0⊕

Y
· · · ⊕

Y
Eq−1;Y ]. (8.3.7)

It possesses the local generating basis

{Aµ1...µp , Bν1...νq , εµ2...µp , . . . , εµp , ε, ξν2...νq , . . . , ξνq , ξ,

A
µ1...µp

, B
ν1...νq

, εµ2...µp , . . . , εµp , ε, ξ
ν2...νq

, . . . , ξ
νq
, ξ}

of Grassmann parity

[εµk...µp
] = [ξνk...νq

] = (k + 1)mod 2, [ε] = pmod2, [ξ] = 0,

[εµk...µp ] = [ξ
νk...νq ] = kmod2, [ε] = (p+ 1)mod 2, [ξ] = 1,

of ghost number

gh[εµk...µp
] = gh[ξνk...νq

] = k, gh[ε] = p+ 1, gh[ξ] = q + 1,

and of antifield number

Ant[A
µ1...µp ] = Ant[B

νp+1...νq ] = 1,

Ant[εµk...µp ] = Ant[ξ
νk...νq ] = k + 1,

Ant[ε] = p, Ant[ε] = q.

One can show that the homology regularity condition holds (see Lemma
4.5.5) and that the differential bigraded algebra P ∗∞{q−1} is endowed with
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the Koszul–Tate operator

δKT =
←
∂

∂A
µ1...µp

Eµ1...µp

A +
←
∂

∂B
ν1...νq

Eν1...νq

B + (8.3.8)

∑
2≤k≤p

←
∂

∂εµk...µp
∆µk...µp

A +
←
∂

∂ε
dµp

εµp + (8.3.9)

∑
2≤k≤q

←
∂

∂ξ
νk...νq

∆νk...νq

B +
←
∂

∂ξ
dνqξ

νq
,

∆µ2...µp

A = dµ1A
µ1...µp

, ∆µk+1...µp

A = dµk
εµkµk+1...µp , 2 ≤ k < p,

∆ν2...νq

B = dν1B
ν1...νq

, ∆νk+1...νq

B = dνk
ξ
νkνk+1...νq

, 2 ≤ k < q.

Its nilpotentness provides the complete Noether identities (8.3.5):
dµ1E

µ1...µp

A = 0, dν1E
ν1...νq

B = 0,
and the (k − 1)-stage ones

dµk
∆µk...µp

A = 0, k = 2, . . . , p,

dνk
∆νk...νq

B = 0, k = 2, . . . , q,
(cf. (4.5.30)). It follows that the topological BF theory is (q−1)-reducible.

Applying inverse second Noether Theorem 4.2.1, one obtains the gauge
operator (4.2.8) which reads

u = dµ1εµ2...µp

∂

∂Aµ1µ2...µp

+ dν1ξν2...νq

∂

∂Bν1ν2...νq

+ (8.3.10)[
dµ2εµ3...µp

∂

∂εµ2µ3...µp

+ · · ·+ dµpε
∂

∂εµp

]
+[

dν2ξν3...νq

∂

∂ξν2ν3...νq

+ · · ·+ dνqξ
∂

∂ξνq

]
.

In particular, the gauge symmetry of the Lagrangian LBF (8.3.1) is

u = dµ1εµ2...µp

∂

∂Aµ1µ2...µp

+ dν1ξν2...νq

∂

∂Bν1ν2...νq

.

This gauge symmetry is Abelian. It also is readily observed that higher-
stage gauge symmetries are independent of original fields. Consequently,
topological BF theory is Abelian, and its gauge operator u (8.3.10) is nilpo-
tent. Thus, it is the BRST operator b = u. As a result, the Lagrangian
LBF is extended to the proper solution of the master equation LE = Le
(4.2.9) which reads
Le = LBF + εµ2...µp

dµ1A
µ1...µp +

∑
1<k<p

εµk+1...µp
dµk

εµk...µp + εdµp
εµp +

ξν2...νq
dν1B

ν1...νq +
∑

1<k<q

ξνk+1...νq
dνk

ξ
νk...µq + ξdνq

ξ
νq
.
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8.4 Lagrangian theory of submanifolds

Jets of sections of fibre bundles are particular jets of submanifolds. Namely,
a space of jets of submanifolds admits a cover by charts of jets of sections
[53; 96; 117]. Three-velocities in relativistic mechanics exemplify first or-
der jets of submanifolds [111; 137]. A problem is that differential forms
on jets of submanifolds fail to constitute a variational bicomplex because
horizontal forms (e.g., Lagrangians) are not preserved under coordinate
transformations.

We consider n-dimensional submanifolds of an m-dimensional smooth
real manifold Z, and associate to them sections of the trivial fibre bundle

π : ZQ = Q× Z → Q, (8.4.1)

where Q is some n-dimensional manifold. Here, we restrict our considera-
tion to first order jets of submanifolds, and state their relation to jets of
sections of the fibre bundle (8.4.1). This relation fails to be one-to-one
correspondence. The ambiguity contains, e.g., diffeomorphisms of Q. Then
Lagrangian formalism on a fibre bundle ZQ → Q is developed in a standard
way, but a Lagrangian is required to be variationally invariant under the
above mentioned diffeomorphisms of Q. This invariance however leads to
rather restrictive Noether identities (8.4.27). If a Lagrangian is independent
of a metric onQ, it is a topological field Lagrangian. For instance, this is the
case of the Nambu–Goto Lagrangian (8.4.28) of classical string theory [73;
124].

Given an m-dimensional smooth real manifold Z, a k-order jet of n-

dimensional submanifolds of Z at a point z ∈ Z is defined as an equivalence
class jkzS of n-dimensional imbedded submanifolds of Z through z which
are tangent to each other at z with order k ≥ 0. Namely, two submanifolds

iS : S → Z, iS′ : S′ → Z

through a point z ∈ Z belong to the same equivalence class jkzS if and only
if the images of the k-tangent morphisms

T kiS : T kS → T kZ, T kiS′ : T kS′ → T kZ

coincide with each other. The set

JknZ =
⋃
z∈Z

jkzS

of k-order jets of submanifolds is a finite-dimensional real smooth manifold,
called the k-order jet manifold of submanifolds. For the sake of convenience,
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let us denote J0
nZ = Z. If k > 0, let Y → X be an m-dimensional fibre

bundle over an n-dimensional base X and JkY the k-order jet manifold of
sections of Y → X. Given an imbedding Φ : Y → Z, there is the natural
injection

JkΦ : JkY → JknZ,

jkxs→ [Φ ◦ s]kΦ(s(x)),

where s are sections of Y → X. This injection defines a chart on JknZ.
These charts provide a manifold atlas of JknZ.

Let us restrict our consideration to first order jets of submanifolds.
There is obvious one-to-one correspondence

ζ : j1zS → Vj1S ⊂ TzZ (8.4.2)

between the jets j1zS at a point z ∈ Z and the n-dimensional vector sub-
spaces of the tangent space TzZ of Z at z. It follows that J1

nZ is a fibre
bundle

ρ : J1
nZ → Z (8.4.3)

in Grassmann manifolds. This fibre bundle possesses the following coordi-
nate atlas.

Let {(U ; zµ)} be a coordinate atlas of Z. Though J0
nZ = Z, let us

provide J0
mZ with the atlas obtained by replacing every chart (U, zA) of Z

with the (
m

n

)
=

m!
n!(m− n)!

charts on U which correspond to different partitions of (zA) in collections
of n and m− n coordinates

(U ;xa, yi), a = 1, . . . , n, i = 1, . . . ,m− n. (8.4.4)

The transition functions between the coordinate charts (8.4.4) of J0
nZ asso-

ciated with a coordinate chart (U, zA) of Z are reduced to exchange between
coordinates xa and yi. Transition functions between arbitrary coordinate
charts of the manifold J0

nZ take the form

x′a = x′a(xb, yk), y′i = y′i(xb, yk). (8.4.5)

Given an atlas of coordinate charts (8.4.4) – (8.4.5) of the manifold J0
nZ,

the first order jet manifold J1
nZ is endowed with the coordinate charts

(ρ−1(U) = U × R(m−n)n;xa, yi, yia), (8.4.6)
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possessing the following transition functions. With respect to the coordi-
nates (8.4.6) on the jet manifold J1

nZ and the induced fibre coordinates
(ẋa, ẏi) on the tangent bundle TZ, the above mentioned correspondence ζ
(8.4.2) reads

ζ : (yia)→ ẋa(∂a + yia(j
1
zS)∂i).

It implies the relations

y′ja = (
∂y′j

∂yk
ykb +

∂y′j

∂xb
)(
∂xb

∂y′i
y′ia +

∂xb

∂x′a
), (8.4.7)

(
∂xb

∂y′i
y′ia +

∂xb

∂x′a
)(
∂x′c

∂yk
ykb +

∂x′c

∂xb
) = δca, (8.4.8)

which jet coordinates yia must satisfy under coordinate transformations
(8.4.5). Let us consider a non-degenerate n× n matrix M with the entries

M c
b = (

∂x′c

∂yk
ykb +

∂x′c

∂xb
).

Then the relations (8.4.8) lead to the equalities

(
∂xb

∂y′i
y′ia +

∂xb

∂x′a
) = (M−1)ba.

Hence, we obtain the transformation law of first order jet coordinates

y′ja = (
∂y′j

∂yk
ykb +

∂y′j

∂xb
)(M−1)ba. (8.4.9)

In particular, if coordinate transition functions x′a (8.4.5) are independent
of coordinates yk, the transformation law (8.4.9) comes to the familiar
transformations of jets of sections.

A glance at the transformations (8.4.9) shows that, in contrast with
the fibre bundle of jets of sections, the fibre bundle (8.4.3) is not affine.
In particular, one generalizes the notion of a connection on fibre bundles
and treats global sections of the jet bundle (8.4.3) as preconnections [117].
However, a global section of this bundle need not exist [147].

Given a coordinate chart (8.4.6) of J1
nZ, one can regard ρ−1(U) ⊂ J1

nZ

as the first order jet manifold J1U of sections of the fibre bundle

U 3 (xa, yi)→ (xa) ∈ UX .

The graded differential algebra O∗(ρ−1(U)) of exterior forms on ρ−1(U) is
generated by horizontal forms dxa and contact forms dyi − yiadxa. Coordi-
nate transformations (8.4.5) and (8.4.9) preserve the ideal of contact forms,
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but horizontal forms are not transformed into horizontal forms, unless co-
ordinate transition functions x′a (8.4.5) are independent of coordinates yk.
Therefore, one can develop first order Lagrangian formalism with a Lagran-
gian L = Ldnx on a coordinate chart ρ−1(U), but this Lagrangian fails to
be globally defined on J1

nZ.
In order to overcome this difficulty, let us consider the trivial fibre bundle

ZQ → Q (8.4.1) whose trivialization throughout holds fixed. This fibre
bundle is provided with an atlas of coordinate charts

(UQ × U ; qµ, xa, yi), (8.4.10)

where (U ;xa, yi) are the above mentioned coordinate charts (8.4.4) of the
manifold J0

nZ. The coordinate charts (8.4.10) possess transition functions

q′µ = qµ(qν), x′a = x′a(xb, yk), y′i = y′i(xb, yk). (8.4.11)

Let J1ZQ be the first order jet manifold of the fibre bundle (8.4.1). Since
the trivialization (8.4.1) is fixed, it is a vector bundle

π1 : J1ZQ → ZQ

isomorphic to the tensor product

J1ZQ = T ∗Q ⊗
Q×Z

TZ (8.4.12)

of the cotangent bundle T ∗Q of Q and the tangent bundle TZ of Z over
ZQ.

Given the coordinate atlas (8.4.10) - (8.4.11) of ZQ, the jet manifold
J1ZQ is endowed with the coordinate charts

((π1)−1(UQ × U) = UQ × U × Rmn; qµ, xa, yi, xaµ, yiµ), (8.4.13)

possessing transition functions

x′aµ = (
∂x′a

∂yk
ykν +

∂x′a

∂xb
xbν)

∂qν

∂q′µ
, y′iµ = (

∂y′i

∂yk
ykν +

∂y′i

∂xb
xbν)

∂qν

∂q′µ
. (8.4.14)

Relative to coordinates (8.4.13), the isomorphism (8.4.12) takes the form

(xaµ, y
i
µ)→ dqµ ⊗ (xaµ∂a + yiµ∂i).

Obviously, a jet (qµ, xa, yi, xaµ, y
i
µ) of sections of the fibre bundle (8.4.1)

defines some jet of n-dimensional subbundles of the manifold {q} × Z

through a point (xa, yi) ∈ Z if an m × n matrix with the entries xaµ, y
i
µ

is of maximal rank n. This property is preserved under the coordinate
transformations (8.4.14). An element of J1ZQ is called regular if it pos-
sesses this property. Regular elements constitute an open subbundle of the
jet bundle J1ZQ → ZQ.
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Since regular elements of J1ZQ characterize jets of submanifolds of Z,
one hopes to describe the dynamics of submanifolds of a manifold Z as that
of sections of the fibre bundle (8.4.1). For this purpose, let us refine the
relation between elements of the jet manifolds J1

nZ and J1ZQ.
Let us consider the manifold product Q × J1

nZ. It is a fibre bundle
over ZQ. Given a coordinate atlas (8.4.10) - (8.4.11) of ZQ, this product is
endowed with the coordinate charts

(UQ × ρ−1(U) = UQ × U × R(m−n)n; qµ, xa, yi, yia), (8.4.15)

possessing transition functions (8.4.9). Let us assign to an element
(qµ, xa, yi, yia) of the chart (8.4.15) the elements (qµ, xa, yi, xaµ, y

i
µ) of the

chart (8.4.13) whose coordinates obey the relations

yiax
a
µ = yiµ. (8.4.16)

These elements make up an n2-dimensional vector space. The relations
(8.4.16) are maintained under coordinate transformations (8.4.11) and the
induced transformations of the charts (8.4.13) and (8.4.15) as follows:

y′iax
′a
µ = (

∂y′i

∂yk
ykc +

∂y′i

∂xc
)(M−1)ca(

∂x′a

∂yk
ykν +

∂x′a

∂xb
xbν)

∂qν

∂q′µ
=

(
∂y′i

∂yk
ykc +

∂y′i

∂xc
)(M−1)ca(

∂x′a

∂yk
ykb +

∂x′a

∂xb
)xbν

∂qν

∂q′µ
=

(
∂y′i

∂yk
ykb +

∂y′i

∂xb
)xbν

∂qν

∂q′µ
= (

∂y′i

∂yk
ykν +

∂y′i

∂xb
xbν)

∂qν

∂q′µ
= y′iµ .

Thus, one can associate:

ζ ′ : (qµ, xa, yi, yia)→ {(qµ, xa, yi, xaµ, yiµ) | yiaxaµ = yiµ}, (8.4.17)

to each element of the manifold Q × J1
nZ an n2-dimensional vector space

in the jet manifold J1ZQ. This is a subspace of elements

xaµdq
µ ⊗ (∂a + yia∂i)

of a fibre of the tensor bundle (8.4.12) at a point (qµ, xa, yi). This subspace
always contains regular elements, e.g., whose coordinates xaµ form a non-
degenerate n× n matrix.

Conversely, given a regular element j1zs of J1ZQ, there is a coordinate
chart (8.4.13) such that coordinates xaµ of j1zs constitute a non-degenerate
matrix, and j1zs defines a unique element of Q× J1

nZ by the relations

yia = yiµ(x
−1)µa . (8.4.18)

Thus, we have shown the following. Let (qµ, zA) further be arbitrary
coordinates on the product ZQ (8.4.1) and (qµ, zA, zAµ ) the corresponding
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coordinates on the jet manifold J1ZQ. In these coordinates, an element of
J1ZQ is regular if an m× n matrix with the entries zAµ is of maximal rank
n.

Theorem 8.4.1. (i) Any jet of submanifolds through a point z ∈ Z defines
some (but not unique) jet of sections of the fibre bundle ZQ (8.4.1) through
a point q × z for any q ∈ Q in accordance with the relations (8.4.16).

(ii) Any regular element of J1ZQ defines a unique element of the jet
manifold J1

nZ by means of the relations (8.4.18). However, non-regular
elements of J1ZQ can correspond to different jets of submanifolds.

(iii) Two elements (qµ, zA, zAµ ) and (qµ, zA, z′Aµ ) of J1ZQ correspond to
the same jet of submanifolds if

z′Aµ = Mν
µz

A
ν ,

where M is some matrix, e.g., it comes from a diffeomorphism of Q.

Based on this result, we can describe the dynamics of n-dimensional
submanifolds of a manifold Z as that of sections of the fibre bundle ZQ
(8.4.1) for some n-dimensional manifold Q.

Let ZQ be a fibre bundle (8.4.1) coordinated by (qµ, zA) with transition
functions q′µ(qν) and z′A(zB). Then the first order jet manifold J1ZQ
of this fibre bundle is provided with coordinates (qµ, zA, zAµ ) possessing
transition functions

z′Aµ =
∂z′A

∂zB
∂qν

∂q′µ
zBν .

Let

L = L(zA, zAµ )ω (8.4.19)

be a first order Lagrangian on the jet manifold J1ZQ. The corresponding
Euler–Lagrange operator (2.4.2) reads

δL = EAdzA ∧ ω, EA = ∂AL − dµ∂µAL. (8.4.20)

It yields the Euler–Lagrange equations

EA = ∂AL − dµ∂µAL = 0. (8.4.21)

Let

u = uµ∂µ + uA∂A

be a vector field on ZQ. Its jet prolongation (1.2.8) onto J1ZQ reads

J1u = uµ∂µ + uA∂A + (dµuA − zAν dµuν)∂
µ
A. (8.4.22)
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It admits the vertical splitting (2.4.26):
J1u = uH + uV = uµdµ + [(uA − uνzAν )∂A + dµ(uA − zAν uν)∂

µ
A]. (8.4.23)

The Lie derivative LuL of a Lagrangian L along a vector field u obeys the
first variational formula (2.4.28):

LuL = uV cδL+ dH(h0(ucHL)) = ((uA − uµzAµ )EA − dµJ µ)ω, (8.4.24)
where

HL = L+ ∂µALθ
A ∧ ωµ,

is the Poincaré–Cartan form (2.4.12) and
J = J µωµ = (∂µAL(uνzAν − uA)− uµL)ωµ (8.4.25)

is the symmetry current (2.4.31) along a vector field u.
For instance, let us consider a vector field u = uµ∂µ onQ. Since ZQ → Q

is a trivial bundle, this vector field gives rise to a vector field u = uµ∂µ on
ZQ. Its jet prolongation (8.4.22) onto J1ZQ reads

u = uµ∂µ − zAν ∂µuν∂
µ
A = uµdµ + [−uνzAν ∂A − dµ(uνzAν )∂µA]. (8.4.26)

One can regard it as a generalized vector field depending on parameter
functions uµ(qν). In accordance with Theorem 8.4.1, it seems reasonable
to require that, in order to describe jets of submanifolds of Z, a Lagrangian
L on J1ZQ is independent of coordinates of Q and it possesses the gauge
symmetry J1u (8.4.26) or, equivalently, its vertical part

uV = −uνzAν ∂A − dµ(uνzAν )∂µA.
Then the variational derivatives of this Lagrangian obey irreducible Noether
identities

zAν EA = 0 (8.4.27)
(see the relations (2.3.6) – (2.3.7)). These Noether identities are rather
restrictive.

For instance, let Z be a locally affine manifold, i.e., a toroidal cylinder
Rm−k × T k. Its tangent bundle can be provided with a constant non-
degenerate fiber metric ηAB . Let Q be a two-dimensional manifold. Let us
consider the 2× 2 matrix with the entries

hµν = ηABz
A
µ z

B
ν .

Then its determinant provides a Lagrangian
L = (deth)1/2d2q = ([ηABzA1 z

B
1 ][ηABzA2 z

B
2 ]− [ηABzA1 z

B
2 ]2)1/2d2q (8.4.28)

on the jet manifold J1ZQ (8.4.12). This is the well known Nambu–Goto

Lagrangian of classical string theory [73; 124]. It satisfies the Noether
identities (8.4.27). This Lagrangian is independent of a metric on Q and,
therefore, is a topological field Lagrangian.
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Chapter 9

Covariant Hamiltonian field theory

Applied to field theory, the familiar symplectic Hamiltonian technique takes
the form of instantaneous Hamiltonian formalism on an infinite-dimensional
phase space, where canonical coordinates are field functions at some instant
of time [66]. The true Hamiltonian counterpart of classical first order La-
grangian field theory on a fibre bundle Y → X is covariant Hamiltonian
formalism, where canonical momenta pµi correspond to derivatives yiµ of
field variables yi with respect to all world coordinates xµ. This formal-
ism has been vigorously developed since 1970s in the Hamilton – De Don-
der, polysymplectic, multisymplectic and k-symplectic variants [25; 26; 36;
53; 54; 72; 90; 101; 105; 106; 113; 128; 133; 134]. If X = R, this is the
case of Hamiltonian non-relativistic time-dependent mechanics [60; 111;
137].

We follow polysymplectic Hamiltonian formalism of field theory where
the Legendre bundle Π (2.4.7) plays the role of a momentum phase space of
fields [53; 54; 134]. This formalism is equivalent to Lagrangian formalism in
the case of hyperregular Lagrangians. However, a non-regular Lagrangian
leads to constraints and requires a set of associated Hamiltonians in order
to exhaust all solutions of the Euler–Lagrange equation. Moreover, the
covariant Hamiltonian formulation of a non-regular Lagrangian field system
contains additional gauge symmetries that is important for quantization.

9.1 Polysymplectic Hamiltonian formalism

Given a fibre bundle Y → X, let

πΠX = π ◦ πΠY : Π→ Y → X

293
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be the Legendre bundle (2.4.7) endowed with the holonomic coordinates
(xλ, yi, pλi ). There is the canonical bundle monomorphism

ΘY : Π −→
Y

n+1
∧ T ∗Y ⊗

Y
TX, (9.1.1)

ΘY = pλi dy
i ∧ ω ⊗ ∂λ,

called the tangent-valued Liouville form on Π. It should be emphasized
that the exterior differential d can not be applied to the tangent-valued
form (9.1.1). At the same time, there is a unique TX-valued (n+ 2)-form

ΩY = dpλi ∧ dyi ∧ ω ⊗ ∂λ (9.1.2)

on Π such that the relation

ΩY cφ = d(ΘY cφ)

holds for an arbitrary exterior one-form φ on X. This form is called the
polysymplectic form. The Legendre bundle Π endowed with the polysym-
plectic form (9.1.2) is said to be the polysymplectic manifold.

Let J1Π be the first order jet manifold of the fibre bundle Π → X. It
is equipped with the adapted coordinates

(xλ, yi, pλi , y
i
µ, p

λ
µi).

A connection

γ = dxλ ⊗ (∂λ + γiλ∂i + γµλi∂
i
µ) (9.1.3)

on Π→ X is called a Hamiltonian connection if the exterior form γcΩY is
closed. Components of a Hamiltonian connection satisfy the conditions

∂iλγ
j
µ − ∂jµγiλ = 0,

∂iγ
µ
µj − ∂jγ

µ
µi = 0, (9.1.4)

∂jγ
i
λ + ∂iλγ

µ
µj = 0.

If the form γcΩY is closed, there is a contractible neighbourhood U of
each point of Π where the local form γcΩY is exact, i.e.,

γcΩY = dH = dpλi ∧ dyi ∧ ωλ − (γiλdp
λ
i − γλλidyi) ∧ ω (9.1.5)

on U . It is readily observed that, by virtue of the conditions (9.1.4), the
second term in the right-hand side of this equality also is an exact form on
U . In accordance with the relative Poincaré lemma (see Remark 10.10.1),
this term can be brought into the form dH∧ ω where H is a local function
on U . Then the form H in the expression (9.1.5) reads

H = pλi dy
i ∧ ωλ −Hω. (9.1.6)
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Let us consider the homogeneous Legendre bundle ZY (2.4.13) and the
affine bundle ZY → Π (2.4.16). This affine bundle is modelled over the
pull-back vector bundle

Π×
X

n
∧T ∗X → Π

in accordance with the exact sequence

0 −→Π×
X

n
∧T ∗X −→ZY −→Π −→ 0. (9.1.7)

The homogeneous Legendre bundle ZY is provided with the canonical mul-
tisymplectic Liouville form ΞY (2.4.23). Its exterior differential dΞY is the
multisymplectic form.

Let h = −Hω be a section the affine bundle ZY → Π (2.4.16). A glance
at the transformation law (2.4.15) shows that it is not a density. By analogy
with Hamiltonian time-dependent mechanics [111; 137], −h is said to be
the covariant Hamiltonian of covariant Hamiltonian field theory. It defines
the pull-back

H = h∗ΞY = pλi dy
i ∧ ωλ −Hω (9.1.8)

of the multisimplectic Liouville form ΞY onto the Legendre bundle Π which
is called the Hamiltonian form on Π.

The following is a straightforward corollary of this definition.

Theorem 9.1.1. (i) Hamiltonian forms constitute a non-empty affine
space modelled over the linear space of horizontal densities H̃ = H̃ω on
Π→ X.

(ii) Every connection Γ on the fibre bundle Y → X yields the splitting
(1.3.8) of the exact sequence (9.1.7) and defines the Hamiltonian form

HΓ = Γ∗ΞY = pλi dy
i ∧ ωλ − pλi Γiλω. (9.1.9)

(iii) Given a connection Γ on Y → X, every Hamiltonian form H

admits the decomposition

H = HΓ − H̃Γ = pλi dy
i ∧ ωλ − pλi Γiλω − H̃Γω. (9.1.10)

Remark 9.1.1. In multisymplectic formalism of field theory, the homoge-
neous Legendre bundle ZY (2.4.13) plays the role of a momentum phase
space of fields. From the mathematical viewpoint, multisymplectic formal-
ism is more convenient than the polysymplectic one, because the multisym-
plectic form dΞY unlike the polysymplectic one ΩY (9.1.2) is an exterior
form. However, multisymplectic formalism involves an additional non-field
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variable p. If X = R, the polysymplectic and multisimplectic Hamiltonian
formalisms come to Hamiltonian and homogeneous Hamiltonian formalisms
of non-relativistic time-dependent mechanics on momentum phase spaces
V ∗Y and T ∗Y , respectively. In this case, the multisymplectic form dΞY is
exactly the canonical symplectic form on the cotangent bundle T ∗Y of Y
[111; 137].

One can generalize item (ii) of Theorem 9.1.1 as follows. We agree to
call any bundle morphism

Φ = dxλ ⊗ (∂λ + Φiλ∂i) : Π →
Y
J1Y (9.1.11)

over Y the Hamiltonian map. In particular, let Γ be a connection on
Y → X. Then the composition

Γ̂ = Γ ◦ πΠY = dxλ ⊗ (∂λ + Γiλ∂i) : Π→ Y → J1Y (9.1.12)

is a Hamiltonian map.

Theorem 9.1.2. Every Hamiltonian map (9.1.11) defines the Hamiltonian
form

HΦ = −ΦcΘ = pλi dy
i ∧ ωλ − pλi Φiλω. (9.1.13)

Proof. Given an arbitrary connection Γ on a fibre bundle Y → X, the
corresponding Hamiltonian map (9.1.12) defines the form −Γ̂cΘ which is
exactly the Hamiltonian form HΓ (9.1.9). Since Φ− Γ̂ is a V Y -valued basic
one-form on Π→ X, HΦ−HΓ is a horizontal density on Π. Then the result
follows from item (i) of Theorem 9.1.1. �

Theorem 9.1.3. Every Hamiltonian form H (9.1.8) admits a Hamiltonian
connection γH which obeys the condition

γHcΩY = dH, (9.1.14)

γiλ = ∂iλH, γλλi = −∂iH. (9.1.15)

Proof. It is readily observed that the Hamiltonian form H (9.1.8) is the
Poincaré–Cartan form (2.4.12) of the first order Lagrangian

LH = h0(H) = (pλi y
i
λ −H)ω (9.1.16)

on the jet manifold J1Π. The Euler–Lagrange operator (2.1.12) associated
to this Lagrangian reads

EH : J1Π→ T ∗Π ∧ (
n
∧T ∗X),

EH = [(yiλ − ∂iλH)dpλi − (pλλi + ∂iH)dyi] ∧ ω. (9.1.17)
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It is called the Hamilton operator for H. A glance at the expression (9.1.17)
shows that this operator is an affine morphism over Π of constant rank. It
follows that its kernel

yiλ = ∂iλH, (9.1.18)

pλλi = −∂iH (9.1.19)

is an affine closed imbedded subbundle of the jet bundle J1Π→ Π. There-
fore, it admits a global section γH which is a first order (non-holonomic)
Lagrangian connection for the Lagrangian LH . This connection is a desired
Hamiltonian connection obeying the relation (9.1.14). �

Remark 9.1.2. It follows from the expression (9.1.6) that, conversely, any
Hamiltonian connection is locally associated to some Hamiltonian form.

Remark 9.1.3. In fact, the Lagrangian (9.1.16) is the pull-back onto J1Π
of the form LH on the product Π×

Y
J1Y .

It should be emphasized that, if dimX > 1, there is a set of Hamiltonian
connections associated to the same Hamiltonian form H. They differ from
each other in soldering forms σ on Π→ X which fulfill the equation σcΩY =
0. Every Hamiltonian form H yields the Hamiltonian map

Ĥ = J1πΠY ◦ γH : Π→ J1Π→ J1Y, (9.1.20)

yiλ ◦ Ĥ = ∂iλH,

which is the same for all Hamiltonian connections γH associated to H.
Being a closed imbedded subbundle of the jet bundle J1Π → X, the

kernel (9.1.18) – (9.1.19) of the Euler–Lagrange operator EH (9.1.17) defines
the Euler–Lagrange equation on Π in accordance with Definition 1.6.1. It
is a system of first order dynamic equations called the covariant Hamilton

equations.
Every integral section

J1r = γH ◦ r

of a Hamiltonian connection γH associated to a Hamiltonian form H is
obviously a solution of the covariant Hamilton equations (9.1.18) – (9.1.19).
By virtue of Theorem 1.1.4, if r : X → Π is a global solution, there exists
an extension of the local section

J1r : r(X)→ Ker EH
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to a Hamiltonian connection γH which has r as an integral section. Sub-
stituting J1r in (9.1.20), we obtain the equality

J1(πΠY ◦ r) = Ĥ ◦ r, (9.1.21)

which is equivalent to the covariant Hamilton equations (9.1.18) – (9.1.19).

Remark 9.1.4. Similarly to the Cartan equation (2.4.22), the covariant
Hamilton equations (9.1.18) – (9.1.19) are equivalent to the condition

r∗(ucdH) = 0 (9.1.22)

for any vertical vector field u on Π→ X.

9.2 Associated Hamiltonian and Lagrangian systems

Let us study the relations between first order Lagrangian and covariant
Hamiltonian formalisms of field theory. We are based on the fact that any
Lagrangian L on a configurations space J1Y defines the morphism

J1L̂ : J !J1Y −→
Y

J1Π,

(pλi , y
i
µ, p

λ
µi) ◦ J1L̂ = (πλi , ŷ

i
µ, d̂µπ

λ
i ),

d̂λ = ∂λ + ŷjλ∂j + yjλµ∂
µ
j ,

and that any Hamiltonian form H on a momentum phase space Π yields
the map

J1Ĥ : J1Π −→
Y

J1J1Y,

(yiµ, ŷ
i
λ, y

i
λµ) ◦ J1Ĥ = (∂iµH, yiλ, dλ∂iµH),

dλ = ∂λ + yjλ∂j + pνλj∂
j
ν .

Let us start with the case of a hyperregular Lagrangian L, i.e., when
the Legendre map L̂ is a diffeomorphism. Then L̂−1 is a Hamiltonian map.
Let us consider the Hamiltonian form

H = HL̂−1 + L̂−1∗L, (9.2.1)

H = pµi L̂
−1i

µ − L(xµ, yj , L̂−1j
µ),

where HL̂−1 is the Hamiltonian form (9.1.13) associated to the Hamiltonian
map L̂−1. Let s be a solution of the Euler–Lagrange equation (2.4.3) for the
Lagrangian L. A direct computation shows that L̂◦J1s is a solution of the
covariant Hamilton equations (9.1.18) – (9.1.18) for the Hamiltonian form
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H (9.2.1). Conversely, if r is a solution of the covariant Hamilton equations
(9.1.18) – (9.1.19) for the Hamiltonian form H (9.2.1), then s = πΠY ◦ r
is a solution of the Euler–Lagrange equation (2.4.3) for L (see the equality
(9.1.21)). It follows that, in the case of hyperregular Lagrangians, covariant
Hamiltonian formalism is equivalent to the Lagrangian one.

Let now L be an arbitrary Lagrangian on a configuration space J1Y .
A Hamiltonian form H is said to be associated with a Lagrangian L if H
satisfies the relations

L̂ ◦ Ĥ ◦ L̂ = L̂, (9.2.2)

H = HĤ + Ĥ∗L. (9.2.3)

A glance at the relation (9.2.2) shows that L̂ ◦ Ĥ is the projector

pµi (p) = ∂µi L(xµ, yi, ∂jλH(p)), p ∈ NL, (9.2.4)

from Π onto the Lagrangian constraint space NL = L̂(J1Y ). Accordingly,
Ĥ ◦ L̂ is the projector from J1Y onto Ĥ(NL). A Hamiltonian form is called
weakly associated with a Lagrangian L if the condition (9.2.3) holds on the
Lagrangian constraint space NL.

Theorem 9.2.1. If a Hamiltonian map Φ (9.1.11) obeys the relation

L̂ ◦ Φ ◦ L̂ = L̂,

then the Hamiltonian form

H = HΦ + Φ∗L

is weakly associated to the Lagrangian L. If Φ = Ĥ, then H is associated
to L.

Theorem 9.2.2. Any Hamiltonian form H weakly associated to a Lagran-
gian L fulfills the relation

H|NL
= Ĥ∗HL|NL

, (9.2.5)

where HL is the Poincaré–Cartan form (2.4.12).

Proof. The relation (9.2.3) takes the coordinate form

H(p) = pµi ∂
i
µH−L(xµ, yi, ∂jλH(p)), p ∈ NL. (9.2.6)

Substituting (9.2.4) and (9.2.6) in (9.1.8), we obtain the relation (9.2.5).�
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The difference between associated and weakly associated Hamiltonian
forms lies in the following. Let H be an associated Hamiltonian form, i.e.,
the equality (9.2.6) holds everywhere on Π. Acting on this equality by the
exterior differential, we obtain the relations

∂µH(p) = −(∂µL) ◦ Ĥ(p), p ∈ NL,
∂iH(p) = −(∂iL) ◦ Ĥ(p), p ∈ NL, (9.2.7)

(pµi − (∂µi L)(xµ, yi, ∂jλH))∂iµ∂
a
αH = 0. (9.2.8)

The relation (9.2.8) shows that the associated Hamiltonian form (i.e., the
Hamiltonian map Ĥ) is not regular outside the Lagrangian constraint space
NL. For instance, any Hamiltonian form is weakly associated to the Lagran-
gian L = 0, while the associated Hamiltonian forms are only HΓ (9.1.9).

In particular, a hyperregular Lagrangian has a unique weakly associated
Hamiltonian form (9.2.1). In the case of a regular Lagrangian L, the La-
grangian constraint space NL is an open subbundle of the vector Legendre
bundle Π → Y . If NL 6= Π, a weakly associated Hamiltonian form fails to
be defined everywhere on Π in general. At the same time, NL itself can be
provided with the pull-back polysymplectic structure with respect to the
imbedding NL → Π, so that one may consider Hamiltonian forms on NL.

One can say something more in the case of semiregular Lagrangians (see
Definition 2.4.1).

Lemma 9.2.1. The Poincaré–Cartan form HL for a semiregular Lagran-
gian L is constant on the connected inverse image L̂−1(p) of any point
p ∈ NL.

Proof. Let u be a vertical vector field on the affine jet bundle J1Y → Y

which takes its values into the kernel of the tangent map T L̂ to L̂. Then
LuHL = 0. �

A corollary of Lemma 9.2.1 is the following.

Theorem 9.2.3. All Hamiltonian forms weakly associated to a semiregular
Lagrangian L coincide with each other on the Lagrangian constraint space
NL, and the Poincaré–Cartan form HL (2.4.12) for L is the pull-back

HL = L̂∗H, (πλi y
i
λ − L)ω = H(xµ, yj , πµj )ω, (9.2.9)

of any such a Hamiltonian form H.

Proof. Given a vector v ∈ TpΠ, the value TĤ(v)cHL(Ĥ(p)) is the same
for all Hamiltonian maps Ĥ satisfying the relation (9.2.2). Then the result
follows from the relation (9.2.5). �
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Theorem 9.2.3 enables us to relate the Euler–Lagrange equation for an
almost regular Lagrangian L with the covariant Hamilton equations for
Hamiltonian forms weakly associated to L [53; 133; 134].

Theorem 9.2.4. Let a section r of Π → X be a solution of the covariant
Hamilton equations (9.1.18) – (9.1.19) for a Hamiltonian form H weakly
associated to a semiregular Lagrangian L. If r lives in the Lagrangian
constraint space NL, the section s = πΠY ◦ r of Y → X satisfies the Euler–
Lagrange equation (2.4.3).

Proof. There is the equality
L = (J1L̂)∗LH ,

where L is the Lagrangian (2.4.18) on J1J1Y and LH is the Lagrangian
(9.1.16) on J1Π. This equality results in the relation

EL = (J1L̂)∗EH |J2Y . �

The converse assertion is more intricate.

Theorem 9.2.5. Given a semiregular Lagrangian L, let a section s of a
fibre bundle Y → X be a solution of the Euler–Lagrange equation (2.4.3).
Let H be a Hamiltonian form weakly associated to L, and let H satisfy the
relation

Ĥ ◦ L̂ ◦ J1s = J1s. (9.2.10)
Then the section r = L̂ ◦J1s of the fibre bundle Π→ X is a solution of the
covariant Hamilton equations (9.1.18) – (9.1.19) for H.

We say that a set of Hamiltonian forms H weakly associated to a
semiregular Lagrangian L is complete if, for each solution s of the Euler-
Lagrange equation, there exists a solution r of the covariant Hamilton equa-
tions for a Hamiltonian form H from this set such that s = πΠY ◦ r. By
virtue of Theorem 9.2.5, a set of weakly associated Hamiltonian forms is
complete if, for every solution s of the Euler-Lagrange equation for L, there
is a Hamiltonian form H from this set which fulfills the relation (9.2.10).

In the case of almost regular Lagrangians (see Definition 2.4.1), one can
formulate the following necessary and sufficient conditions of the existence
of associated Hamiltonian forms. An immediate consequence of Theorem
9.2.1 is the following.

Theorem 9.2.6. A Hamiltonian form H weakly associated to an almost
regular Lagrangian L exists if and only if the fibred manifold J1Y → NL
(2.4.10) admits a global section.
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In particular, on an open neighbourhood U ⊂ Π of each point p ∈ NL ⊂
Π, there exists a complete set of local Hamiltonian forms weakly associated
to an almost regular Lagrangian L. Moreover, one can always construct a
complete set of associated Hamiltonian forms [134].

Given a global section Ψ of the fibred manifold

L̂ : J1Y → NL, (9.2.11)

let us consider the pull-back form

HN = Ψ∗HL = i∗NH (9.2.12)

on NL called the constrained Hamiltonian form. By virtue of Lemma 9.2.1,
it does not depend on the choice of a section of the fibred manifold (9.2.11)
and, consequently, HL = L̂∗HN . For sections r of the fibre bundleNL → X,
one can write the constrained Hamilton equations

r∗(uNcdHN ) = 0, (9.2.13)

where uN is an arbitrary vertical vector field on NL → X. These equations
possess the following important properties.

Theorem 9.2.7. For any Hamiltonian form H weakly associated to an
almost regular Lagrangian L, every solution r of the covariant Hamilton
equations which lives in the Lagrangian constraint space NL is a solution
of the constrained Hamilton equations (9.2.13).

Proof. Such a Hamiltonian form H defines the global section Ψ = Ĥ ◦ iN
of the fibred manifold (9.2.11). Since HN = i∗NH due to the relation (9.2.9),
the constrained Hamilton equations can be written as

r∗(uNcdi∗NH) = r∗(uNcdH|NL
) = 0. (9.2.14)

Note that these equations differ from the Hamilton equations (9.1.22) re-
stricted to NL. These read

r∗(ucdH|NL
) = 0, (9.2.15)

where r is a section of NL → X and u is an arbitrary vertical vector field
on Π → X. A solution r of the equations (9.2.15) obviously satisfies the
weaker condition (9.2.14). �

Theorem 9.2.8. The constrained Hamilton equations (9.2.13) are equiva-
lent to the Hamilton–De Donder equation (2.4.25).
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Proof. It is readily observed that

L̂ = πZΠ ◦ ĤL.

Hence, the projection πZΠ (2.4.16) yields a surjection of ZL onto NL. Given
a section Ψ of the fibred manifold (9.2.11), we have the morphism

ĤL ◦Ψ : NL → ZL.

By virtue of Lemma (9.2.1), this is a surjection such that

πZΠ ◦ ĤL ◦Ψ = IdNL.

Hence, ĤL ◦Ψ is a bundle isomorphism over Y which is independent of the
choice of a global section Ψ. Combination of (2.4.24) and (9.2.12) results
in

HN = (ĤL ◦Ψ)∗ΞL

that leads to a desired equivalence. �

This proof gives something more. Namely, since ZL and NL are isomor-
phic, the homogeneous Legendre map ĤL fulfils the conditions of Theorem
2.4.1. Then combining Theorem 2.4.1 and Theorem 9.2.8, we obtain the
following.

Theorem 9.2.9. Let L be an almost regular Lagrangian such that the fibred
manifold (9.2.11) has a global section. A section s of the jet bundle J1Y →
X is a solution of the Cartan equation (2.4.22) if and only if L̂ ◦ s is a
solution of the constrained Hamilton equations (9.2.13).

Theorem 9.2.9 also is a corollary of Lemma 9.2.2 below. The constrained
Hamiltonian form HN (9.2.12) defines the constrained Lagrangian

LN = h0(HN ) = (J1iN )∗LH (9.2.16)

on the jet manifold J1NL of the fibre bundle NL → X.

Lemma 9.2.2. There are the relations

L = (J1L̂)∗LN , LN = (J1Ψ)∗L, (9.2.17)

where L is the Lagrangian (2.4.18).

The Euler–Lagrange equation for the constrained Lagrangian LN
(9.2.16) is equivalent to the constrained Hamilton equations (9.2.13) and,
by virtue of Lemma 9.2.2, is quasi-equivalent to the Cartan equation.
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9.3 Hamiltonian conservation laws

In order to study symmetries of covariant Hamiltonian field theory, let us
use the fact that a Hamiltonian form H (9.1.8) is the Poincaré–Cartan form
for the Lagrangian LH (9.1.16) and that the covariant Hamilton equations
for H are the Euler–Lagrange equation for LH . We restrict our considera-
tion to classical symmetries defined by projectable vector fields on a fibre
bundle Y → X.

In accordance with the canonical lift (1.1.26), every projectable vector
field u on Y → X gives rise to the vector field

ũ = uµ∂µ + ui∂i + (−∂iujpλj − ∂µuµpλi + ∂µu
λpµi )∂

i
λ (9.3.1)

on the Legendre bundle Π→ Y and then to the vector field

Jũ = ũ+ J1u (9.3.2)

on Π×
Y
J1Y . Then we have

LũH = LJũLH = (−ui∂iH− ∂µ(uµH)− uλi ∂iλH+ pλi ∂λu
i)ω. (9.3.3)

It follows that a Hamiltonian form H and a Lagrangian LH have the same
classical symmetries.

Remark 9.3.1. Given the splitting (9.1.10) of a Hamiltonian form H, the
Lie derivative (9.3.3) takes the form

LũH = pλj ([∂λ + Γiλ∂i, u]
j − [∂λ + Γiλ∂i, u]

νΓjν)ω − (9.3.4)

(∂µuµH̃Γ + ucdH̃Γ)ω,

where [., .] is the Lie bracket of vector fields.

Let us apply the first variational formula (2.4.28) to the Lie derivative
LJũLH (9.1.16) [53]. It reads

−ui∂iH− ∂µ(uµH)− uλi ∂iλH+ pλi ∂λu
i = −(ui − yiµuµ)(pλλi + ∂iH) +

(−∂iujpλj − ∂µuµpλi + ∂µu
λpµi − p

λ
µiu

µ)(yiλ − ∂iλH)−
dλ[pλi (∂

i
µHuµ − ui)− uλ(p

µ
i ∂

i
µH−H)].

On the shell (9.1.18) – (9.1.19), this identity takes the form

−ui∂iH− ∂µ(uµH)− uλi ∂iλH+ pλi ∂λu
i ≈ − (9.3.5)

dλ[pλi (∂
i
µHuµ − ui)− uλ(p

µ
i ∂

i
µH−H)].

If

LJ1ũLH = 0,
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we obtain the weak Hamiltonian conservation law

0 ≈ −dλ[pλi (uµ∂iµH− ui)− uλ(p
µ
i ∂

i
µH−H)] (9.3.6)

of the Hamiltonian symmetry current

J̃ λu = pλi (u
µ∂iµH− ui)− uλ(p

µ
i ∂

i
µH−H). (9.3.7)

On solutions r of the covariant Hamilton equations (9.1.18) – (9.1.19), the
weak equality (9.3.6) leads to the differential conservation law

∂λ(J̃ λu (r) = 0.

There is the following relation between differential conservation laws in
Lagrangian and Hamiltonian formalisms.

Theorem 9.3.1. Let a Hamiltonian form H be associated to an almost reg-
ular Lagrangian L. Let r be a solution of the covariant Hamilton equations
(9.1.18) – (9.1.19) for H which lives in the Lagrangian constraint space
NL. Let

s = πΠY ◦ r

be the corresponding solution of the Euler–Lagrange equation for L so that
the relation (9.2.10) holds. Then, for any projectable vector field u on a
fibre bundle Y → X, we have

J̃u(r) = Ju(πΠY ◦ r), J̃u(L̂ ◦ J1s) = Ju(s), (9.3.8)

where Ju is the symmetry current (2.4.31) on J1Y and J̃u is the symmetry
current (9.3.7) on Π.

By virtue of Theorems 9.2.4 – 9.2.5, it follows that:
• if Ju in Theorem 9.3.1 is a conserved symmetry, then the symmetry

current J̃u (9.3.8) is conserved on solutions of the Hamilton equations which
live in the Lagrangian constraint space,
• if J̃u in Theorem 9.3.1 is a conserved symmetry current, then the sym-

metry current Ju (9.3.8) is conserved on solutions s of the Euler–Lagrange
equation which obey the condition (9.2.10).

In particular, let u = ui∂i be a vertical vector field on Y → X. Then
the Lie derivative LũH (9.3.4) takes the form

LũH = (pλj [∂λ + Γiλ∂i, u]
j − ucdH̃Γ)ω.

The corresponding symmetry current (9.3.7) reads

J̃ λu = −uipλi (9.3.9)
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(cf. Ju (2.4.34)).
Let τ = τλ∂λ be a vector field on X and Γτ (1.3.6) its horizontal lift

onto Y by means of a connection Γ on Y → X. In this case, the weak
identity (9.3.5) takes the form

−(∂µ + Γjµ∂j − pλi ∂jΓiµ∂
j
λ)H̃Γ + pλi R

i
λµ ≈ −dλJ̃Γ

λ
µ,

where the symmetry current (9.3.7) reads

J̃ λΓ = τµJ̃Γ
λ
µ = τµ(pλi ∂

i
µH̃Γ − δλµ(pνi ∂

i
νH̃Γ − H̃Γ)). (9.3.10)

The relations (9.3.8) show that, on the Lagrangian constraint space NL,
the current (9.3.10) can be treated as the Hamiltonian energy-momentum

current relative to the connection Γ.
In particular, let us consider the weak identity (9.3.5) when the vector

field ũ on Π is the horizontal lift of a vector field τ on X by means of a
Hamiltonian connection on Π→ X which is associated to the Hamiltonian
form H. We have

ũ = τµ(∂µ + ∂iµH∂i + γλµi∂
i
λ).

In this case, the corresponding energy-momentum current reads

J̃ λ = −τλ(pµi ∂
i
µH−H), (9.3.11)

and the weak identity (9.3.5) takes the form

−∂µH+ dλ(pλi ∂
i
µH) ≈ ∂µ(pλi ∂iλH−H). (9.3.12)

A glance at the expression (9.3.12) shows that the energy-momentum cur-
rent (9.3.11) is not conserved, the weak identity

−∂µH+ dλ[pλi ∂
i
µH− δλµ(pνi ∂

i
νH−H)] ≈ 0

holds. This is exactly the Hamiltonian form of the canonical energy-
momentum conservation law (2.4.38) in Lagrangian formalism.

9.4 Quadratic Lagrangian and Hamiltonian systems

Field theories with almost regular quadratic Lagrangians admit compre-
hensive Hamiltonian formulation.

Let L (2.4.52) be an almost regular quadratic Lagrangian brought into
the form (2.4.66), σ = σ0 + σ1 a linear map (2.4.59) and Γ a connection
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(2.4.55). Similarly to the splitting (2.4.64) of the configuration space J1Y ,
we have the following decomposition of the momentum phase space:

Π = R(Π)⊕
Y
P(Π) = Kerσ0⊕

Y
NL, (9.4.1)

pλi = Rλi + Pλi = [pλi − a
λµ
ij σ

jk
µαp

α
k ] + [aλµij σ

jk
µαp

α
k ]. (9.4.2)

The relations (2.4.62) lead to the equalities

σ0
jk
µαRαk = 0, σ1

jk
µαPαk = 0, Rλi F iλ = 0. (9.4.3)

Relative to the coordinates (9.4.2), the Lagrangian constraint space NL
(2.4.53) is given by the equations

Rλi = [pλi − a
λµ
ij σ

jk
µαp

α
k ] = 0. (9.4.4)

Let the splitting (2.4.61) be provided with the adapted fibre coordinates
(ya, yA) such that the matrix function a (2.4.54) is brought into a diagonal
matrix with non-vanishing components aAA. Then the Legendre bundle Π
(9.4.1) is endowed with the dual (non-holonomic) fibre coordinates (pa, pA)
where pA are coordinates on the Lagrangian constraint manifold NL, given
by the equalities pa = 0. Relative to these coordinates, σ0 becomes the
diagonal matrix

σAA0 = (aAA)−1, σaa0 = 0, (9.4.5)

while

σAa1 = σAB1 = 0.

Let us write

pa = Ma
i
λp
λ
i , pA = MA

i
λp
λ
i , (9.4.6)

where M are the matrix functions on Y which obeys the relations

Ma
i
λa
λµ
ij = 0, (M−1)aλi σ0

ij
λµ = 0, (9.4.7)

MA
i
λ(a ◦ σ0)

λj
iµ = MA

j
µ, (M−1)AµjMA

i
λ = aµνjk σ0

ki
νλ.

Let us consider the affine Hamiltonian map

Φ = Γ̂ + σ : Π → J1Y, (9.4.8)

Φiλ = Γiλ + σijλµp
µ
j ,

and the Hamiltonian form

H(Γ, σ1) = HΦ + Φ∗L = pλi dy
i ∧ ωλ − (9.4.9)

[Γiλp
λ
i +

1
2
σ0
ij
λµp

λ
i p
µ
j + σ1

ij
λµp

λ
i p
µ
j − c

′]ω =

(Rλi + Pλi )dyi ∧ ωλ −

[(Rλi + Pλi )Γiλ +
1
2
σ0
ij
λµP

λ
i P

µ
j + σ1

ij
λµR

λ
iR

µ
j − c

′]ω.
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Theorem 9.4.1. The Hamiltonian forms H(Γ, σ1) (9.4.9) parameterized
by connections Γ (2.4.55) are weakly associated to the Lagrangian (2.4.52),
and they constitute a complete set.

Proof. By the very definitions of Γ and σ, the Hamiltonian map (9.4.8)
satisfies the condition (9.2.2). Then H(Γ, σ1) is weakly associated to L

(2.4.52) in accordance with Theorem 9.2.1. Let us write the corresponding
Hamilton equations (9.1.18) for a section r of the Legendre bundle Π→ X.
They are

J1s = (Γ̂ + σ) ◦ r, s = πΠY ◦ r. (9.4.10)

Due to the surjections S and F (2.4.64), the Hamilton equations (9.4.10)
are brought into the two parts

S ◦ J1s = Γ ◦ s, (9.4.11)

∂λr
i − σ0

ik
λα(aαµkj ∂µr

j + bαk ) = Γiλ ◦ s,
F ◦ J1s = σ ◦ r, (9.4.12)

σ0
ik
λα(aαµkj ∂µr

j + bαk ) = σikλαr
α
k .

Let s be an arbitrary section of Y → X, e.g., a solution of the Euler–
Lagrange equation. There exists a connection Γ (2.4.55) such that the
relation (9.4.11) holds, namely, Γ = S ◦ Γ′ where Γ′ is a connection on
Y → X which has s as an integral section. It is easily seen that, in this
case, the Hamiltonian map (9.4.8) satisfies the relation (9.2.10) for s. Hence,
the Hamiltonian forms (9.4.9) constitute a complete set. �

It is readily observed that, if σ1 = 0, then Φ = Ĥ(Γ), and the Hamilto-
nian forms H(Γ, σ1 = 0) (9.4.9) are associated to the Lagrangian (2.4.52).

For different σ1, we have different complete sets of Hamiltonian forms
(9.4.9). Hamiltonian forms H(Γ, σ1) and H(Γ′, σ1) (9.4.9) of such a com-
plete set differ from each other in the term φiλRλi , where φ are the solder-
ing forms (2.4.57). This term vanishes on the Lagrangian constraint space
(9.4.4). Accordingly, the covariant Hamilton equations for different Hamil-
tonian forms H(Γ, σ1) and H(Γ′, σ1) (9.4.9) differ from each other in the
equations (9.4.11). These equations are independent of momenta and play
the role of gauge-type conditions.

Since the Lagrangian constraint space NL (9.4.4) is an imbedded sub-
bundle of Π → Y , all Hamiltonian forms H(Γ, σ1) (9.4.9) define a unique
constrained Hamiltonian form HN (9.2.12) on NL which reads

HN = i∗NH(Γ, σ1) = Pλi dyi ∧ ωλ − [Pλi Γiλ +
1
2
σ0
ij
λµP

λ
i P

µ
j − c

′]ω. (9.4.13)
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In view of the relations (9.4.3), the corresponding constrained Lagrangian
LN (9.2.16) on J1NL takes the form

LN = h0(HN ) = (Pλi F iλ −
1
2
σ0
ij
λµP

λ
i P

µ
j + c′)ω. (9.4.14)

It is the pull-back onto J1NL of the Lagrangian

LH(Γ,σ1) = Rλi (Siλ−Γiλ)+Pλi F iλ−
1
2
σ0
ij
λµP

λ
i P

µ
j −

1
2
σ1
ij
λµR

λ
iR

µ
j +c′ (9.4.15)

on J1Π for any Hamiltonian form H(Γ, σ1) (9.4.9).
In fact, the Lagrangian LN (9.4.14) is defined on the productNL×Y J1Y

(see Remark 9.1.3). Since the momentum phase space Π (9.4.1) is a trivial
bundle pr2 : Π → NL over the Lagrangian constraint space NL, one can
consider the pull-back

LΠ = (Pλi F iλ −
1
2
σ0
ij
λµP

λ
i P

µ
j + c′)ω (9.4.16)

of the constrained Lagrangian LN (9.4.14) onto Π×
Y
J1Y .

Let us study symmetries of the Lagrangians LN and LΠ [11]. We aim to
show that, under certain conditions, they inherit symmetries of an original
Lagrangian L (see Theorems 9.4.2 – 9.4.3).

Let a vertical vector field u = ui∂i on Y → X be a symmetry of the
Lagrangian L (2.4.66), i.e.,

LJ1uL = (ui∂i + dλu
i∂λi )Lω = 0. (9.4.17)

Since

J1u(yiλ − Γiλ) = ∂ku
i(ykλ − Γkλ), (9.4.18)

one easily obtains from the equality (9.4.17) that

uk∂ka
λµ
ij + ∂iu

kaλµkj + aλµik ∂ju
k = 0. (9.4.19)

It follows that the summands of the Lagrangian (2.4.66) are separately
invariant, i.e.,

J1u(aλµij F
i
λFjµ) = 0, J1u(c′) = uk∂kc

′ = 0. (9.4.20)

The equalities (2.4.67), (9.4.18) and (9.4.19) give the transformation law

J1u(aλµij F
j
µ) = −∂iukaλµkj F

j
µ. (9.4.21)

The relations (2.4.62) and (9.4.19) lead to the equality

aλµij [uk∂kσ0
jn
µα − ∂kujσ0

kn
µα − σ0

jk
µα∂ku

n]aανnb = 0. (9.4.22)
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Let us compare symmetries of the Lagrangian L (2.4.66) and the La-
grangian LN (9.4.14). Given the Legendre map L̂ (2.4.53) and the tangent
morphism

T L̂ : TJ1Y → TNL,

ṗA = (ẏi∂i + ẏkν∂
ν
k )(MA

i
λa
λµ
ij F

j
µ),

let us consider the map

T L̂ ◦ J1u : J1Y 3 (xλ, yi, yiλ)→ (9.4.23)

ui∂i + (uk∂k + ∂νu
k∂νk )(MA

i
λa
λµ
ij F

j
µ)∂

A =

ui∂i + [uk∂k(MA
i
λ)a

λµ
ij F

j
µ +MA

i
λJ

1u(aλµij F
j
µ)]∂

A =

ui∂i + [uk∂k(MA
i
λ)a

λµ
ij F

j
µ −MA

i
λ∂iu

kaλµkj F
j
µ]∂

A =

ui∂i + [uk∂k(a ◦ σ0)
µi
jλP

λ
i − (a ◦ σ0)

µi
jλ∂iu

kPλk ]∂jµ ∈ TNL,

where the relations (9.4.7) and (9.4.21) have been used. Let us assign to a
point (xλ, yi,Pλi ) ∈ NL some point

(xλ, yi, yiλ) ∈ L̂−1(xλ, yi,Pλi ) (9.4.24)

and then the image of the point (9.4.24) under the morphism (9.4.23). We
obtain the map

vN : (xλ, yi,Pλi )→ ui∂i + [uk∂k(a ◦ σ0)
µi
jλP

λ
i − (9.4.25)

(a ◦ σ0)
µi
jλ∂iu

kPλk ]∂jµ

which is independent of the choice of a point (9.4.24). Therefore, it is a
vector field on the Lagrangian constraint space NL. This vector field gives
rise to the vector field

JvN = ui∂i + [uk∂k(a ◦ σ0)
µi
jλP

λ
i − (a ◦ σ0)

µi
jλ∂iu

kPλk ]∂jµ + dλu
i∂λi (9.4.26)

on NL×
Y
J1Y .

Theorem 9.4.2. The Lie derivative LJvN
LN of the Lagrangian LN

(9.4.14) along the vector field JvN (9.4.26) vanishes.

Proof. One can show that

vN (Pλi ) = −∂iukPλk (9.4.27)

on the constraint manifold Rλi = 0. Then the invariance condition
JvN (LN ) = 0 falls into the three equalities

JvN (σ0
ij
λµP

λ
i P

µ
j ) = 0, JvN (Pλi F iλ) = 0, JvN (c′) = 0. (9.4.28)
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The latter is exactly the second equality (9.4.20). The first equality (9.4.28)
is satisfied due to the relations (9.4.22) and (9.4.27). The second one takes
the form

JvN (Pλi (yiλ − Γiλ)) = 0. (9.4.29)

It holds owing to the relations (9.4.18) and (9.4.27). �

Thus, any vertical symmetry u of the Lagrangian L (2.4.66) yields the
symmetry vN (9.4.25) of the Lagrangian LN (9.4.14).

Turn now to symmetries of the Lagrangian LΠ (9.4.16). Since LΠ is the
pull-back of LN onto Π×

Y
J1Y , its symmetry must be an appropriate lift of

the vector field vN (9.4.25) onto Π.
Given a vertical vector field u on Y → X, let us consider its canonical

lift (9.3.1):

ũ = ui∂i − ∂iujpλj ∂iλ, (9.4.30)

onto the Legendre bundle Π. It readily observed that the vector field ũ is
projected onto the vector field vN (9.4.25).

Let us additionally suppose that the one-parameter group of automor-
phisms of Y generated by u preserves the splitting (2.4.64), i.e., u obeys
the condition

uk∂k(σ0
im
λν a

νµ
mj) + σ0

im
λν a

νµ
mk∂ju

k − ∂kuiσ0
km
λν a

νµ
mj = 0. (9.4.31)

The relations (9.4.18) and (9.4.31) lead to the transformation law

J1u(F iµ) = ∂ju
iFjµ. (9.4.32)

Theorem 9.4.3. If the condition (9.4.31) holds, the vector field ũ (9.4.30)
is a symmetry of the Lagrangian LΠ (9.4.16) if and only if u is a symmetry
of the Lagrangian L (2.4.66).

Proof. Due to the condition (9.4.31), the vector field ũ (9.4.30) preserves
the splitting (9.4.1), i.e.,

ũ(Pλi ) = −∂iukPλk , ũ(Rλi ) = −∂iukRλk . (9.4.33)

The vector field ũ gives rise to the vector field (9.3.2):

Jũ = ui∂i − ∂iujpλj ∂iλ + dλu
i∂λi , (9.4.34)

on Π×
Y
J1Y , and we obtain the Lagrangian symmetry condition

(ui∂i − ∂juipλi ∂
j
λ + dλu

i∂λi )LΠ = 0. (9.4.35)
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It is readily observed that the first and third terms of the Lagrangian LΠ

are separately invariant due to the relations (9.4.20) and (9.4.32). Its sec-
ond term is invariant owing to the equality (9.4.22). Conversely, let the
invariance condition (9.4.35) hold. It falls into the independent equalities

Jũ(σ0
ij
λµp

λ
i p
µ
j ) = 0, Jũ(pλi F iλ) = 0, ui∂ic

′ = 0, (9.4.36)

i.e., the Lagrangian LΠ is invariant if and only if its three summands are
separately invariant. One obtains at once from the second condition (9.4.36)
that the quantity F is transformed as the dual of momenta p. Then the
first condition (9.4.36) shows that the quantity σ0p is transformed by the
same law as F . It follows that the term aFF in the Lagrangian L (2.4.66)
is transformed as a(σ0p)(σ0p) = σ0pp, i.e., it is invariant. Then this La-
grangian is invariant due to the third equality (9.4.36). �

In particular, if u is a gauge symmetry of an original Lagrangian L and
if it preserves the decomposition (2.4.64), then its natural lift ũ (9.4.30)
onto Π is a gauge symmetry of the Lagrangian LΠ (9.4.16). However, the
Lagrangian LΠ can possess additional gauge symmetries.

For instance, let us assume that Y → X is an affine bundle modelled
over a vector bundle Y → X. In this case, the Legendre bundle Π (2.4.7)
is isomorphic to the product

Π = Y ×
X

(Y
∗⊗
X

n
∧T ∗X ⊗

X
TX)

such that transition functions of coordinates pλi are independent of yi. Then
the splitting (9.4.1) takes the form

Π = Y ×
X

(Kerσ0⊕
X
NL), (9.4.37)

where Kerσ0 and NL are fibre bundles over X such that

Kerσ0 = π∗Kerσ0,

and NL = π∗NL are their pull-backs onto Y . The splitting (9.4.37) keeps
the coordinate form (9.4.2). The splittings (2.4.64) and (9.4.37) lead to the
decomposition

Π×
Y
J1Y = (Kerσ0⊕

X
NL)×

Y
(Ker L̂⊕

Y
Im(σ0 ◦ L̂)). (9.4.38)

In view of this decomposition, let us associate to any section ξ of Kerσ0 →
X the vector field

uΠ = ξa(M−1)aλi ∂
i
λ, (9.4.39)
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on Π. Its lift (9.3.2) onto Π×
Y
J1Y keeps the coordinate form

JuΠ = ξa(M−1)aλi ∂
i
λ. (9.4.40)

It is readily observed that the Lie derivative of the Lagrangian LΠ (9.4.16)
along the vector field (9.4.40) vanishes, i.e., uΠ is a symmetry of LΠ.
Consequently, the vector fields (9.4.39), parameterized by sections ξ of
Kerσ0 → X, is a gauge symmetry of LΠ. It does not come from gauge sym-
metries of an original Lagrangian L. A glance at the expression (9.4.40)
shows that this gauge symmetry is independent of derivatives of gauge
parameters just as that (4.3.15) of a variationally trivial Lagrangian in Ex-
ample 4.3.1. The gauge symmetry (9.4.40) as like as (4.3.15) is non-trivial.

9.5 Example. Yang–Mills gauge theory

We follow the notation of Section 5.8. Let P → X be a principal bun-
dle with a structure group G. Gauge theory of principal connections on
P → X is described by the degenerate non-regular quadratic Lagrangian
LYM (5.8.15) on the first order jet manifold J1C of the bundle of principal
connections C = J1P/G. The peculiarity of gauge theory consists in the
fact that the splittings (2.4.64) and (9.4.1) of its configuration and phase
spaces are canonical.

Let C and J1C be provided with the bundle coordinates (xλ, amλ ) and
(xλ, amλ , a

m
µλ), respectively. As was mentioned in Section 5.5, the configu-

ration space J1C of gauge theory admits the canonical splitting (5.5.11):

J1C = C+⊕
C
C− = C+⊕(C ×

X

2
∧T ∗X ⊗

X
VGP ), (9.5.1)

arµλ =
1
2
(arµλ + arλµ − crpqapµa

q
λ) +

1
2
(arµλ − arλµ + crpqa

p
µa

q
λ),

with the corresponding projections

S : J1C → C+, (9.5.2)

Srµλ = arµλ + arλµ − crpqapµa
q
λ,

F : J1C → C−, (9.5.3)

Frµλ = arµλ − arλµ + crpqa
p
µa

q
λ.

The Yang–Mills Lagrangian on this configuration space is

LYM =
1
4
aGpqg

λµgβνFpλβF
q
µν

√
|g|ω, g = det(gµν), (9.5.4)
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where aG is a non-degenerate G-invariant metric on the Lie algebra gr and
g is a non-degenerate world metric on X.

The phase space of gauge theory is the Legendre bundle

πΠC : Π→ C, Π =
n
∧T ∗X ⊗

C
TX ⊗

C
[C × C]∗, (9.5.5)

endowed with holonomic coordinates (xλ, apλ, p
µλ
m ). The Legendre bundle Π

(9.5.5) admits the canonical decomposition (9.4.1):

Π = Π+⊕
C

Π−, (9.5.6)

pµλm = R(µλ)
m + P [µλ]

m = p(µλ)
m + p[µλ]

m =
1
2
(pµλm + pλµm ) +

1
2
(pµλm − pλµm ).

The Legendre map associated to the Lagrangian (9.5.4) takes the form

p(µλ)
m ◦ L̂YM = 0, (9.5.7)

p[µλ]
m ◦ L̂YM = aGmng

µαgλβFnαβ
√
| g |. (9.5.8)

A glance at this morphism shows that Ker L̂YM = C+, and the Lagrangian
constraint space is

NL = L̂YM (J1C) = Π−.

It is defined by the equation (9.5.7). Obviously, NL is an imbedded sub-
manifold of Π, and the Lagrangian LYM is almost regular.

Let us consider connections Γ on the fibre bundle C → X which take
their values into Ker L̂, i.e.,

Γ : C → C+, Γrλµ − Γrµλ + crpqa
p
λa
q
µ = 0. (9.5.9)

Given a symmetric linear connection K on T ∗X, every principal connection
B on the principal bundle P → X gives rise to the connection ΓB : C → C+

(5.7.14) such that

ΓB ◦B = S ◦ J1B.

It reads

ΓBrλµ =
1
2
[∂µBrλ + ∂λB

r
µ − crpqa

p
λa
q
µ + (9.5.10)

crpq(a
p
λB

q
µ + apµB

q
λ)]−Kλ

β
µ(arβ −Brβ).

Given the connection (9.5.10), the corresponding Hamiltonian form
(9.4.9): is

HB = pλµr darµ ∧ ωλ − pλµr ΓBrλµω − H̃YMω, (9.5.11)

H̃YM =
1
4
amnG gµνgλβp

[µλ]
m p[νβ]

n

√
|g|,
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is associated to the Lagrangian LYM. It is the Poincaré–Cartan form of the
Lagrangian

LH = [pλµr (arλµ − ΓBrλµ)− H̃YM ]ω (9.5.12)

on Π×
C
J1C. The pull-back of any Hamiltonian form HB (9.5.11) onto

the Lagrangian constraint space NL is the constrained Hamiltonian form
(9.2.12):

HN = i∗NHB = p[λµ]
r (darµ ∧ ωλ +

1
2
crpqa

p
λa
q
µω)− H̃YMω. (9.5.13)

The corresponding constrained Lagrangian LN on

NL×
C
J1C

reads

LN = (p[λµ]
r Frλµ − H̃YM )ω. (9.5.14)

Note that, in contrast with the Lagrangian (9.5.12), the constrained La-
grangian LN (9.5.14) possesses gauge symmetries as follows. Gauge sym-
metries

uξ = (∂µξr + crqpa
q
µξ
p)∂µr

of the Yang–Mills Lagrangian give rise to the vector fields

ũξ = (∂µξr + crqpa
q
µξ
p)∂µr − crqpξppλµr ∂qλµ

on Π. Their projection onto NL provides gauge symmetries of the Lagran-
gian LN in accordance with Theorem 9.4.2.

The Hamiltonian form HB (9.5.11) yields the covariant Hamilton equa-
tions which consist of the equations (9.5.8) and the equations

amλµ + amµλ = 2ΓBm(λµ), (9.5.15)

pλµλr = cqprr
p
λp

[λµ]
q − cqrpB

p
λp

(λµ)
q +Kλ

µ
νp

(λν)
r . (9.5.16)

The Hamilton equations (9.5.15) and (9.5.8) are similar to the equations
(9.4.11) and (9.4.12), respectively. The Hamilton equations (9.5.8) and
(9.5.16) restricted to the Lagrangian constraint space (9.5.7) are precisely
the constrained Hamilton equations (9.2.13) for the constrained Hamilto-
nian form HN (9.5.13), and they are equivalent to the Yang-Mills equations
(5.8.17) for gauge potentials A = πΠC ◦ r.

Different Hamiltonian forms HB lead to different equations (9.5.15).
This equation is independent of momenta and, thus, it exemplifies the
gauge-type condition (9.4.11):

ΓB ◦A = S ◦ J1A.
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A glance at this condition shows that, given a solution A of the Yang-Mills
equations, there always exists a Hamiltonian form HB (e.g., HB=A) which
obeys the condition (9.2.10), i.e.,

ĤB ◦ L̂YM ◦ J1A = J1A.

Consequently, the Hamiltonian forms HB (9.5.11) parameterized by prin-
cipal connections B constitute a complete set.

It should be emphasized that the gauge-type condition (9.5.15) differs
from familiar gauge conditions in gauge theory. If a gauge potential A is a
solution of the Yang–Mills equations, there exists a gauge conjugate poten-
tial A′ which also is a solution of the Yang-Mills equations and satisfies a
given gauge condition. In the framework of the Hamiltonian description of
quadratic Lagrangian systems, there is a complete set of gauge-type con-
ditions in the sense that, for any solution of the Euler–Lagrange equation,
there exist Hamilton equations equivalent to this Euler-Lagrange equation
and a supplementary gauge-type condition which this solution satisfies.

9.6 Variation Hamilton equations. Jacobi fields

The vertical extension of covariant Hamiltonian formalism on the Legendre
bundle Π (2.4.7) onto the vertical Legendre bundle ΠV Y (2.4.82) describes
Jacobi fields of solutions of the Hamilton equations. Let us utilize the
compact notation ∂V = ẏi∂i + ṗλi ∂

i
λ.

Due to the isomorphism (2.4.83), covariant Hamiltonian formalism on
the vertical Legendre bundle ΠV Y can be developed as the vertical extension
onto VΠ of covariant Hamiltonian formalism on Π. The corresponding
canonical conjugate pairs are (yi, ṗλi ) and (ẏi, pλi ). In particular, due to the
isomorphism (2.4.83), VΠ is endowed with the canonical polysymplectic
form (9.1.2) which reads

ΩV Y = [dṗλi ∧ dyi + dpλi ∧ dẏi] ∧ ω ⊗ ∂λ.

Let ZV Y be the homogeneous Legendre bundle (2.4.13) over V Y with
the corresponding coordinates

(xλ, yi, ẏi, pλi , q
λ
i , p).

It can be endowed with the multisymplectic Liouville form ΞV Y (2.4.23).
Sections of the affine bundle

ZV Y → VΠ, (9.6.1)
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by definition, provide Hamiltonian forms on VΠ.
Let us consider the following particular case of these forms which are

related to those on the Legendre bundle Π. Due to the fibre bundle (2.4.85):

ζ : V ZY → ZV Y ,

the vertical tangent bundle V ZY of ZY → X is provided with the exterior
form

ΞV = ζ∗ΞV Y = ṗω + (ṗλi dy
i + pλi dẏ

i) ∧ ωλ,

which is exactly the vertical extension (2.4.78) of the multisymplectic Li-
ouville form Ξ on ZY . Given the affine bundle ZY → Π (2.4.16), we have
the fibre bundle V ZY → VΠ (2.4.86) where V πZΠ is the vertical tangent
map to πZΠ. Let h be a section of the affine bundle ZY → Π and H = h∗Ξ
the corresponding Hamiltonian form (9.1.8) on Π. Then a section V h of
the fibre bundle (2.4.86) and the corresponding section ζ ◦ V h of the affine
bundle (9.6.1) defines the Hamiltonian form

HV = (V h)∗ΞV = (ṗλi dy
i + pλi dẏ

i) ∧ ωλ −HV ω, (9.6.2)

HV = ∂VH = (ẏi∂i + ṗλi ∂
i
λ)H,

on VΠ. It is called the vertical extension of H (or, simply, the vertical

Hamiltonian form). In particular, given the splitting (9.1.10) of H with
respect to a connection Γ on Y → X, we have the corresponding splitting

HV = ṗλi Γ
i
λ + ẏjpλi ∂jΓ

i
λ + ∂V H̃Γ

of HV with respect to the vertical connection V Γ (1.4.19) on V Y → X.

Theorem 9.6.1. Let γ (9.1.3) be a Hamiltonian connection on Π associ-
ated to a Hamiltonian form H. Then its vertical prolongation V γ (1.4.19)
on VΠ→ X is a Hamiltonian connection associated to the vertical Hamil-
tonian form HV (9.6.2).

Proof. The proof follows from a direct computation. We have

V γ = γ + dxµ ⊗ [∂V γiµ∂̇i + ∂V γ
λ
µi∂̇

i
λ].

Components of this connection obey the equations

γ̇iµ = ∂iµHV = ∂V ∂
i
µH, γ̇λλi = −∂iHV = −∂V ∂iH (9.6.3)

and the Hamilton equations (9.1.15). �
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In order to clarify the physical meaning of the Hamilton equations
(9.6.3), let us suppose that Y → X is a vector bundle. Given a solu-
tion r of the Hamilton equations for H, let r be a Jacobi field, i.e., r + εr

also is a solution of the same Hamilton equations modulo terms of order
> 1 in ε. Then it is readily observed that the Jacobi field r satisfies the
Hamilton equations (9.6.3). At the same time, the Lagrangian LHV

(9.1.16)
on J1VΠ, defined by the Hamiltonian form HV (9.6.2), takes the form

LHV
= h0(HV ) = ṗλi (y

i
λ − ∂iλH)− ẏi(pλλi + ∂iH) + dλ(pλi ẏ

i), (9.6.4)

where ṗλi , ẏ
i play the role of Lagrange multipliers.

In conclusion, let us study the relationship between the vertical exten-
sions of Lagrangian and covariant Hamiltonian formalisms. The Hamilto-
nian form HV (9.6.2) on VΠ yields the vertical Hamiltonian map

ĤV = V Ĥ : VΠ →
V Y

V J1Y,

yiλ = ∂̇iλHV = ∂iλH, ẏiλ = ∂V ∂
i
λH.

Theorem 9.6.2. Let a Hamiltonian form H on Π be associated to a La-
grangian L on J1Y . Then the vertical Hamiltonian form HV (9.6.2) is
weakly associated to the Lagrangian LV (2.4.79).

Proof. If the morphisms Ĥ and L̂ obey the relation (9.2.2), then the
corresponding vertical tangent morphisms satisfy the relation

V L̂ ◦ V Ĥ ◦ V iQ = V iQ.

The condition (9.2.3) forHV reduces to the equality (9.2.7) which is fulfilled
if H is associated to L. �
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Chapter 10

Appendixes

For the sake of convenience of the reader, several relevant mathematical
topics are compiled in this Chapter.

10.1 Commutative algebra

In this Section, the relevant basics on modules over commutative algebras
is summarized [102; 108].

An algebra A is an additive group which is additionally provided with
distributive multiplication. All algebras throughout the book are associa-
tive, unless they are Lie algebras. A ring is defined to be a unital algebra,
i.e., it contains a unit element 1 6= 0. Non-zero elements of a ring form
a multiplicative monoid. A field is a commutative ring whose non-zero
elements make up a multiplicative group.

A subset I of an algebra A is called a left (resp. right) ideal if it is a
subgroup of the additive group A and ab ∈ I (resp. ba ∈ I) for all a ∈ A,
b ∈ I. If I is both a left and right ideal, it is called a two-sided ideal. An
ideal is a subalgebra, but a proper ideal (i.e., I 6= A) of a ring is not a
subring because it does not contain a unit element.

Let A be a commutative ring. Of course, its ideals are two-sided. Its
proper ideal is said to be maximal if it does not belong to another proper
ideal. A commutative ring A is called local if it has a unique maximal
ideal. This ideal consists of all non-invertible elements of A. A proper ideal
I of a commutative ring is called prime if ab ∈ I implies either a ∈ I or
b ∈ I. Any maximal ideal is prime.

Given an ideal I ⊂ A, the additive factor group A/I is an algebra,
called the factor algebra. If A is a ring, then A/I is so. If I is a maximal
ideal, the factor ring A/I is a field.

319
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Given an algebra A, an additive group P is said to be a left (resp. right)
A-module if it is provided with distributive multiplication A× P → P by
elements of A such that (ab)p = a(bp) (resp. (ab)p = b(ap)) for all a, b ∈ A
and p ∈ P . If A is a ring, one additionally assumes that 1p = p = p1 for all
p ∈ P . Left and right module structures are usually written by means of
left and right multiplications (a, p)→ ap and (a, p)→ pa, respectively. If P
is both a left module over an algebra A and a right module over an algebra
A′, it is called an (A−A′)-bimodule (an A-bimodule if A = A′). If A is a
commutative algebra, anA-bimodule P is said to be commutative if ap = pa

for all a ∈ A and p ∈ P . Any left or right module over a commutative
algebra A can be brought into a commutative bimodule. Therefore, unless
otherwise stated, any module over a commutative algebra A is called an
A-module. A module over a field is called a vector space.

If an algebra A is a module over a commutative ring K, it is said to
be a K-algebra. Any algebra can be seen as a Z-algebra. Any ideal of an
algebra A is an A-module.

Hereafter, all associative algebras are assumed to be commutative.
The following are standard constructions of new modules from old ones.
• The direct sum P1⊕P2 of A-modules P1 and P2 is the additive group

P1 × P2 provided with the A-module structure

a(p1, p2) = (ap1, ap2), p1,2 ∈ P1,2, a ∈ A.

Let {Pi}i∈I be a set of modules. Their direct sum ⊕Pi consists of elements
(. . . , pi, . . .) of the Cartesian product

∏
Pi such that pi 6= 0 at most for a

finite number of indices i ∈ I.
• Given a submodule Q of an A-module P , the quotient P/Q of the

additive group P with respect to its subgroup Q also is provided with an
A-module structure. It is called a factor module.
• The set HomA(P,Q) of A-linear morphisms of an A-module P to an

A-module Q is naturally an A-module. The A-module

P ∗ = HomA(P,A)

is called the dual of an A-module P . There is a natural monomorphism
P → P ∗∗.
• The tensor product P ⊗Q of A-modules P and Q is an additive group

which is generated by elements p⊗ q, p ∈ P , q ∈ Q, obeying the relations

(p+ p′)⊗ q = p⊗ q + p′ ⊗ q,
p⊗ (q + q′) = p⊗ q + p⊗ q′,
pa⊗ q = p⊗ aq, p ∈ P, q ∈ Q, a ∈ A.
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It is provided with the A-module structure

a(p⊗ q) = (ap)⊗ q = p⊗ (qa) = (p⊗ q)a.

In particular, we have the following.
(i) If a ring A is treated as an A-module, the tensor product A⊗AQ is

canonically isomorphic to Q via the assignment

A⊗A Q 3 a⊗ q ↔ aq ∈ Q.

(ii) The tensor product of Abelian groups G and G′ is defined as their
tensor product G⊗G′ as Z-modules. For instance, if one of them is a finite
group, then G⊗G′ = 0.

(iii) The tensor product of commutative algebras A and A′ is defined as
their tensor product A⊗A′ as modules provided with the multiplication

(a⊗ a′)(b⊗ b′) = (aa′)⊗ bb′.

An A-module P is called free if it has a basis, i.e., a linearly indepen-
dent subset I ⊂ P spanning P such that each element of P has a unique
expression as a linear combination of elements of I with a finite number
of non-zero coefficients from an algebra A. Any vector space is free. Any
module is isomorphic to a quotient of a free module. A module is said to
be finitely generated (or of finite rank) if it is a quotient of a free module
with a finite basis.

One says that a module P is projective if it is a direct summand of a
free module, i.e., there exists a module Q such that P ⊕Q is a free module.
A module P is projective if and only if P = pS where S is a free module
and p is a projector of S, i.e., p2 = p. If P is a projective module of finite
rank over a ring, then its dual P ∗ is so, and P ∗∗ is isomorphic to P .

Theorem 10.1.1. Any projective module over a local ring is free.

Now we focus on exact sequences, direct and inverse limits of modules
[108; 114]. A composition of module morphisms

P
i−→Q

j−→T

is said to be exact at Q if Ker j = Im i. A composition of module morphisms

0→ P
i−→Q

j−→T → 0 (10.1.1)

is called a short exact sequence if it is exact at all the terms P , Q, and T .
This condition implies that: (i) i is a monomorphism, (ii) Ker j = Im i, and
(iii) j is an epimorphism onto the quotient T = Q/P .
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Theorem 10.1.2. Given an exact sequence of modules (10.1.1) and an-
other A-module R, the sequence of modules

0→ HomA(T,R)
j∗−→HomA(Q,R) i∗−→Hom (P,R)

is exact at the first and second terms, i.e., j∗ is a monomorphism, but i∗

need not be an epimorphism.

One says that the exact sequence (10.1.1) is split if there exists a
monomorphism s : T → Q such that j ◦ s = IdT or, equivalently,

Q = i(P )⊕ s(T ) ∼= P ⊕ T.

Theorem 10.1.3. The exact sequence (10.1.1) is always split if T is a
projective module.

A directed set I is a set with an order relation < which satisfies the
following three conditions: (i) i < i, for all i ∈ I; (ii) if i < j and j < k,
then i < k; (iii) for any i, j ∈ I, there exists k ∈ I such that i < k and
j < k. It may happen that i 6= j, but i < j and j < i simultaneously.

A family of modules {Pi}i∈I (over the same algebra), indexed by a
directed set I, is called a direct system if, for any pair i < j, there exists a
morphism rij : Pi → Pj such that

rii = IdPi, rij ◦ r
j
k = rik, i < j < k.

A direct system of modules admits a direct limit. This is a module P∞
together with morphisms ri∞ : Pi → P∞ such that ri∞ = rj∞ ◦ rij for all
i < j. The module P∞ consists of elements of the direct sum ⊕IPi modulo
the identification of elements of Pi with their images in Pj for all i < j. An
example of a direct system is a direct sequence

P0 −→P1 −→· · ·Pi
ri

i+1−→· · · , I = N. (10.1.2)

Note that direct limits also exist in the categories of commutative and
graded commutative algebras and rings, but not in categories containing
non-Abelian groups.

Theorem 10.1.4. Direct limits commute with direct sums and tensor prod-
ucts of modules. Namely, let {Pi} and {Qi} be two direct systems of mod-
ules over the same algebra which are indexed by the same directed set I, and
let P∞ and Q∞ be their direct limits. Then the direct limits of the direct
systems {Pi⊕Qi} and {Pi⊗Qi} are P∞⊕Q∞ and P∞⊗Q∞, respectively.
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Theorem 10.1.5. A morphism of a direct system {Pi, rij}I to a direct
system {Qi′ , ρi

′

j′}I′ consists of an order preserving map f : I → I ′ and
morphisms

Fi : Pi → Qf(i)

which obey the compatibility conditions

ρ
f(i)
f(j) ◦ Fi = Fj ◦ rij .

If P∞ and Q∞ are limits of these direct systems, there exists a unique
morphism

F∞ : P∞ → Q∞

such that

ρf(i)
∞ ◦ Fi = F∞ ◦ ri∞.

Theorem 10.1.6. Direct limits preserve monomorphisms and epimor-
phisms, i.e., if all

Fi : Pi → Qf(i)

are monomorphisms or epimorphisms, so is

Φ∞ : P∞ → Q∞.

Let short exact sequences

0→ Pi
Fi−→Qi

Φi−→Ti → 0 (10.1.3)

for all i ∈ I define a short exact sequence of direct systems of modules {Pi}I ,
{Qi}I , and {Ti}I which are indexed by the same directed set I. Then their
direct limits form a short exact sequence

0→ P∞
F∞−→Q∞

Φ∞−→T∞ → 0. (10.1.4)

In particular, the direct limit of factor modules Qi/Pi is the factor
module Q∞/P∞. By virtue of Theorem 10.1.4, if all the exact sequences
(10.1.3) are split, the exact sequence (10.1.4) is well.

Remark 10.1.1. Let P be an A-module. We denote

P⊗k =
k
⊗P.

Let us consider the direct system of A-modules with respect to monomor-
phisms

A −→(A⊕ P ) −→· · · (A⊕ P ⊕ · · · ⊕ P⊗k) −→· · · .
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Its direct limit

⊗P = A⊕ P ⊕ · · · ⊕ P⊗k ⊕ · · · (10.1.5)

is an N-graded A-algebra with respect to the tensor product ⊗. It is called
the tensor algebra of a module P . Its quotient with respect to the ideal
generated by elements

p⊗ p′ + p′ ⊗ p, p, p′ ∈ P,

is an N-graded commutative algebra, called the exterior algebra of a module
P .

Given an inverse sequences of modules

P 0 ←−P 1 ←−· · ·P i
πi+1

i←−· · · , (10.1.6)

its inductive limit is a module P∞ together with morphisms π∞i : P∞ → P i

such that

π∞i = πji ◦ π
∞
j

for all i < j. It consists of elements (. . . , pi, . . .), pi ∈ P i, of the Cartesian
product

∏
P i such that pi = πji (p

j) for all i < j.

Theorem 10.1.7. Inductive limits preserve monomorphisms, but not epi-
morphisms. Let exact sequences

0→ P i
F i

−→Qi
Φi

−→T i, i ∈ N,

for all i ∈ N define an exact sequence of inverse systems of modules {P i},
{Qi} and {T i}. Then their inductive limits form an exact sequence

0→ P∞
F∞−→Q∞

Φ∞−→T∞.

In contrast with direct limits, the inductive ones exist in the category
of groups which are not necessarily commutative.

10.2 Differential operators on modules

This Section addresses the notion of a linear differential operator on a
module over a commutative ring [71; 96].

Let K be a commutative ring and A a commutative K-ring. Let P and Q
be A-modules. The K-module HomK(P,Q) of K-module homomorphisms
Φ : P → Q can be endowed with the two different A-module structures

(aΦ)(p) = aΦ(p), (Φ • a)(p) = Φ(ap), a ∈ A, p ∈ P. (10.2.1)
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For the sake of convenience, we refer to the second one as the A•-module
structure. Let us put

δaΦ = aΦ− Φ • a, a ∈ A. (10.2.2)

Definition 10.2.1. An element ∆ ∈ HomK(P,Q) is called a Q-valued
differential operator of order s on P if

δa0 ◦ · · · ◦ δas
∆ = 0

for any tuple of s+1 elements a0, . . . , as of A. The set Diff s(P,Q) of these
operators inherits the A- and A•-module structures (10.2.1).

In particular, zero order differential operators obey the condition

δa∆(p) = a∆(p)−∆(ap) = 0, a ∈ A, p ∈ P,

and, consequently, they coincide with A-module morphisms P → Q. A first
order differential operator ∆ satisfies the condition

δb◦δa ∆(p) = ba∆(p)−b∆(ap)−a∆(bp)+∆(abp) = 0, a, b ∈ A. (10.2.3)

The following fact reduces the study of Q-valued differential operators
on an A-module P to that of Q-valued differential operators on the ring A.

Theorem 10.2.1. Let us consider the A-module morphism

hs : Diff s(A, Q)→ Q, hs(∆) = ∆(1). (10.2.4)

Any Q-valued s-order differential operator ∆ ∈ Diff s(P,Q) on P uniquely
factorizes as

∆ : P
f∆−→Diff s(A, Q) hs−→Q (10.2.5)

through the morphism hs (10.2.4) and some homomorphism

f∆ : P → Diff s(A, Q), (f∆p)(a) = ∆(ap), a ∈ A, (10.2.6)

of the A-module P to the A•-module Diff s(A, Q). The assignment ∆→ f∆
defines the isomorphism

Diff s(P,Q) = HomA−A•(P,Diff s(A, Q)). (10.2.7)

Let P = A. Any zero order Q-valued differential operator ∆ on A is
defined by its value ∆(1). Then there is an isomorphism

Diff 0(A, Q) = Q

via the association

Q 3 q → ∆q ∈ Diff 0(A, Q),
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where ∆q is given by the equality ∆q(1) = q. A first order Q-valued
differential operator ∆ on A fulfils the condition

∆(ab) = b∆(a) + a∆(b)− ba∆(1), a, b ∈ A.

It is called a Q-valued derivation of A if ∆(1) = 0, i.e., the Leibniz rule

∆(ab) = ∆(a)b+ a∆(b), a, b ∈ A, (10.2.8)

holds. One obtains at once that any first order differential operator on A
falls into the sum

∆(a) = a∆(1) + [∆(a)− a∆(1)]

of the zero order differential operator a∆(1) and the derivation ∆(a) −
a∆(1). If ∂ is a Q-valued derivation of A, then a∂ is well for any a ∈ A.
Hence, Q-valued derivations of A constitute an A-module d(A, Q), called
the derivation module. There is the A-module decomposition

Diff 1(A, Q) = Q⊕ d(A, Q). (10.2.9)

If P = Q = A, the derivation module dA of A also is a Lie K-algebra
with respect to the Lie bracket

[u, u′] = u ◦ u′ − u′ ◦ u, u, u′ ∈ A. (10.2.10)

Accordingly, the decomposition (10.2.9) takes the form

Diff 1(A) = A⊕ dA. (10.2.11)

Definition 10.2.2. A connection on an A-module P is an A-module mor-
phism

dA 3 u→ ∇u ∈ Diff 1(P, P ) (10.2.12)

such that the first order differential operators ∇u obey the Leibniz rule

∇u(ap) = u(a)p+ a∇u(p), a ∈ A, p ∈ P. (10.2.13)

Though ∇u (10.2.12) is called a connection, it in fact is a covariant

differential on a module P .
Let P be a commutative A-ring and dP the derivation module of P as

a K-ring. The dP is both a P - and A-module. Then Definition 10.2.2 is
modified as follows.

Definition 10.2.3. A connection on anA-ring P is anA-module morphism

dA 3 u→ ∇u ∈ dP ⊂ Diff 1(P, P ), (10.2.14)

which is a connection on P as an A-module, i.e., obeys the Leinbniz rule
(10.2.13).
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10.3 Homology and cohomology of complexes

This Section summarizes the relevant basics on complexes of modules over
a commutative ring [108; 114].

Let K be a commutative ring. A sequence

0←B0
∂1←−B1

∂2←−· · ·Bp
∂p+1←−· · · (10.3.1)

of K-modules Bp and homomorphisms ∂p is said to be a chain complex if

∂p ◦ ∂p+1 = 0, p ∈ N,

i.e., Im ∂p+1 ⊂ Ker ∂p. Homomorphisms ∂p are called boundary operators.
Elements of a module Bp, its submodules Ker ∂p ⊂ Bp and Im ∂p+1 ⊂
Ker ∂p are called p-chains, p-cycles and p-boundaries, respectively. The p-
th homology group of the chain complex B∗ (10.3.1) is defined as the factor
module

Hp(B∗) = Ker ∂p/Im ∂p+1.

It is a K-module. In particular, we have

H0(B∗) = B0/Im ∂1.

The chain complex (10.3.1) is exact at a term Bp if and only if Hp(B∗) = 0.
This complex is said to bek-exact if its homology groups Hp≤k(B∗) are
trivial. It is called exact if all its homology groups are trivial, i.e., it is an
exact sequence.

A sequence

0→ B0 δ0−→B1 δ1−→· · ·Bp δp

−→· · · (10.3.2)

of modules Bp and their homomorphisms δp is said to be a cochain complex

(or, simply, a complex) if

δp+1 ◦ δp = 0, p ∈ N,

i.e., Im δp ⊂ Ker δp+1. The homomorphisms δp are called coboundary op-

erators. For the sake of convenience, let us denote

δp=−1 : 0→ B0.

Elements of a module Bp, its submodules Ker δp ⊂ Bp and Im δp−1 are
called p-cochains, p-cocycles and p-coboundaries, respectively. The p-th

cohomology group of the complex B∗ (10.3.2) is the factor module

Hp(B∗) = Ker δp/Im δp−1.
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It is a K-module. In particular,

H0(B∗) = Ker δ0.

The complex (10.3.2) is exact at a term Bp if and only if Hp(B∗) = 0. This
complex is an exact sequence if all its cohomology groups are trivial.

Remark 10.3.1. Given a chain complex B∗ (10.3.1), let Bp = B∗p be the K-
duals of Bp. Let us define the K-module homomorphisms δp : Bp → Bp+1

as

δpbp = bp ◦ ∂p+1 : Bp+1 → K, bp ∈ Bp. (10.3.3)

It is readily observed that δp+1 ◦δp = 0. Then {Bp, δp} is the dual complex

of the chain complex B∗. Let us note that, if the chain complex B∗ is exact,
the dual complex need not be so (see Theorem 10.1.2).

A complex (B∗, δ∗) is called acyclic if its cohomology groups H0<p(B∗)
are trivial. It is acyclic if there exists a homotopy operator h, defined as a
set of module morphisms

hp+1 : Bp+1 → Bp, p ∈ N,

such that

hp+1 ◦ δp + δp−1 ◦ hp = IdBp, p ∈ N+.

Indeed, if δpbp = 0, then

bp = δp−1(hpbp),

and Hp>0(B∗) = 0. A complex (B∗, δ∗) is said to be a resolution of a
module B if it is acyclic and

H0(B∗) = Ker δ0 = B.

The following are the standard constructions of new complexes from old
ones.
• Given complexes (B∗1 , δ

∗
1) and (B∗2 , δ

∗
2), their direct sum B∗1 ⊕B∗2 is a

complex of modules

(B∗1 ⊕B∗2)p = Bp1 ⊕B
p
2

with respect to the coboundary operators

δp⊕(bp1 + bp2) = δp1b
p
1 + δp2b

p
2.

• Given a subcomplex (C∗, δ∗) of a complex (B∗, δ∗), the factor complex

B∗/C∗ is defined as a complex of factor modules Bp/Cp provided with the
coboundary operators

δp[bp] = [δpbp],
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where [bp] ∈ Bp/Cp denotes the coset of an element bp.
• Given complexes (B∗1 , δ

∗
1) and (B∗2 , δ

∗
2), their tensor product B∗1 ⊗B∗2

is a complex of modules

(B∗1 ⊗B∗2)p = ⊕
k+r=p

Bk1 ⊗Br2

with respect to the coboundary operators

δp⊗(bk1 ⊗ br2) = (δk1 b
k
1)⊗ br2 + (−1)kbk1 ⊗ (δr2b

r
2).

A cochain morphism of complexes

γ : B∗1 → B∗2 (10.3.4)

is defined as a family of degree-preserving homomorphisms

γp : Bp1 → Bp2 , p ∈ N,
such that

δp2 ◦ γp = γp+1 ◦ δp1 , p ∈ N.
It follows that if bp ∈ Bp1 is a cocycle or a coboundary, then γp(bp) ∈ Bp2
is so. Therefore, the cochain morphism of complexes (10.3.4) yields an
induced homomorphism of their cohomology groups

[γ]∗ : H∗(B∗1)→ H∗(B∗2).

Let short exact sequences

0→ Cp
γp−→Bp

ζp−→F p → 0

for all p ∈ N define a short exact sequence of complexes

0→ C∗
γ−→B∗

ζ−→F ∗ → 0, (10.3.5)

where γ is a cochain monomorphism and ζ is a cochain epimorphism onto
the quotient F ∗ = B∗/C∗.

Theorem 10.3.1. The short exact sequence of complexes (10.3.5) yields
the long exact sequence of their cohomology groups

0→ H0(C∗)
[γ]0−→H0(B∗)

[ζ]0−→H0(F ∗) τ0

−→H1(C∗) −→· · · (10.3.6)

−→Hp(C∗)
[γ]p−→Hp(B∗)

[ζ]p−→Hp(F ∗) τp

−→Hp+1(C∗) −→· · · .

Theorem 10.3.2. A direct sequence of complexes

B∗0 −→B∗1 −→· · ·B∗k
γk

k+1−→B∗k+1 −→· · · (10.3.7)

admits a direct limit B∗∞ which is a complex whose cohomology H∗(B∗∞) is
a direct limit of the direct sequence of cohomology groups

H∗(B∗0) −→H∗(B∗1) −→· · ·H∗(B∗k)
[γk

k+1]−→ H∗(B∗k+1) −→· · · .
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10.4 Cohomology of groups

Cohomology of groups that we here describe characterize extension of these
groups by a commutative group [108].

One can associate to any set Z the following chain complex. Let Zk be a

free Z-module whose basis is the Cartesian product
k+1
× Z. In particular, Z0

is a free Z-module whose basis is Z. Let us define Z-linear homomorphisms

∂0 : Z0 3 mi(zi0)→
∑
i

mi ∈ Z, mi ∈ Z, (10.4.1)

∂k+1 : Zk+1 → Zk, k ∈ N,

∂k+1(z0, . . . , zk+1) =
k+1∑
j=0

(−1)j(z0, . . . , ẑj , . . . , zk+1), (10.4.2)

where the caret̂denotes omission. It is readily observed that ∂k ◦∂k+1 = 0
for all k ∈ N. Thus, we obtain the chain complex

0 ←−Z ∂0←−Z0
∂1←−Z1 ←−· · ·Zk

∂k+1←−· · · ,

called the standard chain complex of a set Z. This complex is exact.
Let Z = G be a group and G∗ the standard chain complex

0 ←−Z ∂0←−G0
∂1←−G1 ←−· · ·Gp

∂p+1←−· · · . (10.4.3)

A Z-module G0 becomes a ring with respect to the multiplication

(mrg
r)(nkgk) = mrnk(grgk), mr, nk ∈ Z, gr, gk ∈ G.

It is called the group ring ZG. Accordingly, a set Gk, k > 0, is brought
into a free left ZG-module by letting

g(g0, . . . , gk) = (gg0, . . . , ggk), g ∈ G. (10.4.4)

Its basis consists of (k+1)-tuples (1, g1, . . . , gk). For the sake of simplicity,
left ZG-modules are usually called group G-modules. It is readily observed
that the boundary operators ∂0 (10.4.1) and ∂k>0 (10.4.2) are G-module
morphisms, where Z is regarded as a trivial G-module.

Let us consider an isomorphic chain complex G∗ of G-modules. Its term
Gk>0 is a free G-module whose basis consists of the k-tuples [g1, . . . , gk],
while elements of G0 = ZG are mrg

r[ ]. The boundary operators of the
chain complex G∗ are given by the formula

∂k>0[g1, . . . , gk] = g1[g2, . . . , gk] + (10.4.5)∑
j

(−1)j [g1, . . . , gjgj+1, . . . , gk] + (−1)k[g1, . . . , gk−1],
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and ∂0(g[ ]) = 1 is a group module morphism from ZG to Z. The chain
complexes G∗ and G∗ are isomorphic via the association

[g1, . . . , gk]→ (1, g1, g1g2, . . . , g1 · · · gk).

Let A be a left G-module. Given the chain complex G∗, let us consider
the cochain complex whose terms

Gk = HomG(Gk, A)

are left G-modules of group module morphisms fk : Gk → A. These mor-
phisms also can be seen as A-valued functions fk(g1, . . . , gk) of k arguments
on a group G. In accordance with the formula (10.3.3), the coboundary op-
erators of the complex G∗ are defined as

(δkfk)(g1, . . . , gk+1) = fk(∂k+1[g1, . . . , gk+1]) = (10.4.6)

g1f
k(g2, . . . , gk+1) +

∑
j

(−1)jfk(g1, . . . , gjgj+1, . . . , gk+1)

+(−1)k+1fk(g1, . . . , gk), k ∈ N.

In particular, the module G0 is isomorphic to A via the association

A 3 a→ f0
a ∈ G0, f0

a ([ ]) = a.

For instance, we have

δ0f0
a (g) = ga− a, g ∈ G, (10.4.7)

δ1f1(g1, g2) = g1f
1(g2)− f1(g1g2) + f1(g1), (10.4.8)

δ2f2(g1, g2, g3) = g1f
2(g2, g3)− f2(g1g2, g3) + (10.4.9)

f2(g1, g2g3)− f2(g1, g2).

Cohomology H∗(G,A) of the complex G∗ is called cohomology of the

group G with coefficients in a G-module A. In particular, the expression
(10.4.7) shows that

H0(G,A) = Ker δ0

is isomorphic to the additive subgroup of G-invariant elements of A. By
cohomology of a group G with coefficients in a G-module A also is meant
the cohomology H∗0 (G,A) of the subcomplex G∗0 of the complex G∗ whose
k-cochains are A-valued functions of k arguments from G which vanish
whenever one of the arguments is equal to 1. It is easily verified that
δkGk0 ⊂ Gk+1

0 .
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Let us show that the cohomology group H2
0 (G,A) classifies the exten-

sions of a group G by an additive group A. Such an extension is defined as
a sequence

0→ A
i−→W

π−→G→ 1 (10.4.10)

of group homomorphisms, where i is a monomorphism onto a normal sub-
group of W and π is an epimorphism onto the factor group G = W/A, i.e.,
Im i = π−1(1). By analogy with sequences of additive groups, the sequence
(10.4.10) is said to be exact. For the sake of simplicity, let us identify A

with its image i(A) ⊂W , and let us write the group operation in W in the
additive form.

Any extension (10.4.10) yields a homomorphism of G to the group of au-
tomorphisms of A as follows. Let w(g) be representatives in W of elements
g ∈ G. Then any element w ∈W is uniquely written in the form

w = aw + w(g), aw ∈ A.

Let us consider the automorphism

φg : a→ ga = w(g) + a− w(g), a ∈ A. (10.4.11)

Certainly, this automorphism depends only on an element g ∈ G, but not
on its representative in W . The association g → φg defines a desired
homomorphism

φ : G→ AutA. (10.4.12)

This homomorphism φ makes A to a G-module denoted by Aφ.
Conversely, the homomorphism φ (10.4.12) corresponds to some ex-

tension (10.4.10) of the group G. Among these extensions, there is the
semidirect product W = A×φ G with the group operation

(a, g) + (a′, g′) = (a+ ga′, gg′), ga′ = φg(a′).

Theorem 10.4.1. There is one-to-one correspondence between the classes
of isomorphic extensions (10.4.10) of a group G by a commutative group A
associated to the same homomorphism φ (10.4.12) and the elements of the
cohomology group H2

0 (G,Aφ) [108].

In particular, the semidirect product A ×φ G corresponds to 0 of the
cohomology group H2

0 (G,Aφ).
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10.5 Cohomology of Lie algebras

Let g be a Lie algebra over a commutative ring K. Let g act on a K-module
P on the left such that

[ε, ε′]p = (ε ◦ ε′ − ε′ ◦ ε)p, ε, ε′ ∈ g.

Then one calls P the Lie algebra g-module. Let us consider K-multilinear
skew-symmetric maps

ck :
k
× g→ P.

They form a g-module Ck[g;P ]. Let us put C0[g;P ] = P . We obtain the
cochain complex

0→ P
δ0−→C1[g;P ] δ1−→· · ·Ck[g;P ] δk

−→· · · (10.5.1)

with respect to the Chevalley–Eilenberg coboundary operators

δkck(ε0, . . . , εk) =
k∑
i=0

(−1)iεick(ε0, . . . , ε̂i, . . . , εk) + (10.5.2)∑
1≤i<j≤k

(−1)i+jck([εi, εj ], ε0, . . . , ε̂i, . . . , ε̂j , . . . , εk),

where the caret ̂ denotes omission [46]. For instance, we have

δ0p(ε0) = ε0p, (10.5.3)

δ1c1(ε0, ε1) = ε0c
1(ε1)− ε1c1(ε0)− c1([ε0, ε1]). (10.5.4)

The complex (10.5.1) is called the Chevalley–Eilenberg complex, and its co-
homology H∗(g, P ) is the Chevalley–Eilenberg cohomology of a Lie algebra
g with coefficients in P .

In particular, let P = K and g : K → 0. Then the Chevalley–Eilenberg
complex C∗[g;K] is the exterior algebra ∧g∗ of the Lie coalgebra g∗. The
Chevalley–Eilenberg coboundary operators (10.5.2) on this algebra read

δkck(ε0, . . . , εk) =
k∑
i<j

(−1)i+jck([εi, εj ], ε0, . . . , ε̂i, . . . , ε̂j , . . . , εk).

(10.5.5)
In particular, we have

δ0c0(ε0) = 0, c0 ∈ K,
δ1c1(ε0, ε1) = −c1([ε0, ε1]), c1 ∈ g∗, (10.5.6)

δ2c2(ε0, ε1, ε2) = −c2([ε0, ε1], ε2) + c2([ε0, ε2], ε1)− c2([ε1, ε2], ε0).
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Cohomology H∗(g,K) of the complex C∗[g;K] is called the Chevalley–

Eilenberg cohomology of a Lie algebra A.
For instance, let g be the right Lie algebra of a finite-dimensional real

Lie group G. There is a monomorphism of the Chevalley–Eilenberg com-
plex C∗[g; R] onto the subcomplex of right-invariant exterior forms of the de
Rham complex of exterior forms on G. In particular, the relation (10.5.6)
is the Maurer–Cartan equation. The above mentioned monomorphism in-
duces an isomorphism of the Chevalley–Eilenberg cohomology H∗(g,R) of
g to the de Rham cohomology of G [46]. For instance, if G is semisimple,
then

H1(g,R) = H2(g,R) = 0.

10.6 Differential calculus over a commutative ring

Let A be a commutative K-ring. Since the derivation module dA of A is
a Lie K-algebra, one can associate to A the Chevalley–Eilenberg complex
C∗[dA;A]. Its subcomplex of A-multilinear maps is a differential graded
algebra, also called the differential calculus overA. By a gradation through-
out this Section is meant the N-gradation.

A graded algebra Ω∗ over a commutative ring K is defined as a direct
sum

Ω∗ = ⊕
k

Ωk

of K-modules Ωk, provided with an associative multiplication law α · β,
α, β ∈ Ω∗, such that α · β ∈ Ω|α|+|β|, where |α| denotes the degree of an
element α ∈ Ω|α|. In particular, it follows that Ω0 is a (non-commutative)
K-algebra A, while Ωk>0 are A-bimodules and Ω∗ is an (A − A)-algebra.
A graded algebra is said to be graded commutative if

α · β = (−1)|α||β|β · α, α, β ∈ Ω∗.

A graded algebra Ω∗ is called the differential graded algebra or the
differential calculus over A if it is a cochain complex of K-modules

0→ K −→A δ−→Ω1 δ−→· · ·Ωk δ−→· · · (10.6.1)

with respect to a coboundary operator δ which obeys the graded Leibniz

rule

δ(α · β) = δα · β + (−1)|α|α · δβ. (10.6.2)
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In particular, δ : A → Ω1 is a Ω1-valued derivation of a K-algebra A. The
cochain complex (10.6.1) is said to be the abstract de Rham complex of
the differential graded algebra (Ω∗, δ). Cohomology H∗(Ω∗) of the complex
(10.6.1) is called the abstract de Rham cohomology. It is a graded algebra
with respect to the cup-product

[α] ^ [β] = [α · β], (10.6.3)

where [α] denotes the de Rham cohomology class of elements α ∈ Ω∗.
A morphism γ between two differential graded algebras (Ω∗, δ) and

(Ω′∗, δ′) is defined as a cochain morphism, i.e.,

γ ◦ δ = γ ◦ δ′.

It yields the corresponding morphism of the abstract de Rham cohomology
groups of these algebras.

One considers the minimal differential graded subalgebra Ω∗A of the
differential graded algebra Ω∗ which containsA. Seen as an (A−A)-algebra,
it is generated by the elements δa, a ∈ A, and consists of monomials

α = a0δa1 · · · δak, ai ∈ A,

whose product obeys the juxtaposition rule

(a0δa1) · (b0δb1) = a0δ(a1b0) · δb1 − a0a1δb0 · δb1
in accordance with the equality (10.6.2). The differential graded algebra
(Ω∗A, δ) is called the minimal differential calculus over A.

Let now A be a commutative K-ring possessing a non-trivial Lie alge-
bra dA of derivations. Let us consider the extended Chevalley–Eilenberg
complex

0→ K in−→C∗[dA;A]

of the Lie algebra dA with coefficients in the ring A, regarded as a dA-
module. It is easily justified that this complex contains a subcomplex
O∗[dA] of A-multilinear skew-symmetric maps

φk :
k
× dA → A (10.6.4)

with respect to the Chevalley–Eilenberg coboundary operator

dφ(u0, . . . , uk) =
k∑
i=0

(−1)iui(φ(u0, . . . , ûi, . . . , uk)) + (10.6.5)∑
i<j

(−1)i+jφ([ui, uj ], u0, . . . , ûi, . . . , ûj , . . . , uk).
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In particular, we have

(da)(u) = u(a), a ∈ A, u ∈ dA,
(dφ)(u0, u1) = u0(φ(u1))− u1(φ(u0))− φ([u0, u1]), φ ∈ O1[dA],

O0[dA] = A,
O1[dA] = HomA(dA,A) = dA∗.

It follows that d(1) = 0 and d is a O1[dA]-valued derivation of A.
The graded module O∗[dA] is provided with the structure of a graded

A-algebra with respect to the exterior product

φ ∧ φ′(u1, ..., ur+s) = (10.6.6)∑
i1<···<ir;j1<···<js

sgni1···irj1···js1···r+s φ(ui1 , . . . , uir )φ
′(uj1 , . . . , ujs),

φ ∈ Or[dA], φ′ ∈ Os[dA], uk ∈ dA,

where sgn...... is the sign of a permutation. This product obeys the relations

d(φ ∧ φ′) = d(φ) ∧ φ′ + (−1)|φ|φ ∧ d(φ′), φ, φ′ ∈ O∗[dA],

φ ∧ φ′ = (−1)|φ||φ
′|φ′ ∧ φ. (10.6.7)

By virtue of the first one, O∗[dA] is a differential graded K-algebra, called
the Chevalley–Eilenberg differential calculus over a K-ring A. The relation
(10.6.7) shows that O∗[dA] is a graded commutative algebra.

The minimal Chevalley–Eilenberg differential calculus O∗A over a ring
A consists of the monomials

a0da1 ∧ · · · ∧ dak, ai ∈ A.

Its complex

0→ K −→A d−→O1A d−→· · ·OkA d−→· · · (10.6.8)

is said to be the de Rham complex of a K-ring A, and its cohomologyH∗(A)
is called the de Rham cohomology of A. This cohomology is a graded
commutative algebra with respect to the cup-product (10.6.3) induced by
the exterior product ∧ of elements of O∗A so that

[φ] ^ [φ′] = [φ ∧ φ′]. (10.6.9)
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10.7 Sheaf cohomology

Throughout this Section, we follow the terminology of [22; 80].
A sheaf on a topological space X is a continuous fibre bundle π : S → X

in modules over a commutative ring K, where the surjection π is a local
homeomorphism and fibres Sx, x ∈ X, called the stalks, are provided with
the discrete topology. Global sections of a sheaf S make up a K-module
S(X), called the structure module of S.

Any sheaf is generated by a presheaf. A presheaf S{U} on a topological
space X is defined if a module SU over a commutative ring K is assigned
to every open subset U ⊂ X (S∅ = 0) and if, for any pair of open subsets
V ⊂ U , there exists the restriction morphism rUV : SU → SV such that

rUU = IdSU , rUW = rVW r
U
V , W ⊂ V ⊂ U.

Every presheaf S{U} on a topological space X yields a sheaf on X whose
stalk Sx at a point x ∈ X is the direct limit of the modules SU , x ∈ U ,
with respect to the restriction morphisms rUV . It means that, for each
open neighborhood U of a point x, every element s ∈ SU determines an
element sx ∈ Sx, called the germ of s at x. Two elements s ∈ SU and
s′ ∈ SV belong to the same germ at x if and only if there exists an open
neighborhood W ⊂ U ∩ V of x such that rUW s = rVW s

′.

Example 10.7.1. Let C0
{U} be the presheaf of continuous real functions

on a topological space X. Two such functions s and s′ define the same
germ sx if they coincide on an open neighborhood of x. Hence, we obtain
the sheaf C0

X of continuous functions on X. Similarly, the sheaf C∞X of

smooth functions on a smooth manifold X is defined. Let us also mention
the presheaf of real functions which are constant on connected open subsets
of X. It generates the constant sheaf on X denoted by R.

Different presheaves may generate the same sheaf. Conversely, every
sheaf S defines a presheaf S({U}) of modules S(U) of its local sections. It
is called the canonical presheaf of the sheaf S. If a sheaf S is constructed
from a presheaf S{U}, there are natural module morphisms

SU 3 s→ s(U) ∈ S(U), s(x) = sx, x ∈ U,
which are neither monomorphisms nor epimorphisms in general. For in-
stance, it may happen that a non-zero presheaf defines a zero sheaf. The
sheaf generated by the canonical presheaf of a sheaf S coincides with S.

A direct sum and a tensor product of presheaves (as families of modules)
and sheaves (as fibre bundles in modules) are naturally defined. By virtue
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of Theorem 10.1.4, a direct sum (resp. a tensor product) of presheaves gen-
erates a direct sum (resp. a tensor product) of the corresponding sheaves.

Remark 10.7.1. In the terminology of [152], a sheaf is introduced as a
presheaf which satisfies the following additional axioms.

(S1) Suppose that U ⊂ X is an open subset and {Uα} is its open cover.
If s, s′ ∈ SU obey the condition

rUUα
(s) = rUUα

(s′)

for all Uα, then s = s′.
(S2) Let U and {Uα} be as in previous item. Suppose that we are given

a family of presheaf elements {sα ∈ SUα
} such that

rUα

Uα∩Uλ
(sα) = rUλ

Uα∩Uλ
(sλ)

for all Uα, Uλ. Then there exists a presheaf element s ∈ SU such that
sα = rUUα

(s).
Canonical presheaves are in one-to-one correspondence with presheaves
obeying these axioms. For instance, presheaves of continuous, smooth and
locally constant functions in Example 10.7.1 satisfy the axioms (S1) – (S2).

Remark 10.7.2. The notion of a sheaf can be extended to sets, but not
to non-commutative groups. One can consider a presheaf of such groups,
but it generates a sheaf of sets because a direct limit of non-commutative
groups need not be a group. The first (but not higher) cohomology of X
with coefficients in this sheaf is defined [80].

There is a useful construction of a sheaf on a topological space X from
sheaves on open subsets which make up a cover of X.

Theorem 10.7.1. Let {Uζ} be an open cover of a topological space X and
Sζ a sheaf on Uζ for every Uζ . Let us suppose that, if Uζ ∩Uξ 6= ∅, there is
a sheaf isomorphism

%ζξ : Sξ |Uζ∩Uξ
→ Sζ |Uζ∩Uξ

and, for every triple (Uζ , Uξ, Uι), these isomorphisms fulfil the cocycle con-
dition

%ξζ ◦ %ζι(Sι|Uζ∩Uξ∩Uι) = %ξι(Sι|Uζ∩Uξ∩Uι).

Then there exists a sheaf S on X together with the sheaf isomorphisms

φζ : S|Uζ
→ Sζ

such that

φζ |Uζ∩Uξ
= %ζξ ◦ φξ|Uζ∩Uξ

.
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A morphism of a presheaf S{U} to a presheaf S′{U} on the same topolog-
ical space X is defined as a set of module morphisms γU : SU → S′U which
commute with restriction morphisms. A morphism of presheaves yields a
morphism of sheaves generated by these presheaves. This is a bundle mor-
phism over X such that γx : Sx → S′x is the direct limit of morphisms
γU , x ∈ U . Conversely, any morphism of sheaves S → S′ on a topolog-
ical space X yields a morphism of canonical presheaves of local sections
of these sheaves. Let Hom (S|U , S′|U ) be the commutative group of sheaf
morphisms S|U → S′|U for any open subset U ⊂ X. These groups are
assembled into a presheaf, and define the sheaf Hom (S, S′) on X. There is
a monomorphism

Hom (S, S′)(U)→ Hom (S(U), S′(U)), (10.7.1)

which need not be an isomorphism.
By virtue of Theorem 10.1.6, if a presheaf morphism is a monomorphism

or an epimorphism, so is the corresponding sheaf morphism. Furthermore,
the following holds.

Theorem 10.7.2. A short exact sequence

0→ S′{U} → S{U} → S′′{U} → 0 (10.7.2)

of presheaves on the same topological space yields the short exact sequence
of sheaves generated by these presheaves

0→ S′ → S → S′′ → 0, (10.7.3)

where the factor sheaf S′′ = S/S′ is isomorphic to that generated by the
factor presheaf

S′′{U} = S{U}/S
′
{U}.

If the exact sequence of presheaves (10.7.2) is split, i.e.,

S{U} ∼= S′{U} ⊕ S
′′
{U},

the corresponding splitting

S ∼= S′ ⊕ S′′

of the exact sequence of sheaves (10.7.3) holds.

The converse is more intricate. A sheaf morphism induces a morphism
of the corresponding canonical presheaves. If S → S′ is a monomorphism,

S({U})→ S′({U})
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also is a monomorphism. However, if S → S′ is an epimorphism,

S({U})→ S′({U})

need not be so. Therefore, the short exact sequence (10.7.3) of sheaves
yields the exact sequence of the canonical presheaves

0→ S′({U})→ S({U})→ S′′({U}), (10.7.4)

where S({U})→ S′′({U}) is not necessarily an epimorphism. At the same
time, there is the short exact sequence of presheaves

0→ S′({U})→ S({U})→ S′′{U} → 0, (10.7.5)

where the factor presheaf

S′′{U} = S({U})/S′({U})

generates the factor sheaf S′′ = S/S′, but need not be its canonical presheaf.
Let us turn now to sheaf cohomology. We follow its definition in [80].

In the case of paracompact topological spaces, it coincides with a different
definition of sheaf cohomology based on the canonical flabby resolution
(Remark 10.7.5). Note that only proper covers are considered.

Let S{U} be a presheaf of modules on a topological space X, and let
U = {Ui}i∈I be an open cover of X. One constructs a cochain complex
where a p-cochain is defined as a function sp which associates an element

sp(i0, . . . , ip) ∈ SUi0∩···∩Uip
(10.7.6)

to each (p+1)-tuple (i0, . . . , ip) of indices in I. These p-cochains are assem-
bled into a module Cp(U, S{U}). Let us introduce the coboundary operator

δp : Cp(U, S{U})→ Cp+1(U, S{U}),

δpsp(i0, . . . , ip+1) =
p+1∑
k=0

(−1)krWk

W sp(i0, . . . , îk, . . . , ip+1), (10.7.7)

W = Ui0 ∩ . . . ∩ Uip+1 , Wk = Ui0 ∩ · · · ∩ Ûik ∩ · · · ∩ Uip+1 .

One can easily check that δp+1 ◦ δp = 0. Thus, we obtain the cochain
complex of modules

0→ C0(U, S{U})
δ0−→· · ·Cp(U, S{U})

δp

−→Cp+1(U, S{U}) −→· · · .
(10.7.8)

Its cohomology groups

Hp(U;S{U}) = Ker δp/Im δp−1

are modules. Of course, they depend on an open cover U of X.
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Let U′ be a refinement of the cover U. Then there is a morphism of
cohomology groups

H∗(U;S{U})→ H∗(U′;S{U}). (10.7.9)

Let us take the direct limit of cohomology groups H∗(U;S{U}) with respect
to these morphisms, where U runs through all open covers of X. This limit
H∗(X;S{U}) is called the cohomology of X with coefficients in the presheaf
S{U}.

Remark 10.7.3. The cohomology H∗(X;S{U}) consists of elements of the
cohomology groups H∗(U;S{U}) modulo the morphisms (10.7.9). It fol-
lows that any cocycle sp (10.7.6) is a representative of some element of
Hp(X;S{U}).

Let S be a sheaf on a topological space X. Cohomology of X with

coefficients in S or, simply, sheaf cohomology of X is defined as cohomology

H∗(X;S) = H∗(X;S({U}))
with coefficients in the canonical presheaf S({U}) of the sheaf S.

In this case, a p-cochain sp ∈ Cp(U, S({U})) is a collection

sp = {sp(i0, . . . , ip)}
of local sections sp(i0, . . . , ip) of the sheaf S over Ui0 ∩ · · · ∩ Uip for each
(p + 1)-tuple (Ui0 , . . . , Uip) of elements of the cover U. The coboundary
operator (10.7.7) reads

δpsp(i0, . . . , ip+1) =
p+1∑
k=0

(−1)ksp(i0, . . . , îk, . . . , ip+1)|Ui0∩···∩Uip+1
.

For instance, we have

δ0s0(i, j) = [s0(j)− s0(i)]|Ui∩Uj
, (10.7.10)

δ1s1(i, j, k) = [s1(j, k)− s1(i, k) + s1(i, j)]|Ui∩Uj∩Uk
. (10.7.11)

A glance at the expression (10.7.10) shows that a zero-cocycle is a collection
s = {s(i)}I of local sections of the sheaf S over Ui ∈ U such that s(i) = s(j)
on Ui ∩ Uj . It follows from the axiom (S2) in Remark 10.7.1 that s is a
global section of the sheaf S, while each s(i) is its restriction s|Ui

to Ui.
Consequently, the cohomology group H0(U;S({U})) is isomorphic to the
structure module S(X) of global sections of the sheaf S. A one-cocycle is
a collection {s(i, j)} of local sections of the sheaf S over overlaps Ui ∩ Uj
which satisfy the cocycle condition

[s(j, k)− s(i, k) + s(i, j)]|Ui∩Uj∩Uk
= 0. (10.7.12)
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If X is a paracompact space, the study of its sheaf cohomology is essen-
tially simplified due to the following fact.

Theorem 10.7.3. Cohomology of a paracompact space X with coefficients
in a sheaf S coincides with cohomology of X with coefficients in any presheaf
generating the sheaf S.

Remark 10.7.4. We follow the definition of a paracompact topological

space in [80] as a Hausdorff space such that any its open cover admits a
locally finite open refinement, i.e., any point has an open neighborhood
which intersects only a finite number of elements of this refinement. A
topological space X is paracompact if and only if any cover {Uξ} of X
admits a subordinate partition of unity {fξ}, i.e.:

(i) fξ are real positive continuous functions on X;
(ii) supp fξ ⊂ Uξ;
(iii) each point x ∈ X has an open neighborhood which intersects only

a finite number of the sets supp fξ;
(iv)

∑
ξ

fξ(x) = 1 for all x ∈ X.

The key point of the analysis of sheaf cohomology is that short exact
sequences of sheaves yield long exact sequences of their cohomology groups.

Let S{U} and S′{U} be presheaves on the same topological space X.
It is readily observed that, given an open cover U of X, any morphism
S{U} → S′{U} yields a cochain morphism of complexes

C∗(U, S{U})→ C∗(U, S′{U})

and the corresponding morphism

H∗(U;S{U})→ H∗(U;S′{U})

of cohomology groups of these complexes. Passing to the direct limit
through all refinements of U, we come to a morphism of cohomology groups

H∗(X;S{U})→ H∗(X;S′{U})

of X with coefficients in the presheaves S{U} and S′{U}. In particular, any
sheaf morphism S → S′ yields a morphism of canonical presheaves

S({U})→ S′({U})

and the corresponding cohomology morphism

H∗(X;S)→ H∗(X;S′).
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By virtue of Theorems 10.3.1 and 10.3.2, every short exact sequence

0→ S′{U} −→S{U} −→S′′{U} → 0 (10.7.13)

of presheaves on the same topological space X and the corresponding exact
sequence of complexes (10.7.8) yield the long exact sequence

0→ H0(X;S′{U}) −→H0(X;S{U}) −→H0(X;S′′{U}) −→ (10.7.14)

H1(X;S′{U}) −→· · ·H
p(X;S′{U}) −→Hp(X;S{U}) −→

Hp(X;S′′{U}) −→Hp+1(X;S′{U}) −→· · ·

of the cohomology groups of X with coefficients in these presheaves. This
result however is not extended to an exact sequence of sheaves, unless X is
a paracompact space. Let

0→ S′ −→S −→S′′ → 0 (10.7.15)

be a short exact sequence of sheaves onX. It yields the short exact sequence
of presheaves (10.7.5) where the presheaf S′′{U} generates the sheaf S′′. If
X is paracompact,

H∗(X;S′′{U}) = H∗(X;S′′)

in accordance with Theorem 10.7.3, and we have the exact sequence of sheaf
cohomology

0→ H0(X;S′) −→H0(X;S) −→H0(X;S′′) −→ (10.7.16)

H1(X;S′) −→· · ·Hp(X;S′) −→Hp(X;S) −→
Hp(X;S′′) −→Hp+1(X;S′) −→· · · .

Let us turn now to the abstract de Rham theorem which provides a
powerful tool of studying algebraic systems on paracompact spaces.

Let us consider an exact sequence of sheaves

0→ S
h−→S0

h0

−→S1
h1

−→· · ·Sp
hp

−→· · · . (10.7.17)

It is said to be a resolution of the sheaf S if each sheaf Sp≥0 is acyclic, i.e.,
its cohomology groups Hk>0(X;Sp) vanish.

Any exact sequence of sheaves (10.7.17) yields the sequence of their
structure modules

0→ S(X) h∗−→S0(X)
h0
∗−→S1(X)

h1
∗−→· · ·Sp(X)

hp
∗−→· · · (10.7.18)

which is always exact at terms S(X) and S0(X) (see the exact sequence
(10.7.4)). The sequence (10.7.18) is a cochain complex because

hp+1
∗ ◦ hp∗ = 0.
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If X is a paracompact space and the exact sequence (10.7.17) is a res-
olution of S, the forthcoming abstract de Rham theorem establishes an
isomorphism of cohomology of the complex (10.7.18) to cohomology of X
with coefficients in the sheaf S [80].

Theorem 10.7.4. Given a resolution (10.7.17) of a sheaf S on a para-
compact topological space X and the induced complex (10.7.18), there are
isomorphisms

H0(X;S) = Kerh0
∗, Hq(X;S) = Kerhq∗/Imhq−1

∗ , q > 0.
(10.7.19)

We refer to the following minor modification of Theorem 10.7.4 [56;
150].

Theorem 10.7.5. Let

0→ S
h−→S0

h0

−→S1
h1

−→· · · h
p−1

−→Sp
hp

−→Sp+1, p > 1, (10.7.20)

be an exact sequence of sheaves on a paracompact topological space X, where
the sheaves Sq, 0 ≤ q < p, are acyclic, and let

0→ S(X) h∗−→S0(X)
h0
∗−→S1(X)

h1
∗−→· · · (10.7.21)

hp−1
∗−→Sp(X)

hp
∗−→Sp+1(X)

be the corresponding cochain complex of structure modules of these sheaves.
Then the isomorphisms (10.7.19) hold for 0 ≤ q ≤ p.

Any sheaf on a topological space admits the canonical resolution by
flabby sheaves as follows. A sheaf S on a topological space X is called
flabby (or flasque in the terminology of [152]), if the restriction morphism
S(X) → S(U) is an epimorphism for any open U ⊂ X, i.e., if any local
section of the sheaf S can be extended to a global section. A flabby sheaf
is acyclic. Indeed, given an arbitrary cover U of X, let us consider the
complex C∗(U, S({U})) (10.7.8) for its canonical presheaf S({U}). Since S
is flabby, one can define a morphism

h : Cp(U, S({U}))→ Cp−1(U, S({U})), p > 0,

hsp(i0, . . . , ip−1) = j∗sp(i0, . . . , ip−1, j), (10.7.22)

where Uj is a fixed element of the cover U and j∗sp is an extension of
sp(i0, . . . , ip−1, j) onto Ui0 ∩ · · · ∩ Uip−1 . A direct verification shows that
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h (10.7.22) is a homotopy operator for the complex C∗(U, S({U})) and,
consequently,

Hp>0(U;S({U})) = 0.

Given an arbitrary sheaf S on a topological spaceX, let S0
F ({U}) denote

the presheaf of all (not-necessarily continuous) sections of the sheaf S. It
generates a sheaf S0

F on X, and coincides with the canonical presheaf of
this sheaf. There are the natural monomorphisms

S({U})→ S0
F ({U}) S → S0

F .

It is readily observed that the sheaf S0
F is flabby. Let us take the quotient

S0
F /S and construct the flabby sheaf

S1
F = (S0

F /S)0F .

Continuing the procedure, we obtain the exact sequence of sheaves

0→ S −→S0
F −→S1

F −→· · · , (10.7.23)

which is a resolution of S since all sheaves are flabby and, consequently,
acyclic. It is called the canonical flabby resolution of the sheaf S. The
exact sequence of sheaves (10.7.23) yields the complex of structure modules
of these sheaves

0→ S(X) −→S0
F (X) −→S1

F (X) −→· · · . (10.7.24)

If X is paracompact, the cohomology of X with coefficients in the sheaf S
coincides with that of the complex (10.7.24) by virtue of Theorem 10.7.4.

Remark 10.7.5. An important peculiarity of flabby sheaves is that a short
exact sequence of flabby sheaves on an arbitrary topological space provides
the short exact sequence of their structure modules. Therefore, there is a
different definition of sheaf cohomology. Cohomology of a topological space
X with coefficients in a sheaf S is defined directly as cohomology of the
complex (10.7.24) [22]. For a paracompact space, this definition coincides
with the above mentioned one due to Theorem 10.7.4.

In the sequel, we also refer to a fine resolution of sheaves, i.e., a resolu-
tion by fine sheaves.

A sheaf S on a paracompact space X is called fine if, for each locally
finite open cover U = {Ui}i∈I of X, there exists a system {hi} of endomor-
phisms hi : S → S such that:

(i) there is a closed subset Vi ⊂ Ui and hi(Sx) = 0 if x 6∈ Vi,
(ii)

∑
i∈I

hi is the identity map of S.

Theorem 10.7.6. A fine sheaf on a paracompact space is acyclic.
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There is the following important example of fine sheaves.

Theorem 10.7.7. Let X be a paracompact topological space which admits
a partition of unity performed by elements of the structure module A(X) of
some sheaf A of real functions on X. Then any sheaf S of A-modules on
X, including A itself, is fine.

In particular, the sheaf C0
X of continuous functions on a paracompact

topological space is fine, and so is any sheaf of C0
X -modules.

We complete our exposition of sheaf cohomology with the following
useful theorem [10].

Theorem 10.7.8. Let f : X → X ′ be a continuous map and S a sheaf
on X. Let either f be a closed immersion or every point x′ ∈ X ′ have a
base of open neighborhoods {U} such that the sheaves S |f−1(U) are acyclic.
Then the cohomology groups H∗(X;S) and H∗(X ′; f∗S) are isomorphic.

10.8 Local-ringed spaces

Local-ringed spaces are sheafs of local rings. For instance, smooth mani-
folds, represented by sheaves of real smooth functions, make up a subcate-
gory of the category of local-ringed spaces (Section 10.9).

A sheaf R on a topological space X is said to be a ringed space if its
stalk Rx at each point x ∈ X is a real commutative ring [152]. A ringed
space is often denoted by a pair (X,R) of a topological space X and a sheaf
R of rings on X. They are called the body and the structure sheaf of a
ringed space, respectively.

A ringed space is said to be a local-ringed space (a geometric space in
the terminology of [152]) if it is a sheaf of local rings.

For instance, the sheaf C0
X of continuous real functions on a topological

space X is a local-ringed space. Its stalk C0
x, x ∈ X, contains the unique

maximal ideal of germs of functions vanishing at x.
Morphisms of local-ringed spaces are defined as those of sheaves on

different topological spaces as follows.
Let ϕ : X → X ′ be a continuous map. Given a sheaf S on X, its direct

image ϕ∗S on X ′ is generated by the presheaf of assignments

X ′ ⊃ U ′ → S(ϕ−1(U ′))

for any open subset U ′ ⊂ X ′. Conversely, given a sheaf S′ on X ′, its inverse

image ϕ∗S′ on X is defined as the pull-back onto X of the continuous fibre
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bundle S′ over X ′, i.e., ϕ∗S′x = Sϕ(x). This sheaf is generated by the
presheaf which associates to any open V ⊂ X the direct limit of modules
S′(U) over all open subsets U ⊂ X ′ such that V ⊂ f−1(U).

Remark 10.8.1. Let i : X → X ′ be a closed subspace of X ′. Then i∗S is
a unique sheaf on X ′ such that

i∗S|X = S, i∗S|X′\X = 0.

Indeed, if x′ ∈ X ⊂ X ′, then

i∗S(U ′) = S(U ′ ∩X)

for any open neighborhood U of this point. If x′ 6∈ X, there exists its
neighborhood U ′ such that U ′ ∩ X is empty, i.e., i∗S(U ′) = 0. The sheaf
i∗S is called the trivial extension of the sheaf S.

By a morphism of ringed spaces

(X,R)→ (X ′,R′)

is meant a pair (ϕ, ϕ̂) of a continuous map ϕ : X → X ′ and a sheaf
morphism ϕ̂ : R′ → ϕ∗R or, equivalently, a sheaf morphisms ϕ∗R′ →
R. Restricted to each stalk, a sheaf morphism Φ is assumed to be a ring
homomorphism. A morphism of ringed spaces is said to be:
• a monomorphism if ϕ is an injection and Φ is an epimorphism,
• an epimorphism if ϕ is a surjection, while Φ is a monomorphism.
Let (X,R) be a local-ringed space. By a sheaf dR of derivations of

the sheaf R is meant a subsheaf of endomorphisms of R such that any
section u of dR over an open subset U ⊂ X is a derivation of the real ring
R(U). It should be emphasized that, since the monomorphism (10.7.1) is
not necessarily an isomorphism, a derivation of the ring R(U) need not be
a section of the sheaf dR|U . Namely, it may happen that, given open sets
U ′ ⊂ U , there is no restriction morphism

d(R(U))→ d(R(U ′)).

Given a local-ringed space (X,R), a sheaf P on X is called a sheaf of R-

modules if every stalk Px, x ∈ X, is an Rx-module or, equivalently, if P (U)
is an R(U)-module for any open subset U ⊂ X. A sheaf of R-modules P is
said to be locally free if there exists an open neighborhood U of every point
x ∈ X such that P (U) is a free R(U)-module. If all these free modules are
of finite rank (resp. of the same finite rank), one says that P is of finite

type (resp. of constant rank). The structure module of a locally free sheaf
is called a locally free module.
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The following is a generalization of Theorem 10.7.7 [80].

Theorem 10.8.1. Let X be a paracompact space which admits a partition
of unity by elements of the structure module S(X) of some sheaf S of real
functions on X. Let P be a sheaf of S-modules. Then P is fine and,
consequently, acyclic.

10.9 Cohomology of smooth manifolds

It should be emphasized that cohomology of smooth manifolds are their
topological invariants in the sense that they are the same for homotopic
topological spaces. The following two facts enable one to define them for
smooth manifolds.

(i) Smooth manifolds have the homotopy type of CW-complexes [35].
(ii) Assumed to be paracompact, a smooth manifold X admits a par-

tition of unity performed by smooth real functions. It follows that the
sheaf C∞X of smooth real functions on X is fine, and so is any sheaf of
C∞X -modules, e.g., the sheaves of sections of smooth vector bundles over X.

Similarly to the sheaf C0
X of continuous functions, the sheaf C∞X of

smooth real functions on a smooth manifold X is a local-ringed spaces. Its
stalk C∞x at a point x ∈ X has a unique maximal ideal µx of germs of
smooth functions vanishing at x. Though the sheaf C∞X is defined on a
topological space X, it fixes a unique smooth manifold structure on X as
follows.

Theorem 10.9.1. Let X be a paracompact topological space and (X,R)
a local-ringed space. Let X admit an open cover {Ui} such that the sheaf
R restricted to each Ui is isomorphic to the local-ringed space (Rn, C∞Rn).
Then X is an n-dimensional smooth manifold together with a natural iso-
morphism of local-ringed spaces (X,R) and (X,C∞X ).

One can think of this result as being an alternative definition of smooth
real manifolds in terms of local-ringed spaces. A smooth manifold X also is
algebraically reproduced as a certain subspace of the spectrum of the real
ring C∞(X) of smooth real functions on X as follows [6].

Let SpecA be the set of prime ideals of a commutative ring A. It is
called the spectrum of A. Let us assign to each ideal I of A the set

V (I) = {x ∈ SpecA : I ⊂ x}. (10.9.1)
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These sets possess the properties

V ({0}) = SpecA, V (A) = ∅,
∩
i
V (Ii) = V (⊕

i
Ii), V (I) ∪ V (I ′) = V (II ′).

In view of these properties, one can regard the sets (10.9.1) as closed sets
of some topology on the spectrum SpecA. It is called the Zariski topology.
A base for this topology consists of the closed sets

U(a) = {x ∈ SpecA : a 6∈ x} = SpecA \ V (Aa) (10.9.2)

as a runs through A. In particular, the set of closed points is the set
SpecmA of all maximal ideals of A. Endowed with the relative Zariski
topology, it is called the maximal spectrum of A. A ring morphism ζ :
A → A′ induces the continuous map

ζ\ : SpecA′ 3 x′ → ζ−1(x′) ∈ SpecA. (10.9.3)

Let A be a real commutative ring. The real spectrum of A is the sub-
space SpecRA ⊂ SpecmA of the maximal ideals I such that the quotients
A/I are isomorphic to R. It is endowed with the relative Zariski topology.
There is the bijection between the set of R-algebra morphisms of A to the
field R and the real spectrum of A, namely,

Hom R(A,R) 3 φ→ Kerφ ∈ SpecRA,
SpecRA 3 x→ πx ∈ Hom R(A,R), πx : A → A/x ∼= R.

Any element a ∈ A induces a real function

fa : SpecRA 3 x→ πx(a)

on the real spectrum SpecRA. This function need not be continuous with
respect to the Zariski topology, but one can provide SpecRA with another
topology, called the Gel’fand topology, which is the coarsest topology which
makes all such functions continuous.

Theorem 10.9.2. If A = C∞(X) is the real ring of smooth real functions
on a manifold X, the Zariski and Gel’fand topologies on its real spectrum
SpecRC

∞(X) coincide with each other. Therefore, there is a homeomor-
phism

χX : X 3 x→ µx ∈ SpecRC
∞(X). (10.9.4)
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Any smooth map γ : X → X ′ induces the R-ring morphism

γ∗ : C∞(X ′)→ C∞(X)

which associates to a function f on X ′ the pull-back function

γ∗f = f ◦ γ

on X. Conversely, each R-ring morphism

ζ : C∞(X ′)→ C∞(X)

yields the continuous map ζ\ (10.9.3) which sends

SpecRC
∞(X) ⊂ SpecC∞(X)

to

SpecRC
∞(X ′) ⊂ SpecC∞(X ′)

so that the induced map

χ−1
X′ ζ

\ ◦ χX : X → X ′

is smooth. Thus, there is one-to-one correspondence between smooth ma-
nifold morphisms X → X ′ and the R-ring morphisms C∞(X ′)→ C∞(X).

Remark 10.9.1. Let X×X ′ be a manifold product. The ring C∞(X×X ′)
is constructed from the rings C∞(X) and C∞(X ′) as follows. Throughout
the book, by a topology on the ring C∞(X) is meant the topology of com-
pact convergence for all derivatives [129]. With this topology, C∞(X) is a
Fréchet ring, i.e., a complete metrizable locally convex topological vector
space. There is an isomorphism of Fréchet rings

C∞(X)⊗̂C∞(X ′) = C∞(X ×X ′), (10.9.5)

where the left-hand side, called the topological tensor product, is the com-
pletion of C∞(X) ⊗ C∞(X ′) with respect to Grothendieck’s topology, de-
fined as follows. If E1 and E2 are locally convex topological vector spaces,
Grothendieck’s topology is the finest locally convex topology on E1 ⊗ E2

such that the canonical mapping of E1 × E2 to E1 ⊗ E2 is continuous
[129]. Furthermore, for any two open subsets U ⊂ X and U ′ ⊂ X ′, let us
consider the topological tensor product of rings C∞(U)⊗̂C∞(U ′). These
tensor products define a local-ringed space (X×X ′, C∞X ⊗̂C∞X′). Due to the
isomorphism (10.9.5) written for all U ⊂ X and U ′ ⊂ X ′, we obtain the
sheaf isomorphism

C∞X ⊗̂C∞X′ = C∞X×X′ . (10.9.6)
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Since a smooth manifold admits a partition of unity by smooth func-
tions, it follows from Theorem 10.8.1 that any sheaf of C∞X -modules on X

is fine and, consequently, acyclic.
For instance, let Y → X be a smooth vector bundle. The germs of its

sections make up a sheaf of C∞X -modules, called the structure sheaf SY of
a vector bundle Y → X. The sheaf SY is fine. The structure module of
this sheaf coincides with the structure module Y (X) of global sections of
a vector bundle Y → X. The following Serre–Swan theorem shows that
these modules exhaust all projective modules of finite rank over C∞(X).
Originally proved for bundles over a compact base X, this theorem has
been extended to an arbitrary X [60; 127].

Theorem 10.9.3. Let X be a smooth manifold. A C∞(X)-module P is
isomorphic to the structure module of a smooth vector bundle over X if and
only if it is a projective module of finite rank.

Proof. Let

{(Uξ, ψξ), %ξζ}, ξ, ζ = 1, . . . , k,

be a finite atlas of a smooth vector bundle Y → X of fibre dimension m

in accordance with Theorem 1.1.9. Given a smooth partition of unity {fξ}
subordinate to the cover {Uξ}, let us set

lξ = fξ(f2
1 + · · ·+ f2

k )−1/2.

It is readily observed that {l2ξ} also is a partition of unity subordinate to
{Uξ}. Every element s ∈ Y (X) defines an element of a free C∞(X)-module
of rank m+ k as follows. Let us put sξ = ψξ ◦ s|Uξ

. It fulfils the relation

sξ =
∑
ζ

%ξζ l
2
ζsζ . (10.9.7)

There are a module monomorphism

F : Y (X) 3 s→ (l1s1, . . . , lksk) ∈
m+k
⊕ C∞(X)

and a module epimorphism

Φ :
m+k
⊕ C∞(X) 3 (t1, . . . , tk)→ (s̃1, . . . , s̃k) ∈ Y (X),

s̃i =
∑
j

%ij ljtj .

In view of the relation (10.9.7),

Φ ◦ F = IdY (X),

i.e., Y (X) is a projective module of finite rank. The converse assertion is
proved similarly to that in [160]. �
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This theorem states the categorial equivalence between the vector bun-
dles over a smooth manifold X and projective modules of finite rank over
the ring C∞(X) of smooth real functions on X. The following are corol-
laries of this equivalence
• The structure module Y ∗(X) of the dual Y ∗ → X of a vector bundle

Y → X is the C∞(X)-dual Y (X)∗ of the structure module Y (X) of Y → X.
• Any exact sequence of vector bundles

0→ Y −→Y ′ −→Y ′′ → 0 (10.9.8)

over the same base X yields the exact sequence

0→ Y (X) −→Y ′(X) −→Y ′′(X)→ 0 (10.9.9)

of their structure modules, and vice versa. In accordance with Theorem
1.1.12, the exact sequence (10.9.8) is always split. Every its splitting defines
that of the exact sequence (10.9.9), and vice versa.
• The derivation module of the real ring C∞(X) coincides with the

C∞(X)-module T (X) of vector fields on X, i.e., with the structure module
of the tangent bundle TX of X. Hence, it is a projective C∞(X)-module
of finite rank. It is the C∞(X)-dual T (X) = O1(X)∗ of the structure
module O1(X) of the cotangent bundle T ∗X of X which is the module of
differential one-forms on X and, conversely,

O1(X) = T (X)∗.

• Therefore, if P is a C∞(X)-module, one can reformulate Definition
10.2.2 of a connection on P as follows. A connection on a C∞(X)-module
P is a C∞(X)-module morphism

∇ : P → O1(X)⊗ P, (10.9.10)

which satisfies the Leibniz rule

∇(fp) = df ⊗ p+ f∇(p), f ∈ C∞(X), p ∈ P.

It associates to any vector field τ ∈ T (X) on X a first order differential
operator ∇τ on P which obeys the Leibniz rule

∇τ (fp) = (τcdf)p+ f∇τp. (10.9.11)

In particular, let Y → X be a vector bundle and Y (X) its structure module.
The notion of a connection on the structure module Y (X) is equivalent to
the standard geometric notion of a connection on a vector bundle Y → X
[112].
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Since the derivation module of the real ring C∞(X) is the C∞(X)-
module T (X) of vector fields on X and

O1(X) = T (X)∗,

the Chevalley–Eilenberg differential calculus over the real ring C∞(X) is
exactly the differential graded algebra (O∗(X), d) of exterior forms on X,
where the Chevalley–Eilenberg coboundary operator d (10.6.5) coincides
with the exterior differential. Moreover, one can show that (O∗(X), d) is a
minimal differential calculus, i.e., the C∞(X)-module O1(X) is generated
by elements df , f ∈ C∞(X). Therefore, the de Rham complex (10.6.8) of
the real ring C∞(X) is the de Rham complex

0→ R −→C∞(X) d−→O1(X) d−→· · ·Ok(X) d−→· · · (10.9.12)

of exterior forms on a manifold X.
The de Rham cohomology of the complex (10.9.12) is called the de

Rham cohomology H∗DR(X) of X. To describe them, let us consider the
de Rham complex

0→ R −→C∞X
d−→O1

X
d−→· · ·OkX

d−→· · · (10.9.13)

of sheaves OkX , k ∈ N+, of germs of exterior forms on X. These sheaves
are fine. Due to the Poincaré lemma, the complex (10.9.13) is exact and,
thereby, is a fine resolution of the constant sheaf R on a manifold X. Then
a corollary of Theorem 10.7.4 is the classical de Rham theorem.

Theorem 10.9.4. There is an isomorphism

Hk
DR(X) = Hk(X; R) (10.9.14)

of the de Rham cohomology H∗DR(X) of a manifold X to cohomology of X
with coefficients in the constant sheaf R.

Cohomology Hk(X; R) in turn is related to cohomology of other types
as follows. Let us consider the short exact sequence of constant sheaves

0→ Z −→R −→U(1)→ 0, (10.9.15)

where U(1) = R/Z is the circle group of complex numbers of unit modulus.
This exact sequence yields the long exact sequence of the sheaf cohomology
groups

0→ Z −→R −→U(1) −→H1(X; Z) −→H1(X; R) −→· · ·
Hp(X; Z) −→Hp(X; R) −→Hp(X;U(1)) −→Hp+1(X; Z) −→· · · ,
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where

H0(X; Z) = Z, H0(X; R) = R

and

H0(X;U(1)) = U(1).

This exact sequence defines the homomorphism

H∗(X; Z)→ H∗(X; R) = H∗(X; Z)⊗ R (10.9.16)

of cohomology with coefficients in the constant sheaf Z to that with coeffi-
cients in R. Combining the isomorphism (10.9.14) and the homomorphism
(10.9.16) leads to the cohomology homomorphism

H∗(X; Z)→ H∗DR(X). (10.9.17)

Its kernel contains all cyclic elements of cohomology groups Hk(X; Z).
Since smooth manifolds are assumed to be paracompact, there is the

following isomorphism between their sheaf cohomology and singular coho-
mology.

Theorem 10.9.5. The sheaf cohomology H∗(X; Z) (resp. H∗(X; Q),
H∗(X; R)) of a paracompact topological space X with coefficients in the
constant sheaf Z (resp. Q, R) is isomorphic to the singular cohomology of
X with coefficients in the ring Z (resp. Q, R) [22; 146].

Note that singular cohomology of paracompact topological spaces co-
incides with the Čech and Alexandery ones. Since singular cohomology
is a topological invariant [146], the sheaf cohomology groups H∗(X; Z),
H∗(X; Q), H∗(X; R) and, consequently, de Rham cohomology of smooth
manifolds also are topological invariants.

10.10 Leafwise and fibrewise cohomology

Let F be a (regular) foliation of a k-dimensional manifold Z provided with
the adapted coordinate atlas (1.1.30). The real Lie algebra T (F) of global
sections of the tangent bundle TF → Z to F is a C∞(Z)-submodule of
the derivation module of the real ring C∞(Z). Its kernel SF (Z) ⊂ C∞(Z)
consists of functions constant on leaves of F . Therefore, T (F) is the Lie
SF (Z)-algebra of derivations of C∞(Z), regarded as a SF (Z)-ring. Then
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one can introduce the leafwise differential calculus [57; 75] as the Chevalley–
Eilenberg differential calculus over the SF (Z)-ring C∞(Z). It is defined as
a subcomplex

0→ SF (Z) −→C∞(Z) d̃−→F1(Z) · · · d̃−→FdimF (Z)→ 0 (10.10.1)

of the Chevalley–Eilenberg complex of the Lie SF (Z)-algebra T (F) with
coefficients in C∞(Z) which consists of C∞(Z)-multilinear skew-symmetric
maps

r
×T (F)→ C∞(Z), r = 1, . . . ,dimF .

These maps are global sections of exterior products
r
∧TF∗ of the dual

TF∗ → Z of TF → Z. They are called the leafwise forms on a foliated
manifold (Z,F), and are given by the coordinate expression

φ =
1
r!
φi1...ir d̃z

i1 ∧ · · · ∧ d̃zir ,

where {d̃zi} are the duals of the holonomic fibre bases {∂i} for TF and
w is the exterior product (10.6.6). Then one can think of the Chevalley–
Eilenberg coboundary operator

d̃φ = d̃zk ∧ ∂kφ =
1
r!
∂kφi1...ir d̃z

k ∧ d̃zi1 ∧ · · · ∧ d̃zir (10.10.2)

as being the leafwise exterior differential. The Chevalley–Eilenberg differ-
ential calculus F∗(Z) as like as O∗(Z) is minimal. Accordingly, the complex
(10.10.1) is called the leafwise de Rham complex (or the tangential de Rham

complex in the terminology of [75]). This is the complex (A0,∗, df ) in [159].
Its cohomology H∗F (Z), called the leafwise de Rham cohomology, equals
the cohomology H∗(Z;SF ) of Z with coefficients in the sheaf SF of germs
of elements of SF (Z) [88].

In order to relate the leafwise de Rham cohomology H∗F (Z) with the de
Rham cohomology of Z, let us consider the exact sequence (1.1.32) of vector
bundles over Z. Since it admits a splitting, the epimorphism i∗F yields that
of the algebra O∗(Z) of exterior forms on Z to the algebra F∗(Z) of leafwise
forms. It obeys the condition

i∗F ◦ d = d̃ ◦ i∗F ,

and provides the cochain morphism

i∗F : (R,O∗(Z), d)→ (SF (Z),F∗(Z), d̃), (10.10.3)

dzλ → 0, dzi → d̃zi,
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of the de Rham complex of Z to the leafwise de Rham complex (10.10.1)
and the corresponding homomorphism

[i∗F ]∗ : H∗DR(Z)→ H∗F (Z) (10.10.4)

of the de Rham cohomology of Z to the leafwise one. Let us note that
[i∗F ]r>0 need not be epimorphisms [159].

Given a leaf iF : F → Z of F , we have the pull-back homomorphism

(R,O∗(Z), d)→ (R,O∗(F ), d) (10.10.5)

of the de Rham complex of Z to that of F and the corresponding homo-
morphism of the de Rham cohomology groups

H∗DR(Z)→ H∗DR(F ). (10.10.6)

Theorem 10.10.1. The homomorphisms (10.10.5) – (10.10.6) factorize
through the homomorphisms (10.10.3) – (10.10.4).

Proof. It is readily observed that the pull-back bundles i∗FTF and i∗FTF∗
over F are isomorphic to the tangent and the cotangent bundles of F ,
respectively. Moreover, a direct computation shows that

i∗F (d̃φ) = d(i∗Fφ)

for any leafwise form φ. It follows that the cochain morphism (10.10.5) fac-
torizes through the cochain morphism (10.10.3) and the cochain morphism

i∗F : (SF (Z),F∗(Z), d̃)→ (R,O∗(F ), d), d̃zi → dzi, (10.10.7)

of the leafwise de Rham complex of (Z,F) to the de Rham complex of
F . Accordingly, the cohomology morphism (10.10.6) factorizes through the
leafwise cohomology

H∗DR(Z)
[i∗F ]−→H∗F (Z)

[i∗F ]−→H∗DR(F ). (10.10.8)
�

Let Y → X be a fibred manifold endowed with fibred coordinates
(xλ, yi). Treating it as a particular foliated manifold, we come to the notion
of the fibrewise de Rham complex and the fibrewise de Rham cohomology.
This complex V ∗(Y ) consists of sections of the exterior bundle ∧V ∗Y → Y

where V ∗Y is the vertical cotangent bundle of Y provided with linear bun-
dle coordinates (xλ, yi, ẏi) relative to coframes {dyi}. These sections, called
the fibrewise forms, are given by the coordinate expression

φ =
1
r!
φi1...irdy

i1 ∧ · · · ∧ dyir .
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The C∞(X)-linear fibrewise exterior differential (10.10.2 acting on these
forms reads

dφ = dyk ∧ ∂kφ =
1
r!
∂kφi1...irdy

k ∧ dyi1 ∧ · · · ∧ dyir .

In particular, there is the cochain morphism (10.10.7) dyi → dyi of the
fibrewise de Rham complex (C∞(X), V ∗(Y ), d) to the de Rham complex
(R,O∗(Vx), d) of a fibre Vx, x ∈ X, of a fibred manifold Y → X. This
cochain morphism yields the corresponding cohomology morphism

H∗V (Y )→ H∗DR(Vx) (10.10.9)

of the fibrewise cohomology to the de Rham cohomology of Vx.
For instance, let Y → X be an affine bundle. Then

H0<k
DR (Vx) = 0

for any x ∈ X. Let us show the following.

Theorem 10.10.2. If Y → X is an affine bundle, its fibrewise de Rham
complex is acyclic, i.e., cohomology H0<k

V (Y ) is trivial.

Proof. Let an affine bundle Y → X be provided with bundle coordinates
(xλ, yi) possessing linear transition functions (see Theorem 1.1.13). Given
a coordinate chart (U×V ;xλ, yi) of Y over a domain U ⊂ X, let us consider
the homotopy operator

h : V k(Y )→ V k−1(Y ),

h(φ) =

1∫
0

[
1

(k − 1)!
tk−1yi1φi1i2...ik(xλ, tyj)dyi2 ∧ · · · ∧ dyik

]
dt.

This operator is globally defined due to linear transition functions of fibre
coordinates yi. �

Remark 10.10.1. If

Y = Rn × Rm → Rn,

Theorem 10.10.2 reproduces the so called relative Poincaré lemma [53]. For
instance, let φ = ϕ ∧ ω be an exact (r + n)-form on Rn × Rm. Then, φ is
brought into the form φ = dσ ∧ ω where σ is an (r − 1)-form on Rn × Rm.
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[78] Hernández Ruipérez, D. and Muñoz Masqué, J. (1984). Global variational
calculus on graded manifolds, J. Math. Pures Appl. 63, 283.

[79] Van der Heuvel, B. (1994). Energy-momentum conservation in gauge theo-
ries, J. Math. Phys. 35, 1668.

[80] Hirzebruch, F. (1966) Topological Methods in Algebraic Geometry
(Springer-Verlag, Berlin).

[81] Ibragimov, N. (1985). Transformation Groups Applied to Mathematical
Physics (Riedel, Boston).

[82] Isham, C., Salam, A. and Strathdee, J. (1971). Nonlinear realizations of
space-time symmetries. Scalar and tensor gravity, Ann. Phys. 62, 98.

[83] Ivanenko, D. and Sardanashvily, G. (1983). The gauge treatment of gravity,
Phys. Rep. 94, 1.

[84] Ivanov, E. and Niederle, J. (1982). Gauge formulations of gravitation the-
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JrΦ, 48
Jrs, 48
LX, 217
L∗1, 147

Lh
0X, 229

LE , 153
LG, 166
LH , 296
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πZΠ, 76
πΣX , 42
ψξ, 8
Ls, 245
θi, 27
θi
Λ, 50
θZ , 23
θLX , 218
εm, 167
%ξζ , 8
∧Y , 14
0̂, 13
Ĥ, 297
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ha, 226
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zS, 286
ucφ, 22
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Pin(1, 3), 244
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action of a group, 165
effective, 166
free, 166
on the left, 165
on the right, 165
transitive, 166

action of a structure group
on J1P , 176
on P , 172
on TP , 174

adjoint representation
of a Lie algebra, 168
of a Lie group, 167

affine bundle, 16
morphism, 17

Aharonov–Bohm effect, 270
algebra, 319
O∗∞Y , 56
O∗∞, 56
P∗∞[E;Y ], 131
S∗∞[F ;Y ], 117
Z2-graded, 99

commutative, 100
differential bigraded, 106
differential graded, 334
graded, 334

commutative, 334
unital, 319

algebraic Poincaré lemma, 92
almost complex structure, 277
annihilator of a distribution, 19
antibracket, 150
antifield, 132
k-stage, 137
first-stage, 136
Noether, 133

associated bundles, 170
automorphism

associated, 185
principal, 181

autoparallel, 222

background field, 88
base of a fibred manifold, 7
basic form, 22
basis

for a graded manifold, 109
for a module, 321
generating, 118

Batchelor theorem, 108
Bianchi identity

first, 35
second, 35

bigraded
de Rham complex, 107
exterior algebra, 101

bimodule, 320
commutative, 320
graded, 100

body
of a graded manifold, 108
of a ringed space, 346

body map, 102
boundary, 327
boundary operator, 327
BRST complex, 147
BRST extension of a Lagrangian, 154
BRST operator, 147
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P -associated, 185
affine, 16
associated, 187

canonically, 187
atlas, 9

associated, 185
holonomic, 15
Lorentz, 225
of constant local

trivializations, 40
spatial, 230

automorphism, 11
vertical, 11

composite, 42
continuous, 9

locally trivial, 9
coordinates, 10

affine, 16
linear, 12

cotangent, 6
density-dual, 131
epimorphism, 11
exterior, 14
gauge natural, 219
in Clifford algebras, 246
in Minkowski spaces, 246
isomorphism, 11
lift, 198
locally trivial, 9
monomorphism, 11
morphism, 11

affine, 17
linear, 13
of principal bundles, 173

natural, 216
normal, 20
of principal connections, 177
of world connections, 219
principal, 172
product, 12
smooth, 9
spinor, 249
tangent, 6

affine, 17
vertical, 15

universal, 264
with a structure group, 169

principal, 172
smooth, 171

canonical principal connection, 180
Cartan connection, 39
Cartan equation, 77
Cartan subgroup, 211
chain, 327
characteristic

class, 264
form, 265
number, 265
polynomial, 271

Chern character, 274
Chern class, 270

of a manifold, 277
Chern form, 271

on a bundle of principal
connections, 279

total, 271
on a bundle of principal

connections, 279
Chern number, 273
Chern–Simons form, 279

local, 279
Chern–Simons Lagrangian, 280

local, 280
Chevalley–Eilenberg

coboundary operator, 333
graded, 106

cohomology, 333
of a Lie algebra, 334

complex, 333
differential calculus, 336

Grassmann-graded, 106
minimal, 336

Christoffel symbols, 38
classical solution, 52
classification theorem, 264
classifying space, 264
Clifford algebra, 243
Clifford group, 244
closed map, 8
coadjoint representation, 168
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coboundary, 327
coboundary operator, 327

Chevalley–Eilenberg, 333
cochain, 327
cochain morphism, 329
cocycle, 327
cocycle condition, 9

for a sheaf, 341
codistribution, 19
coframe, 6
cohomology, 327

Čech, 354
Alexandery, 354
Chevalley–Eilenberg, 333

of a Lie algebra, 334
de Rham

abstract, 335
of a manifold, 353

of a group, 331
singular, 354
with coefficients in a sheaf, 341

complete set of Hamiltonian forms,
301

complex, 327
k-exact, 327
acyclic, 328
chain, 327

standard, 330
Chevalley–Eilenberg, 333
cochain, 327
de Rham

abstract, 335
dual, 328
exact, 327
variational, 62

complex linear bundle, 272
component of a connection, 30
composite bundle, 42
composite connection, 44
configuration space, 73

vertical, 90
connection, 30

affine, 38
composite, 44
covertical, 46
dual, 36

flat, 39
Lagrangian, 74
linear, 36

world, 219
on a graded commutative ring, 107
on a graded manifold, 112
on a graded module, 107
on a module, 326
on a ring, 326
principal, 177

associated, 186
canonical, 180

projectable, 43
reducible, 34
second order, 41

holonomic, 41
vertical, 45

connection form, 30
of a principal connection, 177

local, 177
vertical, 31

conservation law
covariant, 192
differential, 78
gauge, 80
Hamiltonian, 305
integral, 78
Noether, 79
weak, 69

constrained Hamilton equations, 302
constrained Lagrangian, 303
contact derivation, 66

graded, 122
projectable, 67
vertical, 67

contact form, 51
graded, 119
local, 27

of higher jet order, 50
contorsion, 227
contraction, 22
cotangent bundle, 6

vertical, 16
covariant derivative, 33
covariant differential, 33

on a module, 326
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universal, 210
vertical, 45

covariant Hamilton equations, 297
constrained, 302

covariant Hamiltonian, 295
covering space, 268

universal, 268
cup-product, 335
curvature, 34

of a principal connection, 179
of a world connection, 37
of an associated principal

connection, 186
soldered, 35

curvature-free connection, 39
curve integral, 18
cycle, 327

De Donder form, 77
de Rham cohomology

abstract, 335
fibrewise, 356
leafwise, 355
of a graded manifold, 114
of a manifold, 353
of a ring, 336

de Rham complex
abstract, 335
bigraded, 107
fibrewise, 356
leafwise, 355
of a ring, 336
of exterior forms, 353
of sheaves, 353
tangential, 355

de Rham theorem, 353
abstract, 344

density, 22
density-dual bundle, 131
density-dual vector bundle, 131

graded, 131
derivation, 326

contact, 66
projectable, 67
vertical, 67

graded, 104

contact, 122
nilpotent, 124
right, 124

derivation module, 326
graded, 105

differential
covariant, 33

vertical, 45
exterior, 21
total, 59

graded, 119
vertical, 59

graded, 119
differential calculus, 334

Chevalley–Eilenberg, 336
minimal, 336

leafwise, 355
minimal, 335

differential equation, 51
associated to a differential

operator, 53
formally integrable, 52
regular, 52

differential form, 57
graded, 118

differential ideal, 19
differential operator

as a morphism, 53
as a section, 52
degenerate, 155
graded, 104
of standard form, 53
on a module, 325
reducible, 157

Dirac Lagrangian, 259
Dirac operator, 250

graded, 258
total, 257

direct image of a sheaf, 346
direct limit, 322
direct sequence, 322
direct sum

of complexes, 328
of modules, 320

direct system of modules, 322
directed set, 322
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distance function, 231
distribution, 19

horizontal, 30
involutive, 19

domain, 10
dual module, 320
dual vector bundle, 13

Ehresmann connection, 32
energy-momentum conservation law,

79
energy-momentum current, 80

Hamiltonian, 306
of gravity, 237

energy-momentum tensor, 79
canonical, 80

of gravity, 237
metric, 192

equivalent G-bundle atlases, 169
equivalent G-bundles, 169
equivalent bundle atlases, 9
equivariant

automorphism, 181
connection, 177
function, 182

Euler characteristic, 278
Euler class, 277
Euler–Lagrange equation, 64

second order, 73
Euler–Lagrange operator, 63

second order, 73
Euler–Lagrange–Cartan operator, 76
Euler–Lagrange-type operator, 63
even element, 100
even morphism, 101
exact sequence

of modules, 321
short, 321
split, 322

of vector bundles, 14
short, 14
split, 14

extension of a group, 332
exterior algebra, 324

bigraded, 101
exterior bundle, 14

exterior differential, 21
exterior form, 21

basic, 22
graded, 114
horizontal, 22

exterior product, 21
graded, 101
of vector bundles, 14

factor
algebra, 319
bundle, 14
complex, 328
module, 320
sheaf, 339

fibration, 7
fibre, 7
fibre bundle, 8
fibre coordinates, 10
fibred coordinates, 8
fibred manifold, 7
fibrewise exterior differential, 357
fibrewise form, 356
fibrewise morphism, 11
field, 319
field system algebra, 120
field-antifield theory, 150
finite exactness, 93
first Noether theorem, 68

for a graded Lagrangian, 124
first variational formula, 67

for a graded Lagrangian, 123
flow, 18
foliated manifold, 20
foliation, 20

horizontal, 40
simple, 21

Frölicher–Nijenhuis bracket, 24
Fréchet ring, 350
frame, 12

holonomic, 6
frame field, 217

gauge
algebra, 175
algebra bundle, 175
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group, 182
operator, 146

higher stage, 148
parameters, 70
potential, 178
transformation, 181

infinitesimal, 182
gauge natural bundle, 219
gauge symmetry, 70
k-stage, 146

complete, 146
Abelian, 150
algebraically closed, 149
complete, 144
first-stage, 146
generalized, 73
of a graded Lagrangian, 143
reducible, 73

Gel’fand topology, 349
general covariant transformation, 216

infinitesimal, 216
generalized vector field, 67

graded, 122
generating basis, 118
geodesic, 223
geodesic equation, 223
geometric space, 346
ghost, 140
Goldstone field, 213
graded

algebra, 334
bimodule, 100
commutative algebra, 334
commutative ring, 101

Banach, 101
real, 101

connection, 112
derivation, 104

of a field system algebra, 124
derivation module, 105
differential form, 118
differential operator, 104
exterior differential, 114
exterior form, 114
exterior product, 101
function, 108

interior product, 106
Leibniz rule, 334
manifold, 107

composite, 116
simple, 109

module, 100
free, 100
dual, 101

morphism, 101
even, 101
odd, 101

ring, 100
vector field, 111

generalized, 122
vector space, 100

(n,m)-dimensional, 100
graded-homogeneous element, 100
grading automorphism, 99
Grassmann algebra, 101
Grassmann manifold, 264
gravitational field, 225
Grothendieck’s topology, 350
group bundle, 182
group module, 330
group ring, 330

Hamilton operator, 297
Hamilton–De Donder equation, 77
Hamiltonian connection, 294
Hamiltonian form, 295

associated to a Lagrangian, 299
weakly, 299

constrained, 302
vertical, 317

Hamiltonian map, 296
Heimholtz condition, 64
Higgs field, 200
holonomic

atlas, 15
of the frame bundle, 218

automorphisms, 218
coframe, 6
coordinates, 6
frame, 6

holonomy group, 266
abstract, 266
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at a point, 266
restricted, 266

abstract, 266
at a point, 266

homogeneous space, 166
homology, 327
homology regularity condition, 138
homotopy operator, 328
horizontal

distribution, 30
foliation, 40
form, 22

graded, 119
lift

of a path, 32
of a vector field, 31

projection, 51
splitting, 30

canonical, 32
vector field, 30

ideal, 319
maximal, 319
of nilpotents, 102
prime, 319
proper, 319

image of a sheaf
direct, 346
inverse, 346

imbedded submanifold, 7
imbedding, 7
immersion, 6
induced coordinates, 15
induced representation, 204
inductive limit, 324
infinitesimal generator, 18
infinitesimal transformation

of a Lagrangian system, 66
Grassmann-graded, 121

integral curve, 18
integral manifold, 20

maximal, 20
integral section of a connection, 33
interior product, 22

graded, 106
of vector bundles, 13

inverse image of a sheaf, 346

inverse sequence, 324

Jacobi field, 91

jet

first order, 26

higher order, 46

infinite order, 55

of submanifolds, 286

second order, 29

jet bundle, 27

affine, 27

jet coordinates, 26

jet manifold, 26

higher order, 46

infinite order, 55

graded, 118

of submanifolds, 286

repeated, 28

second order, 29

sesquiholonomic, 28

jet prolongation

functor, 48

of a differential equation, 51

of a morphism, 28

higher order, 48

of a section, 27

higher order, 48

second order, 29

of a structure group action, 176

of a vector field, 28

higher order, 49

juxtaposition rule, 335

kernel

of a bundle morphism, 11

of a differential operator, 53

of a vector bundle morphism, 13

Komar superpotential

generalized, 238

Koszul–Tate complex, 138

of a differential operator, 159

Koszul–Tate operator, 138

KT-BRST complex, 153

KT-BRST operator, 153
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Lagrangian, 63
almost regular, 75
constrained, 303
degenerate, 132
first order, 73
gauge invariant, 188
graded, 120
hyperregular, 75
regular, 75
semiregular, 75
variationally trivial, 64

Lagrangian constraint space, 74
Lagrangian system, 63
N -stage reducible, 137
Abelian, 150
finitely degenerate, 133
finitely reducible, 136
Grassmann-graded, 120
irreducible, 136
reducible, 136

leaf, 20
leafwise differential calculus, 355
leafwise exterior differential, 355
leafwise form, 355
left-invariant form, 168

canonical, 168
Legendre bundle, 74

homogeneous, 76
vertical, 91

Legendre map, 74
homogeneous, 76
vertical, 91

Leibniz rule, 326
for a connection, 326

Grassmann-graded, 107
graded, 334
Grassmann-graded, 104

Lepage equivalent, 65
of a graded Lagrangian, 121

Lepage form, 65
Levi–Civita connection, 38
Levi–Civita symbol, 22
Lie algebra

left, 166
right, 166

Lie algebra bundle, 174

Lie bracket, 18
Lie coalgebra, 168
Lie derivative

graded, 106
of a tangent-valued form, 24
of an exterior form, 23

Lie superalgebra, 103
Lie superbracket, 103
lift of a bundle, 198
lift of a vector field

canonical, 18
functorial, 216
horizontal, 31

linear derivative of an affine
morphism, 17

linear frame bundle, 217
local diffeomerphism, 6
local ring, 319
local-ringed space, 346
locally finite cover, 342
loop, 266
Lorentz atlas, 225
Lorentz connection, 226
Lorentz structure, 224
Lorentz subbundle, 224

manifold, 5
fibred, 7

master equation, 152
matrix group, 168
matter field, 185
metric bundle, 225
metric connection, 227
metricity condition, 227
module, 320

dual, 320
finitely generated, 321
free, 321
graded, 100
locally free, 347
of finite rank, 321
over a Lie algebra, 333
over a Lie superalgebra, 103
projective, 321

morphism
of fibre bundles, 11
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of graded manifolds, 110
of presheaves, 339
of ringed spaces, 347
of sheaves, 339

Mourer–Cartan equation, 168
multi-index, 46
multisymplectic form, 295
multisymplectic Liouville form, 77

Nambu–Goto Lagrangian, 292
natural bundle, 216
Nijenhuis differential, 24
nilpotent derivation, 124
Noether conservation law, 79
Noether current, 79
Noether identities, 132

complete, 133
first stage, 134

non-trivial, 134
trivial, 134

first-stage
complete, 136

higher-stage, 138
non-trivial, 132
of a differential operator, 154
trivial, 132

Noether theorem
first, 68
second

direct, 72
inverse, 140

non-metricity tensor, 227
normal bundle to a foliation, 20

odd element, 100
odd morphism, 101
on-shell, 69
open map, 7

paracompact space, 342
parallel displacement, 266
partition of unity, 342
path, 32
pin group, 244
Poincaré lemma, 353

algebraic, 92

relative, 357
Poincaré–Cartan form, 75
polysymplectic form, 294
polysymplectic manifold, 294
Pontryagin class, 274

of a manifold, 277
preconnection, 288
presheaf, 337

canonical, 337
principal

automorphism, 181
of a connection bundle, 183
of an associated bundle, 185

bundle, 172
continuous, 172
spinor, 249

connection, 177
associated, 186
canonical, 180
conjugate, 179

vector field, 182
vertical, 182

product connection, 34
proper cover, 10
proper extension of a Lagrangian, 153
proper Lorentz group, 223
proper Lorentz structure, 224
proper Lorentz subbundle, 224
proper map, 7
proper solution of the master

equation, 153
pull-back

bundle, 11
connection, 31
form, 22
section, 12
vertical-valued form, 25

quasi-equivalent equations, 77

rank of a morphism, 6
reduced structure, 198
reduced subbundle, 199
reducible connection, 34
regular element of J1ZQ, 289
relative Poincaré lemma, 357



January 26, 2009 2:48 World Scientific Book - 9in x 6in book08

380 Index

representation of a Lie algebra, 167
resolution, 328

of a sheaf, 343
fine, 345
flabby, 345

restriction of a bundle, 12
Ricci tensor, 221
right derivation, 124
right structure constants, 167
right-invariant form, 168
ring, 319

graded, 100
local, 319

ringed space, 346

section, 8
global, 8
integral, 33
local, 8
of a jet bundle, 27

integrable, 27
zero-valued, 13

Serre–Swan theorem, 351
for graded manifolds, 109

sheaf, 337
acyclic, 343
constant, 337
fine, 345
flabby, 344
flasque, 344
locally free, 347

of constant rank, 347
of finite type, 347

of continuous functions, 337
of derivations, 347
of graded derivations, 110
of modules, 347
of smooth functions, 337

sheaf cohomology, 341
smooth manifold, 5
soldered curvature, 35
soldering form, 25

basic, 25
soul map, 102
space-time decomposition, 230
spatial

atlas, 230
distribution, 229

g-compatible, 231
foliation, 232
structure, 229

spectrum of a ring, 348
maximal, 349
real, 349

spin group, 244
spinor

bundle, 249
principal, 249
universal, 253

connection, 250
field, 249
metric, 246
space, 244
structure

Dirac, 246
pseudo-Riemannian, 247
Riemannian, 248
universal, 253

spinor Lorentz group, 245
splitting domain, 108
splitting principle, 273
spontaneous symmetry breaking, 198
stalk, 337
Stiefel–Whitney class, 278
strength, 178

canonical, 180
form, 181
of a gauge field, 179
of a linear connection, 186

structure group, 169
action, 172
reduction, 198

structure module
of a sheaf, 337
of a vector bundle, 13

structure ring of a graded manifold,
108

structure sheaf
of a graded manifold, 108
of a ringed space, 346
of a vector bundle, 351

subbundle, 11
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submanifold, 7
submersion, 6

continuous, 9
superdeterminant, 103
supergroup, 103
supermatrix, 102

even, 102
odd, 103

superpotential, 82
superspace, 102
supersymmetry, 123
supertrace, 103
supertransposition, 103
supervector space, 102
symmetry, 69

classical, 69
exact, 69
gauge, 70
generalized, 69
variational, 68

symmetry current, 69
Hamiltonian, 305

tangent bundle, 6
affine, 17
to a foliation, 20
vertical, 15

tangent morphism, 6
vertical, 15

tangent prolongation
of a group action, 167
of a structure group action, 174

tangent-valued form, 23
canonical, 23
horizontal, 24

projectable, 25
tangent-valued Liouville form, 294
tensor algebra, 324
tensor bundle, 15
tensor product

of Abelian groups, 321
of commutative algebras, 321
of complexes, 329
of graded modules, 100
of modules, 320
of vector bundles, 14

topological, 350
tensor product connection, 36
tetrad

bundle, 225
coframe, 226
field, 225
form, 226

time-like, 230
frame, 225
function, 226

Todd class, 274
topological charge, 265
topological invariant, 348
torsion form, 35

of a world connection, 37
soldering, 221

total derivative, 27
graded, 119
higher order, 47
infinite order, 59

total space, 7
transgression formula, 279

on a base, 279
transition functions, 8
G-valued, 169

trivial extension of a sheaf, 347
trivialization chart, 9
trivialization morphism, 9
tubular neighborhood, 20
typical fibre, 8

Utiyama theorem, 190

variation equation, 91
variational

bicomplex, 62
graded, 119

complex, 62
graded, 119
short, 66

derivative, 63
formula, 64
operator, 62

graded, 119
symmetry, 68

classical, 69
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of a graded Lagrangian, 123
vector bundle, 12

characteristic, 109
dual, 13
graded, 131

vector field, 18
complete, 18
fundamental, 173
generalized, 67
graded, 111
holonomic, 223
horizontal, 30

standard, 222
integrable, 49
left-invariant, 166
parallel, 222
principal, 182
projectable, 18

on a jet manifold, 49
right-invariant, 166
subordinate to a distribution, 19
vertical, 18

vector space, 320
graded, 100

vector-valued form, 26
vertical automorphism, 11
vertical extension

of a Hamiltonian form, 317
of an exterior form, 90

vertical splitting, 16
of a vector bundle, 16
of an affine bundle, 17

vertical-valued form, 25

weak conservation law, 69
Weil homomorphism, 265
Whitney sum

of vector and affine bundles, 17
of vector bundles, 13

world connection, 37
affine, 238
linear, 219
on a tensor bundle, 37
on the cotangent bundle, 37
symmetric, 37

world manifold, 61

flat, 221
in gravitation theory, 215
parallelizable, 221

world metric, 38
pseudo-Riemannian, 225
Riemannian, 229

g-compatible, 231
world spinor, 253

Yang–Mills
equations, 190
gauge theory, 190
Lagrangian, 190

graded, 197
supergauge theory, 196

Zariski topology, 349
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